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A D y H R T I S^ E M' K N T. 

*nr^HE Excetttence of ftrcrfefl&r^AWW- 

univerfally acknowledged: But as that 
1 Work contains many curiouS and 
I ELEGANT PIECES, which are rather 
: of Advantage and Amufement to Profi- 
cients in the general Science of the Ma- 
thematics, than of neceflary Ufe to Stu- 
dents in Algebra ; fome of the principal 
Tutors in the Univerfity of Cambridge 
were defirous of having fuch Parts fele6ted 
, from th^ Whole, ^ WQ^il^ give their 
Pupils a clear and comprelienlive Know- 
, ledge of Algebra, without putting thera 
K promifcuoufly to the Expence of pur- 
[ chafing the original Work, which was 
publilhed iii Two Volumes, Quarto. The 
Pyblic i5 indebted to a Gentleman in 
^ % thai 
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[iv] 
that Univeriity, of diflinguifhed Judg- 
ment and Skill in the Mathematics, for 
fele<Sting^ the feveral Parts which make 
up the following Work, : Nor have any 
Endeavours been wanting, to have it 
printed as correctly as poffible. 
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BEFORE I enter upon my province, it 
. may nctf teamifs to acquaii^c* ri>y young 
difciple what preparations he is to make, 
and what qualifications I cxpcS; of Him 
beforehand, that we may neither of us find ourfeivcs 
difappoin-tcd [afterwards. .1 expeft then that he 
knows how to add, to fubtraft, to multiply, tp di- 
vide, to find a fourth proportional, and to extraft 
roots, efpccially the fquare root : nay I expeft fur-? 
thcr, that he (hall not only be able to perf.irm all 
thefe operations exaftly and readily, but alfo that he 
fhaU be able to apply them upon all xrommon occa- 
fions; in a word, I expeft that; Jhe be tolerably well 
fkilled in common Arithmetick, at leaft fo far as 
delates to whole numbers : £Qr this reafon it is that I 
have prefixed a few arithmetical queftions, wherein 
he, may firfttry his ftrengii and (kill before he ven- 
tures any further; they are for the mofl* part very 
eafy. I cannot fay indeed they are the befl: chofeni 
but they were fuch as lay in my way when I firft 
began this work and was haftening to rftattcrs of 
greater moment ; and I do not fee but they may, if 
ftudied with care and attention, anfwer well enough 
the end they were intended for. . If he finds no diffi- 
culty in thefe, he will have little reafon to doubt of 
his fucccfs afterwards; but if he docs, he ought thea 
at laft tp become fenfible of his own defeats, iand to 
endeavour to fupply whatever is wanting, and to cor- 
reft whatever is amifs, before he enters himfelf under 
my conduft; in the mean time he has my leave to 

A hope 



t QUESTIONS IN 

hope that I Ihall be lefs upon the referve with him. 

when he falls more immediately under my care. 

^^iV. B. Tht praxis of the rule of proportion^ nnd 
W the rule for extrafting the fquare root^ not being 
(properly fpeakins) of the nature of (knplt foftulafa^ 
hvt father deducible from the four firft i I fliall not 
fail to demonftrate thefe rules fo foon as I ihall find 
proper opportunities for that purpofe* 

^efticnsfir exircifi in MukipUcaHon. 

Mokiplicatioa is taking any one number called the 
jnultipikand as often as is exprefled by any other 
number called the mulcipiicator, and the number 
produced by this operation is called the produ£b: 
whence ic follows, that the produA contains the mult- 
iplicand as often as there arc units in the multiplica^ 
tor, and that if a number of a gccater denomination 
is to he reduced to an equivalent number of a lefs^ 
i€ muii: be done by multiplication. As for example i 
In a pound fterling there are 2o (hilliogs \ therefore 
m every fum of money conQfting of even pounds, 
there »e twenty times as many fbiUings as there are 
pounds; theiefbrc, if any number of pounds bt mul* 
tiplied by 20, the prodifft wi)l be an equivalent 
number of fhilBngs; and uie lame mud: be obferved 
in all other cafes. 

Q U E ST, I, 

h is rej^id id reduce 456 pcufids 1 3 Jbiffings and 
4 pentt^ into JhilUngs^ fence^ and farthings^ 

Anfwer. Shillings 913^ 
Pence 109600 
Farthings 438400^ 
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A certain ifiand tmuains ^ cMnties^ every <puhfy ^y 
pan^!^ emy fdrijb ;{{ famlies^ And eifer^fimi^ 
gq pP'fins: I demand the number ef p0r0m% fa^ 

' miiies^ indperfins in 4he whek ffiand. 

Families 50616 
Perfons 1974024 

in 1730 yearsj 42 -weeis^ and 3 day/, kow ma^ 
m^utesf 

iy. £. A year confilU of 365 days, 6 hours, and an 
hour of 6a minutes. 

Hours iii dnc ytkt 8766 

In i730ycars 15165180 
In 4i ^1(^8 3 dHys 7128 

Inthcifliole i5t 72308' 

Mi6itk» InibtMhiAt 910338480* 

^ . ' 

Tl^^ftf is a tefrtain field tjStoo^feet longf and 1O2O03 
feei bread : I demand the nnmber eff^juarefeei therein 

\ 

^ diflwet. 10404714012* . 

^DV li 41 eertain fle^ ^4 ^M 4 ifdies irend$ and 
^^ yfo/ 6 i^rto /(^f / / demmtd km ma^J^nart 
tnclHS aretb^einontainedf 

A^fsf* 33^13^ fi|tiattitiehes« 

A * QjjiST* 




4 QUESTION'S IN . ' 

Q.ir P:ST, 6^ 

A certain piece of wood i foot % inches thlck^ 3 feet 

4 incbei broody and 5 feet 6 inches long, is to he 

cut into fmall cubes like (Sesy each' of which is to be 

a quarter of Un inch every way : I demand into how 

^'^'- mawf dies the -whole may be refilved., 

Anfwer. The whole may .be refolved into 2 365440 
dies. 

Q V E s T. 7. 

and the number, of changes that may be rung^ 
on 12 bells. ^ . -. 

Changes uperi 2 bells 2 

on 3 bells 6 

on • 4 bells 24 

on 5 bells 120 

•"on 6 ^bells 720 

>.. *| - on 7. bells 5040 

on 8 hwjJIs 40320 .; 

. rv ojn 9 bells . 362^880 . 

"^ ot 10 bells 3628800:, 

**' on 1^ bells 39916800 '; 

on 14 bells 47900^600 

■ ' * i ^ 

' w Q^u EST*. 8. 

flozv many differeigl^ ways can four common dies come up 
„. ^t one throw? 

- • .^nfwer. - 1 296 ways. " % 

Q^U E S rT* , 9. 

Suppofi. one- undertake to thn^an ace at me throve 
with four common dies \ what, probability is there of 
his effeQing it ? 

Jnfw^r. By the laftqufeftion four dies can come 
up 1296 different ways with and without the ace; 

. ... and 



MULTIPLICATION, f 

aniijr^ftflike computation, they can come up 625 
ways without the ace -, therefore there are 671 ways' 
wherein one or more of, them may turn up an ace -, 
therefore the undertaker has the better of the lay in 
the proportion of 67 1. to 625. 

QuEST>. 10. 

^here are two indofures of the fame c\rcumferente\ thai 
iSy both inclofed with the fame numb er^ -of pales \ but 
one is a fquare whofejtde is 125/^6'// 'and the Vther 
an oblong or long fquare: ii^feet in breadth ^ and 
126 in length': qu^re which is the greater clofe_y 

* that isy which, cseteris paribus, will bear mojt 
grafs? . ' 

Anfwer. The fquare: for' that contains 15625 
fquare feet; whereas the other contains but 15624. 

^eftionsfor exercife in Divijion. 

The defign of divifion is, to tfiew how ofcen one . 
number callfed the divilbr is contafiijed in ano^htr called 
the dividend, and the number thatk fhews this is 
called the quotient -, whence, and from the dehiiition < 
of multiplication already jgiven, lobferve, i/?^ I'hat 
the divifor multiplied 1:^ the quotient, and conTc^* 
quently the quotient multiplied by the divllbr, will 
always be equal to thedividend, provided there be 
no reftiainder after the divifion is over; but if 
b^, then this remainder added to, or taken im 
prpduft, will give the dividend, which is i\ji !x t 
proof of divifion. 2dfy, That as the divifor is fucti 
a part of. the diyidend as is expreflfed by the quo- 
tient; fo alfo is the quotient fucha pa]:4|J^ is exprcfTed 
by^ the divifor. Thus 12 divided by 3 quotes 45 
therefore 3 is a fourth part, and 4 a third part, of 12. 
^dfyj Hence may a number be found that Ihall be djivi- 
fible by any two given numbers whatever without re- 
mainders, to wit, by multiplying the two given num- 
A 3 bers 
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tl Q^UE^TIONS m 

hers togcjthen Thus if i would have a num Wr dUift 

(Can be divided by both 6 and 9 without any re» 

n^aimlers, I ipurhiply 9 by 6, and the produ& 54. 

will aofwer both coodiuDns; though 18 be the leait 

number of that kind. ^Sk^^ Mukiplicacion and dw. 

vifion by the fdme number are the reverfe of each 

other, and fo mufl: pccefiarily have contrary tSisRs : 

fpr whereas "^ultipliqation incres^ics a number by^ 

. taking it a^s often as' is expreffed by (l^e multiplica* 

tor, divifion (on the contrary) leflcns'it, by taVmg 

spnly fuch a part of it as is expreffcd by the diviibn 

gtbfyy Hence if a number of a kfT^x denomin^tioa 

t}e to be changed into an equivalent number of a 

greater, as farthings into pence, pence into &illing$, 

l^c. it muft be done by diviGon, as the reverfe it 

done by nuiltipUcation. 6iblflf Whenever ij i$ pro- 

pofed to know how ofterl one quantity of aoy Kind 

18 contained in another of the fame kind, the num-» 

})ers repreftntii:^ th^efe quantities muft be; reduced ta 

the fame denomination before any divifion can take 

place. Thus if I wowld know bow txuuxf. thirtoen^ 

pencehalfpenniqs there are in twenty DtiUiflgs, I m^ 

pot only reduqe the thirteenpencehalfpenny to 2ji 

halfpence, but alio the 20 (hi)lin^s into 480 h^f^ 

pence; and then* muft enquire by divilion how o^cen 

zy haUppDce ^rc cpnjt»ine|l in 480 halfpei^ce* that 

^s, how ofcieil^? is(:ontained in 480; the quotient 19 

17> and the remainder 2i« that is 2i hai^iicei 

for in all divifion^ the remainder muft be of ^ 

fame denomiq^tiori with the dividend* whereof it m 

a parti ther^efore in 26 (hillings there ^ce 17 thir. 

feenpcncehalfpcpnies, and i o pence halfpenny oyer* 

Quest, II. 

// is rqHir^d. tP n^u 98765432 ir fartUngs %m 
potin4sy Jhillings^ anipenca. 

Anfwer. 9S7654321 farthings are equivalent to 

34691358(31 pence and i farthing; or to 20576131 

<hillingsi» 8^. 19; orfoi0288o(Spo\indil, MJ, 8i/ii^, 

S QviEST 



D I T 1 SI O N. 7 

QuB'St. 12. 

One Unis me I2p6^ guineas when fbey were valued at 
tl.^is. anifixpence a piece: bow many muft Ipajf 
bim when $bey are valued at i/. is. apieee? 

Jujioer. 1320 guinea$ z8 (hillings. 

Quest. 13. 

^' certain jkor 24^ feet 4 inches broody 96 feet 6 
inches kngi iy to be laid at the rate ef il pence 
the fquarefoot : I demand what the whole charge mil 
afnount to. 

jfyfiver. The floor contams jgSisSfquare inches, 
or 2348 fquarc feet and 24 fquare inches ; 'therefore 
the whole charge arMunes to 117 poundi 8 fhillings 
' and two pence. 

Q^XJ EST. 14* 

there is a certain coder 36 inches de^^ 42 inches wide^ 
. and 72 inches long: I demand its folid content in 
Engajb gallons. 



ffivyn is 



Nfite. An Aleg^kHi is 282 cubic inchts. 

Anfwer. The yeflet contains 1 0^864 cubic Inches, 
thatis, 3^86gallons9 and 12 cubic inche& over. 

Q^u EST. 15* 

A cubic foot of waier weighi 76 founds Troy or 
Roman weight i and air is %(io times fighter than 
water ; J demand the iveight of a cubic foot of air. 

N. J?. A pound Troy contains 12 ounces, bne 
ounce 20 pennyweights, and one pennyweight 24 
grains. 

A 4 Anjwer. 



8 ClUESTiqN'S;i.w 

Anfwer. A cuBic foot of air weighs Troy weight 

' Q^U EST. 16. 

The mean time of a lunation^ that is, from new fftoon 
to new mom^ is 29 days 12 .hours 44 minutes 
and ^ feconds\ and a Julian year cohjijls of 365 days 
6 hours: I demand then how many lunations are con^ 
tained in 19 Julian years. * 

* " . • '» 

Hours in a Lunation 708 

Minutes 425H 

Seconds 2^51443 

Hours in 19 Julian years 166554 

Minutes 9993240 

Seconds 5995944^0 

Lunations 235; and i hour 28' 15^ over. . 

Q^u E s T. 17. ' 

In what times may all the changes on i2 bells be rung^ 
allowing 3 feconds to every round? Sec Queftion 
the Tth. ^ 

The nuniber of changes oto 1 2 bells 479001 600 
The time 1437004800 • feconds, 
or 23950080 minutes, 

or 3991^68 hours, 

or 4^ years 27 weeks 6 days 18 hours. 



Q^u E s r. i'8. 

A General of nn army diftributes 15 founds 19 
fhiUings and 2 fitce' halfpenny 'among 4 captains^ 
5 lieutenants^ iind 60 common foldiers^ rn the manner 
J allowing : Every captain is to have 3 times as mueb 
as a Ueutindnty and every lieutenant t^mice' as much ^s 
a common fdldilr: I demand their fiver aljl: ares. 

' '' The 



^ 



D 1 V rs I O N. 9 J 

The (hare of a common foldicr 3 J. 4^-t j 

erf a lieutenant 6s, ^d.i 

of a captain , i/. oj, ^d. i . 

%eJlions for exercife in the Rule of Three. ^ 

And firftin the Rule of Three Direa. 

The rule of proportion, or rule of three, or by 
feme the golden ruie, is that which tcachcth, hav- 
ing three numbers given, to find a fourth propor- 
tional, that is, to find a fourth number that ftiall 
have the fame proportion to fome oneof the num- 
bers given, as is cxprefled by the other two ; and 
therefore, whenever a queftion is propofed wherein 
fuch a fourth proportional is required, that queftion is 
faid to belong to the rule of proportion. Now in ' 

queftions of this nature, efpccially where the num- 
bers given are not merely abftraft numbers, but are 
applied to particular quantities, three things are 
ufually required, to wit, preparation, difpofition, 
and operation. 

Firft as to the preparation, it muft be obfcrved, jhat 
of the three numbers given in the queftion, two will 
always be of the fame kind, and muft be reduced to 
the fame denomination, (if they be not fo already; 
and if the remaining number be of a mixt denomi- 
nation, that alfo muft be reduced to fome fimple 
one. 
r Secondly, in difpofing the numbers thus prepared, 
thofe two that are of the fame denominadon muft be 
made the firft and third numbers in the rule ot pro- 
portion, and confcqucntly the remaining number 
muft be the fecond. But here particular care muii 
be taken, that of the two numbers thai are. of the 
fame denomination, that be made the third m the 
rule of proportion, upon which the n]a;n Itrcls of the 
queftion lies, or to w.-^ich tlie queftion nioic imme- 
diaiely relates, or which coriuins the deriiar/d : and 

the 



to Q.UEST10NS i» 

the place of this mimber being once known, the 
other two mull take eheir places as above dire£(ed. 
This Ordettne cf the numbers for the operation is 
commonly called, ftacingof chequeftion. 

Laftly, having thus (tared the queftion, multiply 
die fecond and third numbers together ; divide the 
produft by the firft, and the quotient thence artfing 
will be the fourth number fought; which fourth 
number, as weil as the remainder, if there be aoy» 
muft always be mderftood to be* of the fame deno* 
minfttk>n with the fecond. ' ^s for example. 

• / Qu I s t. rp. 

J pieci &f pUfe xi?iigiin£ ^ punds a outteei and g 
pennjweigbts^ Triy weighty is valued at 5 Jbiiliags 
and 6 fence an dunce ; what is the value of tbe 
it^ole? 

Here we hatrc three quantities concerttcd in the 
ft^eftkm, viz. 3 pounds 4 ounces' and 5 penh]^ weights^ 
one ounce; and 5 (hillings and 6 pence; whereof 
the two firft, which art of the fame kind, muft be 
reduced to the iame den6mination, and the iaft to 
k 0mple one ; thus : for omf ounce I write 20 penny* 
weights ; for 3 poundb, 4 ounces and 5 pennyweights^ 
805 pennyweights ; and for 5 (hillings and 6 pence, 
66 pence; andfo the numbers are (ufilciently pre- 
pared. In the next place 1 enquire which of the two 
numbers 20 and &05, which are of the famedenomi* 
natKMi, is that upon which the main ftrefs of the 
que({ion lies, andTl find it to be 805; for the maiti 
bufinefs of this queftion is, to enquire into the value 
of 805 pcnnywei^is of plate ; the reft being no morfc 
than data in order to difcoVer this : So I it)ake 805 
my thrrd number, 26 which is a number of the fame 
denomination my firi^, and 66 my fecond, and ftatfe 
the queflion thus ; JjT 20 pennyioeigbts of ptate be 
ivortb 6€ fence^ wbat wiii %o:S ferfnyweights of flafe 

be 
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fcfM^^ Now toanfwerchfs queftjon, I multiply 
805 by 66, and the prodoft is 5^1 30 ; this I divide 
by my firft number 20» and the quotient is 2656, 
and there remains ro, that is, 10 pence 1 there* 
fbre» CO render my quotient more compieat, I 
bring the remaining 10 pence into 40 farthing^v md 
fe divide again by 20, and find the quotient to be 2, 
that is, 2 farthings, without any remainder ; fo the 
value fought is 2656 pence 2 farthings ; that is, 
1 1 pounds 1 Ihiiliog and 4 pence badfpeivDy. 

Cafe iji. Now to. demonftrate thfs mann^ *of 
operation, I (ball refdme th^ foregoing queftion, but 
at firft under a Aflerent fuppofition, as thus ^ If one 
pennyweighi ef plate coft 66 pence^ what will 805 
pemjwngbls coft? Here nobody doubts but that 
upon this fuppofition, 805 pennyweights will coft 
805 times 66 pence, or 66 times 805, that is, 53170 
pence ; therefore in all inftances of this kind, that 
IS,' where the firft number in the rule of proportion is 
unity, thefounh number muft be found by mul*' 
tiplyipg (he fecond and third numbers together/ 

Cafi id. Let u& now put the queftion as it was at . 
firft ftated, to wit. If ho pem^eigiis rf plate be 
worth 66 pence^ wbat will 805 pennyweights he 
worth? Now upon this fuppofition it is eafy to fee, 
that neither x penny weijghr, nor confequently 805 
pennyweights^, will be worth abov« a i^dth p^t oi 
what they were ia tbe former cafe; and therefore we 
muft not now^ fay that 805 pennyweights are worth 
^3-1'^ pence, but a 20th part of that fam^viz;. 
2656 pence 2 ftrthings : and as this way of reafoning 
will be the fiime in all other inftances, it follows 
now,. that In the ruU of proportion^ let tbe numbers 

rm-hewbaktbqwill^ tbe fourth number mUft be bad 
muUipfying, the fmnd imi third numbers together 
0»d ^(fuiinf theprqduSt ^ tbepjf. Q^ £. D. 
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Q^U EST... 2,0* 

J/(?w far will one he able to travel in 7 dayi 8- bdurs^ 
at the rate of 13 f7iiks every ^J^ourSy allowing^ .1^ 
hours to a travelling day ? 

Anjwer. 299 miles. ... 

Q^U E ST. 21. 

What will 12^6 yards of walling amount to, at the rate 
of ^fhillings and 5 fence a rod^ a rod being 5 yards 
and, a half? 

Anfwer. 5 a pounds 8 pence 3 farthings. 

QjJ EST. -22. 

J« /ie «!/»/ of England a pound of gold^ that is^ 11 
ounces fine and i alloy ^ is at this time coined into 
^/^ guineas and an half : I demand how much fterling 
a pound of p^re gold is worthy obferving that ike 
alloy is valued at nothing. 

Anfwer. 50 pounds \q (hillings and 5 pence 
\ penny. 

Qjj E s T. 23. 

What is the annual inter efl of ^S 7. pounds 6 fhilUngs 
and 5 pence^ at the rate of 6 per cent. ? 

Anfmer. 59 pounds 4. fbillings andy 9 pence 
J penny. 

Q U E S T. 24. 

The circumference of the Earth according to the French 
menfuration is 1 23249600 French feet : I demand the 
fame in Englifbi miles. . . •• . 

K B. 
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• N. B:i A. thoufand French fberare eqirfvalent to 
1068 Englilh feet; 3 feet maked ysrd, tand 1^6^ 
:yards makba ihiie. ' ^ - • . / . 

Jnfiver. t3i636'5^3 EbglHh^fecti 
or 4387,6857 jrards and i Feet, 

. or *' ^ 24930 mifcsj5yyardsand 2^ftet. 
. • • ' ' • ' ;•'*:' 

, Qu ES.T. , 25,, . . ^^ 

Suppofing^allihingics m tbtfortgoing quijiion^ I demand 
how long a fouwd wiU be in pafing from pais to^pok. 
upon a Juppojition that a found pa£es over 1 142 feet . 
in a fecond of iim\ \ - _ L. . 

Anfwer. 16 hours and* 3 2 feconds. 

\ . - Q u E s r, 26. , 

Monfieur Huygens found thatatParis, the length qf a 
pendulum that fwungfecondsy was three feet 8 tines 
and J : / demand its length in Englifi meafure. . • 

^' Note.' A line is ^t part of an inch, and ipdi) 
French half lines are equivalent to 1068 EngUm 
half lines, as in the 24th^quen;ion. 

Anfwer. ^ The length in Englifli, meafure of a 
pendulum that fwings feconds, is 941 EngliQi h^lf 
lines; or 39 inches 2 lines and \* ^ 

Quest. 27. 

/ demand in him long a time a pipe^ that difcharges i % 
pints in 2 minutes 34 feconds^ will fill a cijiern tb^t 
is ,36 inches deep^ 42 inches wide^ and 72' inches 
long, (fee queftion the 14.) 

Anfwer. In 31707 fecondsj or 8 hours 48' 27^ 

.-' For 
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Fot ti t\ghz piiits make i gAlloiit ib aHb (rfght 
cobic half iocMCSt thtc is, dgbc finall cubes of half 
ah ipch every^ way make one cubic inch % tkeitfore 
a pint contains 282 cubic half inches, and fifteen 
pints 4230] but the i(hole vefiel contiains 108864 
cubic inches l)]r qucft. 14^ which are equivalent to 
9jc9ja cubic half iocheS; therefore this queftioa 
ought to be ftated thus i 

^4230 €ubfc bdjt inches he Jifcbargedm 154 feconds 
if iitnCf i» what Um mil 67091a mUc hdj u^ 
0bis he Jif^forged? And the anrwer is. 

In 8 hours 48' 27^ as above» 

Qjf EST* 8^. 

If a wall 6 feet tbick^ ^feet high, and 4^2 feetlang^cqft 
720 pounds in buildings What ^11 be the price (rf. a 
wall of the fame malerials, that is 12 feet tbtcjc^ x8 
feethigb^ and s^jS feet long? 

Inthe former wail ^fe ceiitalned igjid ctib!t: feet^ 
in the latter 1 24416; therefore the anfwer to this 
qucftion is 3840 pounds; 

<X?3£ sV 29. 

4 teriain Jleeple frqjtSled upm level ground a fhdiow to 
tbe dijiance of ^'j yards ^ wben a four -foot ftaff Mt^ 
pendicularfy ereSed caft a fhadqw of ^ fiet 6 incbos: 
what was tbe height oftbefieopkf _. 

iAfifwir^ 4 ju yards I foot 4 inches. 



QjratTt 
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0^0 EST. 30. 

fW Ptrfom A snd B maktajpintJlo€k% A puis in 372 
paundi^ and B 496 pmnds, fcr thefaffn time % and thty 
gsrin 114 fmndt2 JkilUi^u J dmand §ncb matC^ 

Both dieir flocks make S68 poKinds $ iay thra, if 
668 pounds dock bring in 114 pounds 2 ihilliogs 
gain, wha£ will 372 pounds, A^s part of the ftoc^ 
bring in? Anfwer. 48 pounds 18 ikillings ibr ^ 
fhare of the gain ; and this fubtrafted from the whole 
gain, leaves 65 pounds 4 fliillio^ for JSVfhare of 
the ^^. 

Note. If there be ever fo many partners, their 
(hares <^ the gain mufl all be found by the rule 
of proportion, excq^t the laft, which may be had 
by fubtra&ion; but it would be better to find them 
iSX by the rule of pfx>poreion^ becaufe then, if aU 
the (hares, when id(kd together, make vp the whole 
gain, it will be an ^gument that the vfoxk is rightly 
performed. 

Q^u E s f. 3rt 

TsDo perfons A and B maif a Joint Jock; A puts in 496 
pomnAJor 2 mmhsy and B 620 pounds for 3 months; 
andtbey gain 45$ pounds: Wbat will he each man^s 
jjhare of the gdn? >^__ " 



la order to give ^ anfwcr to this queftion^ k 
mud be coflfidered, that it is the fame in the cafe 
of trade^ as it is in that of money let out to interdl, 
where time* is as good as money, that is, whoever 
lets out 496 pounds for 2 months, is intitled to the 
fame (bare of the whole gain, 1^ if he had \tt out 
twice as much, that is 992 pounds, for one month>v 
in like n^nner, he that lees out 620 pounds for 3 
fi(ioadzi» has a rig^t to th6 fame fiiare of the gain^ 

as: 
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as if he had let out three times as much, that is, 
i860 pounds, for one month: fubftitute therefore 
ihefe fuppodcions inftead of thofe in the queftion^ 
whicih may fafely be done without affcfting the con- 
clufion, and then this queftion will be reduoed to 
the form of the laft, without any confideration of 
the particular quantity of time, thus 5 7w merchants 
■A^ndBtnake a joint ftock\ A puts in 992 pounds^ 
and B i860 pounds for the fame time% and they gain 
j^^. pounds: fVbat will be their tefpeSiive fhares of 
ihe gain ? 

» AvfvL'tr. Jls fliarc .will be 158 pounds 12 (hilljags 
and 2 pence*, and £'j, 297 pounds 7 ihillings aad 
10 pence. 

Q^y E s T, 32. 

*If t%vo men in three days will earn 4 fhilUngSy bow 
much will 5 men earn infix 4oys ? 

This and the following queftion belong to that 
which they c^U the double rule of three, wherein ^ 
numbersare concerned: thefe numbers muft always 
be placed as they ^re in this example, that is, the 
two laft numbers muft alvvays be of the fame deno- 
mination with the two firft rcfpedtively,^ and the 
number fought of the fame denomination with the 
middle one; then may the queftion be reduced to 
the fingle rule of three two ways, either by ex- 
punging the firft and fourth numbers, or the fe- 
cond and fifth. If- you would have the firft and 
fourth nunfibers expunged, you muft argye tbusj 
two men will earn as much in three days, as one 
•man in two times 3, or 6 days ; alfo 5 men will earh ' 
as much in 6 days, as one man in thirty days; fubfti* 
lute therefore this, fuppofition and this demand, in- 
ftead of thofe in the queftion; and it will ftand thus. 
Jf one man Jn 6 'days will earn four (hillings, how 

' much 
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much will one man earn in 30 days ? Which is as 
much as to fay. If in 6 d^s a man will earn j\ Jbillings^ 
how much will he earn in ^o days ? 

Anfwer. 20 fhillings. 

If you would have the fecond and fifth number$ 
expunged, you muft argue thus : Two men will earn 
as much in three days, as 3 times two or 6 men in 
one day ; alfo 5 men will earn as much in 6 days, 
as 30 men in one day ; put then the queftion this 
way, and it will ftand thus ; If 6 men in one day 
will earn 4 (hillings, how much will 30 men earn 
in one day? That is. If in any quantity of time 6 meH 
will earn /^- fhillings^ hew much will 30 men earn in 
the fame time f 

Anfwer. 20 fhillings, as before* 

Whofoever attends to both thefe methods of ex- 
termination, will eafily fall into a third, which in- 
dudes both the other, and in pradtice is much 
better than eixher of them ; for at the conclufioh of 
both operations, the number fought was found by 
multiplying 30 by 4, and dividing the produf): by 6: 
Now if he looks back, an^ traces out thefe numbers, 
he will find that the number 30 came from the mul- 
tiplication of the twolaft numbers 5 and 6 together, 
that 4 was the middle number in the queftion, and 
that the divifor 6 was the produft of the two firlt 
numbers 2. and 3 multiplied together; therefore. 
In all queftions of this nature ^ if the three laft numbers be 
multiplied together^ and the produSi be divided by the 
produii of the two firft^ the quotient wt II give the number 
fought^ without any further trouble. 



Jf Qjs z%r. 
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Q^u IS*. 33. 

tffor the carriage of three hundred weight 40 miles j I 
muft pay 7 JhilHngs OMd 6 penee^ f0bat mnft I fay far 
the carriage of 5 hundred weight 60 niUsi 

Anjwer. 225 pemr» or 18 (hillings and 9 pence 

^ue0iont in the ruk of three Iwerfe* 

Hitkerto we have inftanccd id the role of three 
dircfk ; but thtere ii alio aiK>cher rule cf proportion, 
ealltd the rule of chf» inverfe \ which, as to the pre- 
f>aratioft and difpofitton of \ka numbers, difiers no« 
thing from the rlile of three dire A, but only in the 
operation; for whereas there, the fourth number 
was founds b^ muUiplying the fecond and third 
numbers together, and dividing by the firft 5 here 
k i» found by muki^lying the firft and fecond nxitn^ 
bers together, and dividing by the third. AH chat 
remains then, is to be able to difttnguifli, when a 
queftioo fadongs to one rule, and when to the other; 
in order to whkh, obferve the following dire£Hons : < 

' If more requires more^ or left requires kfs^ work hy the 
rule of three direa ; but i^more requires Ufsj or lefs re- , 
jwrrets morOy work iy the rule qf three inverfe. The 
meaning whereof is, that if, when the third number 
is greater than the firft^ the fourth mtift be pro- 
portionably greater than the fecond; or if, when 
the third number is lefs tban the firft, the fourth 
xnuft be propofltionably lefs than the fecond, the que- 

^ ftion thM belongs to the rule of three direfl : But if, 
when the third number is greater than the firft, the 
fourth muft be lefi than the fecond; or when the 

' third number is lefs than the firft, the fourth muft be 
greater than the fecond; in either of thefe cafes, the 
queftion belongs to the rule of three inverfe^ and 
muft be refolved as above dire&ed. 

As 



As for example^ 

h&otf Itfi^ vAtt «o menhB in easing the fume? 

This qucftion is of fuch a nature^ that more «• 
i^ufWi idfcj ft)t 20 men wiJl confume the fame pro- 
vifion in left t^mc thart \^% thenrfbre ^be queftien 
behdng^ to the mle of thi*e Ifiverfe \ fo I tnuhwply the 
fiHI and fecund i^iambers together^ and divide by the 
tbh^d> fttid tfi^ qitotiefYt 9^ ehilC ity 9 day^i^ is £li 
laif^^ » Ae qecftion* 

^ demonftration of the ruk of thret ifi^erfe. 

If I was to anfwer this qucftion by pure dint of 
thought, without any mle tt dh-edt me, I fhould 
. reafdn thus: whatever quantity of provifion lafts 12 
tdea 15 da^, the fafiie Wi^l Iftft t man 12 timed as 
Iptig^ that is, II tittles l^i ^ 180 daysVbut if it 
will lad I man 180 days, it will laft 20 vatn but the 
aoth part of that time, that is, 9 days : here then 
the fourth number WasYfOUnd by multiplying the 
dril and fecond nuorbers together \ and dividing th^ 
produ^ by the third ; tod the reafon is the fatne in 
all othtT trafes^ where'evet the r^ <}f three lAvci^fir is 
toiiccrned. 1^ E. B* 

Om kflhine jy* fou^tfor 7 ymrs atii 8 months^ or 
ft months: Jbp^ long mfi Ihnd Hm 496 founds 
for anoqm^^alentf 

^Anfwir. $ years, 9 months. 
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QjJ EST. 36. 

If a fquare pipe^ 4 inches und 5 lines wide^ willdifcb^rg€ 
a certain quantity of water in one hour's time ; in 
what time will another fquare pipe^ i inch and 2 
Unes wide, dif charge the fame quantity from the fame 
current? 

The orifice of a fquare pipe 4 inches 5 Une^, or 
53 lines wide, contains 2809 fquare lines; and the 
orifice of a pipe i inch 2 lines, or 14 lines wide, 
contains 196 fquare lines. Say then. If an orifice of 
. 2809 fquare lines will difcharge a certain quantity of 
water in one hour ; in what tifne will an orifice of iq6 
fquare lines difcharge the fame ? 

jinfwer. In 14 hours 19' 54^. 

QjJ E ST. 37. 

If 3 men^' or 4 women^ will do a piece of work in $6 
days, how Idng will one man and one^ woman be in 
doing the fame? , : . , 

Becaufe of the 3 men, "or 4 women^ fome number 
muft be found that is dilifible both 87.3 and by 4 
without remainder; fuch an one is the numbei; 12, 
which is the: produA of 3 and 4 multiplied together ; 
(fee obfervation the third upon the definition of di- 
vifion :) make then 3 men or 4 women equivalent 'to 
12 boys, and you will have i man equivalent to 4 
boys, I woman to 3 boys, and i man and i woman 
to 7 boys, and the queftlon wili ftand thus v If ^z 
hoys will do apiece of work in 56 days, how long will 
7 boys be in doing the fame? ^ 

_ Jnfwer. 96 days* 

<^u E s T. 
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QjJ £ ST. 38. 

If S oxen J or y colts ^ will eat up a clofe in 87 dayS:, 
in what time will 2 oxen and 3 colts eat tip the 
fame? 

Anfwer. In 105 days. 

Q^u EST. 39. 

If 2 acres of land will maintain 3 borfes 4 days, bow 
long will 5 acres maintain 6 borfes ? 

This queilion may perhaps^ at firft fight^ be taken < 
to be fomewhat of the fame nature with the 3 2d 
and 3 3d (^ueftions, which belonged to the double rule 
of three direft; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature ; for we cannot fay here as we did 
there» that 2 acres will laft 3 horfes as long as r 
acre will laft 6 horfes ; this would be a very unjuft 
way of thinking, and where-ever it is fo, the queftion 
ought to be referred to another rule, which they 
call the double rule of three inyerfe; the propriety 
or impropriety of this thought being an infallible 
criterion whereby to difl^hguiffi when a queftion 
belongs to one rule, and when to the other. All 
queftions belonging to this rule^^ as well as thofe 
belonging to the other, may be reduced to the fm- 
gle rule of three two ways ; either by expunging 
the firft and fourth numbers, or'the fecond and 
fifth; but then the methods of extermination are 
different. In queftions of this nature^ if the firft 
and fourth numbers are to be expunged, the 2 firft 
numbers are to be multiplied by the tourth, and the 
2 laft by the firft •, but if the fecond and fifth num- 
bers are tojbe «pungcd, then the two firft numbers 
are to' be multiplied by the fifth, and the two la(t 
by the fecond : thus in the queftioo before us, if we 
B 3 wouW 
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would exterminate the firft and fourth numbers, wo 
muft multiply the two firft numbers^ that is, 2 and 
3, by the fourth, that is^ by 5* and fay, that 2 
acres will Uft three horfcs juft as long as 10 acres will 
laft 15 horfes; we muft aHb muhiply the 2 taft 
numbers, to wit, 5 and 6, by the firft, that is, by 2, 
and fay, that 5 acres will laft 6 horfes as long as "to 
acres will laft 12 horfes. Ufe now thcfe numbers 
inftead of tbofe 19 the qu^ftion, and it will be 
changed into this equivalent one -, If 10 acres of land 
will ipainuin ij bor(^s4 4ays, ^qw long will to 
teres mainuiii i % h.orfes ? Strike oiw Qf ihe queftion 
th<e firft *nd fourth numbers^ which, being equal, 
will be of no ufe \t\ the cooclufion, and then the 
queftion will ftagid thusi If i^borfes wiM eat^Mpa 
^firtam pka afgnmnd in 4 da^Sy bw? hi^ wiU 1 2 horftx 
k m eaiiMg ifp ihe fame i 

Anfw^. S 4ays; for thi$ fueftion belongs ^ tho 

yute of ilirce inwrfe. 

If wo would exterminate the feeo«|d «nd ^<k 
. RUmber? Ojat ^f ihp qvieftiooi we flf>uft aniltiply the 
%wo firft nqqubers by the fifth, and fay, th^t a aci«« 
will Uft 3 borfes. iwft as long as 12 acres will latl 1% 
horfes s we muO; alfQ muitij^iy the two laft nuncibers b^ 
the feqondi ^nd &y» that j| acres will jaft § horfes as 
iong aa 15 a^re« wi|l UQ;. xS| h^rfc^ : . ufe thefe nucp^ 
tucr? mft(^^d qf thofe in the gqeftion, ^nd it wiii fc^e 
changed into this c^iiiv^Ient gap: If 12; aQre& will 
maintain 18 hordes 4 days^ hQw Jo^gwill 15 aqies 
saaintaifi i§ hories I That is, (ftrikingoiM: the focc^d 
and ^tb nuiphera) Ijf 12 4^44 ofkmmllmaiirt0m 4 
fertam nmi^ ^f k(^J^s \ 4^h ¥^ ^i ^^^ <5 ^^s 
ififi the S^m W^^^ ' 

Anjwtr^ 5 4ay$ a« befor«; for th^^ qygftioii be^ 
loogs to the rule of three ctiredt* 

In 
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In btth thek operaf^onf^ (h^ Mmb^ iought was 
at laft found by mult^lyijag 15 by 4^ and tbeo di<» 
vidiflg the produft by 12: now. whofocvcr looks 
back upon the for^goipg reibiution, and obferves 
bow thefe numbers were formed, he wUl eafily per- 
c^ivc^ ihat che nstnber 4 was the ooddif term in tim 
queftim 1 that tht oimiber 15 io both opanuions hkss 
tbe pMdQ& of the nunober^ § and 5, which ky 
nexc the Hiiddie term on each fide; and that the 
divilbr la was in both cafes the produA of the ex« 
treme numbers. 2 and 6: thrrefaret In allquiftions be* 
longing to the double rule of three inverfe^ where the 
numbers are fufpfed to be ordered as in the double rule 
of three direStj if the three middle numbers be multiplied 
together J and the produil be divided by theproduS of the 
two extremes J the quotient of this Svifion will be the 
number fought. And thus may al) the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firfl: place, in order to 
let the learner into the realbn of this laft theorem, 
which is founded upon it. 

^efiions wherein tke extraSion of the fqttare 
root is concerned. 

QjS EST. 40. 

Jbere is a certain fields wiofe breadth is 576 yards ^ and 
wbofe length is 1296 yards: I demand the fide of a 
ftjuare field ejual to it, 

4njwer. This field will be equal to a fquare whofe 
fide is S64 yardst 

Q^u EST. 41. 

7bereis a certain inclofure 3 times as long as it is broad, 
^ wbofe area is j^6iiZ f^nare yards: I demand its 
breadth and length f 

The breadth muldplied into the leixgth, that is, 
the breadth noultiplied into 3 x\m% itfdfi is 46128; 

8 ^ therefore 
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therefore the breadth multiplied into itfelf is 15376 j 
therefore the breadth is 124, and the length 372. ' 

Q^u EST. 42. 

A certain focitty coUeR among tbemfelves a fum amounting^ 
So 15 pounds 5 JhiUings and a farthings every one cm^ 
trihuting as many farthings as there were members im 
the whole fociety: 1 demand the number of memhers^ 

Anfwer. 121 members. 
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INTRODUCTION, 

ConcerningFulgar and Decimal FroBions. 
"■ DEFINITIONS. ^ 



Art. I. A FRACTION, fimply and abftraftedly 
J^^ confidercd, is that wherein fome pare 
or parts of an unit are exprefled: as, if ^n unit he 
fuppofed to be divided into 4 equal parts, and three 
of thefe parts are to be exprefled, it muft be done by 
the fradion three fourti^, to be written thus 4* 
here the number 4, which fhews into how many 
equal parts the unit is fuppofed to be divided, and 
fo determines the true value, magnitude, or deno- 
mination of ^bofe parts, is called the denominator 
of the fraftion; and the. number 3, which iheivs 
bow many of thefe parts are confidered in the 
fra&ion, is called the numerator : thus in the fra&ion 
I or one half, i is the numerator, and 2 the de- 
nominator : iii 4 or two halves, 2 is both numerator 
and denominator, (ffr^. 

When a fra&ion is applied to any particular 
quantity, that quantity is called the integer/ to the 
fs^iQn:^ thus in ^ of a pesny, a penny is the in- 

tegerj 
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teger; in three fourths of fix, the number 6 is the 
integer; thus in three fourths of five fixths, the 
£radiOfi &vt fixths is the integer i for though in an 
abfolute fenfe it be a fraftion, yet here, with refped 
to the frajlion three fourths, it is an integer: and 
vthus may one and the (ame quantity, under differ-^ 
ent ways of conception, be both an integer and a 
fraction ; as a foot is an integer, and a third part of 
a yard is ^ fraction, thpugh they bpth fignify the 
fame thing. When t4ie imager to a fratftion i$ ng| 
exprefled, unity is always to be underftood. Thus 
4 is 4 <^f ^n uni^> t^us when we fay, 4 and ^ 
make ^Is the meaning is, that if 4 part of an unit* 
and 4 part of an unit be added together, the fnm 
will amount to the fame as if that unit had been 
divided into 12 equal parts, and 7 of thofe parts 
had been taken. Thus again, when we lay that 4 of 
4 are equivalent to t4> ^^ mean, that if an unit be 
divided into 5 equal parts, and 4 of them be taken, 
and thp this fraction 4 be again divided into 3 equal 
parts, and two of them be taken, the refult will be 
the fame as if the unit had at firft been divided into 
^5 equal parts, and 8 of them had bees taken; and 
whatever is true in the cafe of unity, wilt be equa}i]r 
true in the cafe of |iny other integer whatever. Thus 
if it be true that 4 ^^ i 9^ ^^ ^^^ are equal to ^^ 
of an unit, that is, if it be true in general that 4 And 
^ added together are equal to ^4, it will be fts true 
of any partieular iateger, fuppofeof a pound fterling^ 
that 4 of a pound, and 4 of a popnd when added to* 
gether, are equal to ^4 of a pound 1 again,^ if it km 
true in general that 4 of 4 ^'^ ^9^^^ ^ 4t« ^^ ^^ ^^ ^'W 
in partk:ular chat 4 of 4 of a pound avc e(|uiva)eat XQ 
•rr of a pounds &/:. 
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C>f proper and h^roptr fra^msi md of the 
redu^kn^ afan imfroper fr^Sim to a w6oU or 
mixtnumher. 

2. Fraftion? arc pf wo farts, proper vxA ioipxo^ 
per; aprqper fra^ion U that, whole nua^erat^ ia 
hzi^ than the doaomiaator, a^ I i therefore ajn imj^ror 
p^ one is tbat^ whofe aufseracor is equal tQ^ m 
^^ater than» the deoomin^r^ as -^i |^ p'Ct. 

But is there «io abfurdit;y \x\ the fuppofition of aa 
improper fradlion, as in three halves for indancei^ 
confidering that an unit cannot be divided intp more 
than two halves ? Jf^wirr^o more than there if 
in fuppofing three halfpence to be the price of any 
thing, confidering that a penny cannot be divided into 
above two halfpence. Thefe fradions therefore ar^ 
called improper, not from any abfurdity either in the 
fuppofition or in the expreifion, but becaufc they 
may be more properly and moFC intelligiUy exprefied, 
either by a whole Qun>ber, or at leaft by a mixt number 
confining of a whole number and a fratflion ; as for ex- 
ample, if the numerator of a fradion be equal to the 
denominator, as ^^ that fradion will always be equi- 
valent to unity, as 4 of an hour, that is, four quarters 
of ao hour, are equivalent to otic hour, ^ of a penny, 
that is, 4 farthings* are equal to Qoe penny, fcrV; 
.^nd tbereafon is plain; for if an unit be divided into 
four equal parts, and four of thefe parts be exprefled 
|a a fradion, the whole unit is exprefled in that 
fradion, that is, fuch ,a fradion muft always bq 
looked upon as equal to an unit : thcrelore^ if tb^ 
numerator be double of the detiominator, as 7, the 
fradion mull be equal to the number 9, becaufe ^ 
pop^ ^ojr I twice } iaiil% akmnsi y vc equal to^ 

and 
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and may be more properly exprefled by, the number 
3v 't ^y ^^ number 4, (^c: and univerfally, as 
ofti^n as the. numerator of a fradlion contains the de- 
nominator, fo many units is that fraftioh equival<;nt 
to : But to find how often the numerator contains the 
denominator, is to divide the numerator by the deno* 
minator ; therefore if the numerator of an Improper 
fraAion be divided by the denominator, the quoiienc* 
if nothing remains, will be the whole number by 
which thefraftion may be exprefled ; but if any thing 
remains of this divifion, then the quotient, together 
with a fradion whofe numerator is that remainder, 
and denominator the divifor, will be a mixt num- 
ber, exprefling the fradlion propofed. Thus V are 
equivalent to the whole number 8, but V arc equi- 
valent to the mixt number 8 4» V ^^ ^^e mixt 
number 8 4» j^ft as 24 feet are equal to 8 yards, 
25 feet to 8 yards and 1 foot, 26 feet to 8 yards and 
2 feet, &c: and this is what we call the redu<5lion 
of an improper fraftion into a whole or mixt num- 
ber. 

T'be reduiifon of a whole or mixt number into an 
improper fraBion. 

3. As unity may be exprefled by any fraftion of 
any form or denomination whatever, provided the 
numerator be equal to the denomiaator, as |, |, ^, 
fc?^; fo the number 2 is reducible to any fraftiori 
whofe numerator is double the denominator, as 4^, 
-t> T> ^^» a^d fo is every number reducible to any 
Jradion, whofe numerator contains the denominator 
as dit'eh as there are unit^ in the number propofed : 
therefore whenever a whole number is to be reduced 
to a fraAion whofe denominator is given, it muft be 
ciulfiplied by that given denominator, and the pro- 
duifl with that denominator under it, will be the 
ccjuivaknt fraftion. Thus, if the number 5 is to be 

reduced 
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reduced into halves, that is, ituo a fra6tioo vfhoiet 
denominator is. 2, it mud be multiplied bty 2, and 
. lb you will have 5 equal to \^, jwft as 5 pence aiJC 
equivalent to 10 halfpence; if the number S is tohe 
reduced into thirds^ it muft be. multiplied by 3, an4 
fo you will have 8 equal to V» j^^ '^^ 8 yards are 
equal to 24 feet; laftly, if the number 2 is to be 
' reduced into fourths, it will be equal to-l^, juit as 2 
pence are ^ual to 8 Earthings. If the number to 
be reduced be a mixt number, confifting of a jiv^hole 
number and a fraction, the whole number mud 
always be reduced to the fame denomination with the 
fra<5tion annexed, and the rule will be this : Multiply 
the whole number by the denominator of thefraftion 
annexed ; add the numerator to the produft, and the 
fum with the denominator under it will be the 
equivalent fraftion. Thus the mixt number 5 4 is 
' equivalent to V j juft as 5 pence halfpenny in money 
is equivalent to' 1 1 halfpence : This operation carries 
its own evidence along with it \ fo^-the number 5 itfelf 
is equal to '^ as? above; therefore 5 4- n^uft be equi- 
valent to '^ : again, the number 8 4^ is equ^l to \^» 
juft as 8 yards and 2 feet over are equivalent to 26 feet ; 
laftly, 2 4 is reducible to "4:', juft as two pence and 3 
ftrthings are reducible to li farthings. 

A L E M M A. 

4. If any integer be ajfumedy as a pound Jierlingy and 
alfo any fra£iion^ as \j l.faythen^ that \ farts 
of one pound amount to the fame as 4 part of 3 
\ pounds. 

To demonftrat;e this Lemma (which fcarce wants 
a demonftration) I argue thus: If any quantity^ 
greater or lefs, bef always divided itito the fame 
number of parts, the greater or lefs the quantity Jo 
divided is, the greater or lefs will the parts be. Thus 
J of a yard is 3 times as much as^of a foot; be- 
. cwfe a yard is 3 times as much as afoot; and for the 

fame 
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fame i^(bn ^ t>f ^ pounds is ^ tim^s sit much ak i^ 
of I t>oMd; but 4. of otic pound are aljb 3 times ks 
imieh ds '^ of one pound ; thtrefore |>of t pocind are 
tqozl to ^ of 5 pounds, becaufe both alt jtift 3 times 
fis much as ^J: of t poutrf* J^ £. £>; 

Haw io eftimate any fra&imal parts af an Integer 
__^ , ^ m parts iff a lejkr AmmihatkHf and vice 
^Tl'^'^ ^ve4 ^ 



^^r -^ 
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5. iThis may be done various ways 1^ but the fliorteft 
and fafeft, as I take it, is that which follows : Sup-* 

r)(e I had a mind to know the value of 4 of a pound > 
fhould argue as in the foregoing lemma, that 4 of 
one pound are the fame as J of 5 pounds, but the 
latter is more eafily taken than the former ; therefere 
I apply myfelf wholly to the latter, to wit, to find 
the nxth part of 6ve pounds, thus: 5 pounds, ot 100 
fhillmgs, divided by 6^ quote 16 (hillings^ and 
there remain 4 (hillings; again, 4 fbillings, or 48 
pence, divided by 6, quote 8 pence, and ihere rc-» 
mains nothing ; therefore the value of i dxth of 5 
pounds, err 4 of I pound, is 1 6 (hillings and 8 pence* 
Again, fuppofe I would know the value ef 4 of a 
pound, 1 find the value df 4 of 6 pounds thus ; 6 
pounds, or 120 (hillings, divided by 7, give 17 
ihillings, and there remains 1 (hilling; again, i 
(hilling, or 12 pence, divided by 7, gives 1 penny, 
and there remain 5 pente ; again, 5 pence, or 10 
farthings, divided by 7, give 1 farthings, and there 
reniain 6 farthings; laftly, a feventh part of 6 far* 
things, is jtrft as much as 4. of i farthing, by the 
kmma: hence I concludci that ^ of a pound arc 
17 (hillings I penny 2 farthings and j ctf a far- 
thing : But the value of 4 of a tafthtng is (b near to 
x>Tie farthing, that if I would rather admit of a fmatl/ 
inaccuracy in my account, than a firaAiort^ I Aoold 
make the v^hft of 4 of a poand €o be 17 (hillrngs 
3 ^ F"ny 
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I p^ny and } farthings; Leftiy, iuppofe I would 
kflow the dCBount c£ 4 P^^^ of 1$^ flnlUn^ and ^ . 
.pence, I ihould argue thus; 4- pares of 17 (hiHings 
and 6 pence are equivaknt to 4- P*^ ^ ^^^^^ ^^ 
much, chat is^ to 4- part of 35 fhilliogs : but 4 pare 
oJF 35 (killings is 1 1 (hiilings and 8 pence ; there- 
fore 7 parts of 17 fhiUings and 6 pence make 11 
flifUings and 8 pence. 

Of the re^rerfe of this rcdti&ioni one fingle in- 
ftance will fuffic^e: Let it then be required to reduce 
I ihilhng 2 pence ^ farthings to fra&ional parts 
of a pound: here I confider, that m i pound are 
960 farthing ; and in i (hilling 2 pence 3 farth- 
ings, are 59 farthings; therefore i larthing is -^^ 
of a pouni^; and x ihilling 2 pence 3 farthings are 
yl^of a pound, 

Prepm^atims for further reduStions and dperathns 
of fraSitons. 

6. All the operations and redudions of frafllons 
are mediately or immediately deducible from the 
folbwifig principle ; which is^ that If tht numiraior 
of a fraSiion be encreafei^ whilft-the denominator con- 
tinues the fame^ the value of tbefraSlion will be en- 
creafei proportionabif : aid vice>crsS^ On the other 
bawd, tf the denominator be encrutfed in any proportion^ 
wbi0 the nmmrator cof^inues the fame^ the value of 
thefraSHon will be diminifhed in a contrary froportum^ 
^nd vice veria. Thus 4 ^e twice a& much as \y and 
\ is but half as mtlch. 

From this principle it folbws^ that if the num.e- 
tator and demoninator of a fraAion be both mulci* 
plied, or both divided, by the fan^ number^ the va« 
' kie of the fraftion will not be affeded thereby; 
becaufe, as much as the fraftion is encreaied by 
multiplying the numerator, juft fo much again ic 
will be dimim&ed by multiplying the denominator ; 
and as much as the fraftion is dimlnilhod by divid* 

ing 
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ing the numerator, juft fo much again it ^ill be 
encreafed by dividing the denominator. Thus the 
terms of the fradion 4 being doubled, produce 4* '^ 
fradion of the fame value; and, on the contrary, 
the terms of the fraction 4 being halved, give 4. * 

Hence it appears, that every fraction is capable 
of infinite variety of expreffion, fince there is in- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a fradion may be multiplied, 
and fo the expreffion may be changed, without 
changing the value of the fradkion. Thus the frac- 
tion f, if both the numerator and denominator be 
multiplied by 2» becomes t» '^'^y 3» i» *^by 4, -Jj 
if by 5 -r4; ^nd fo on ad infinitum \ all which are 
nothing elfe but different expreffions of the fame 
fraftion; therefore, in the midftof fo much variety, 
we mull not expedt that every fradion we meet 
with Ihould always bt in its Icaft/Or loweft terms; 
but how tb reduce them to this ftate whenever they 
happen to be othcrwife, (hall be the bufinefs of the 
next artrcle. 

The reduSHon of fraSlionsfrom higher to lower 
terms. 

7. Whenever a fraftioif is fufpeftcd not to be m 
its leaft terms, find out, if poflible, fome number 
that will divide both the numerator and denomir^- 
tor of the fradion without any remainder; for if 
fuch a number can be found, and the divifipn be 
made, the two quotients thence arifing will exhibit 
refpeftively the numerator and denominator lof a 
fradion, equal to the fraftion firft propofed, but cx- 
preiSed in more fimple terms : this is evident from 
the laft article. As for example ; let the fraftion 
41^ be propofed to be reduced : here, to find foine 
number that will divide both the numbers 'lo and i^ 
without any remainder^ I begin with the number 2, 
as being the firft whole number that can have any 
4 cflFea 



.d^fft in: divifion ; bjut I find. 2 will not. divifte 15J 
3* IS the, next number to be tried; but neither will 
that fucccCdjC for it wiU riot divide 10 ; as'for.tBd 
iiuml)er,4^ I.pafs' that, by, becaUfe if- 2 .would, njpt 
divide 15^ much lefs Will 4 do it; the next num- 
ber I try is 5, and that fuccecds; for if 10 arid 15 

• be 'diviifcd: by 5, the quotients will be 2: and 3 re- 
fp^dtrW^yy esich without remainder; therefore the 

i'ifi^&iofi 4t* after being reduced to its leaft terms^ 

• H^ foMlid lo43ecthe,^nF>e> as 4» ^bat is, *if ^n iinic 
be divided into 15 equal parts, and io of them be 

• takeni-the amduntr will be the fame as if -it had 
t bedtf ditided into g equal parts, and i of them bad 

been taken. Secondly, if the fraction propofed *td 

V.bc ,rej^uqcd,;be t^^ divide^ its jterms by 2,^ apd 
yoU will hate- the fraftlon^-^j divide agairi by 
2> and you will have ^-^; divide a^ain by 2^ latid 

- V ittW afiUrAayc. 1^ 5 therefore, all . further jdiyiSon Jbfy - 

945 
,r i i«:Lt<«teded : divide then: thefe. laft. terms by.^r 

tad you will have-^; divide, again by, 3^ and 

you will have -^; divide by 5, and yoti will have 
. .^li'^ndc\k&\y^ divide by.71 and yoq will Mvt 4j 
fo that th€f ffaaiotl^l^, after a eomrhoh- divifioa" 

hj 2,;^. 2>. 3v 5^ 5iJf is found>i; laft-equjil 104. 
, _ Thirdly^.. the , fraction ' ^, after a contirjual diviqon 
, .,by.2^. 2,; 3r: becomes 4. Fpurthlyj 44, ^^^r a cpn- 
i\,^^niaA.4k^^^ ^y H ^r 7*; bpconic^ 4. , .Fiftbiys 
t' '^i after a^ continual divifion ^y a> 2, 3^ 3, be- 

I h: ?» 3» :«».^ 7.»: >!??0?n^s T« . Stremhly,|^,^fjera 

• C, ■ ■ : «onti2 
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continual divifion by 3, 5, 7, becomes 4- Eighthly, 

] g^» after a continual divifion by 5 and 7, bc- 

* comes TT* Ninthly, ^, after a continual divifion 

by 5, 7, 7, becomes i, or 3. 

Some perhaps may think themfelves helped in the 
pradice of this rule by the following obfervattons : 
Firft, that z will divide any number that ends with 
; an even number, or with a cypher, as 36, 30, C^c, 
•, and no other. 

Secondly, that 5 will divide any number that ends 
; with a 5, or with a cypher, as 75, 70, i^c. and no 
( other. 

Thirdly, that 3 will divide any number^ when it 

' wilt divide the fum of its digits added together: 

. thus 3 will divide 4.71, becaufe it will divide the 

number 12, which is the fum of the numbers 4, 7, 

, and I. 

Fourthly, if both the numerator and denominator 
havc'cypbers annexed to them, throw aWay as many 

as arc common to both: thus -4^ w the fan>e as 

56000 

' ■ ^ * 

• ' After all, there is a certain and infallible ruie for 
finding the, greateft common divifor of anv two num- 
bers whatever, that have one, whereby a fradion may 
be reduced to its Icaft terrhs by one Tingle operation 
^ only. I ftiall be forced indeed to poftpone^ the d^- 
' nionftration of this rule to a more convenient pldce, 
' not fo miicK for want of principles to proceed upon, 
. as for want ^of a. proper; notation-, but the rule itfclf 
is as follows: Let ^ and.^ be two given numbers^ 
^ vhofe grcatcft common divifor is reqtiired; to wit, 4 
the greater, and i the lefs: then, dividing a by b 
without any regard to the quotrenr, cdl the renaain- 
' . iJcr ^5 divide agaip b by ir, and call the remainder d\ 
4 ihcn 
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then divide c by d, and call the remainder e% then 
divide i/ by ^, and call the remainder/;, and fopro- 
cced on, till at laft you come to fome divifor, as f^ 
ivhich will divide the preceding number e without a 
remainder : I fay then,' that this laft divifor will be 
the greateft common divifor of the two given num- 
bers'^ and i. As for example; let a be 1344 and 

.'^582 : then, to find the greateft common divifor of 
thefe numbers, I divide a (1344) by i (582) and 

. there remains 180, which I call ci then I divide i 
(582) by c (180) and there remains 42^ which I call 
J; then I divide c (i8o) by d (42) and there re- 
niains 12, which I call e\ then I divide ^ (42) by e 
(12) and ther^ remains 6, which 1 call /-, laftly I 
divide tf (12) by / (6) and there remain^ nothing: 
"whence I conclude that 6 is the greateft common di- 
vilbr of the two numbers 1344 and 582 ; and as the 
quotients by 6 are 224 and 97, it follows, that the 

fraction -^, when reduced to its leaft terms, will 
1344 

• be — . If no common divifor can be found but 

224 

* unity,' it is an argument that the fradion is in its 
Icaft terms already. 

From this and the laft article it follbws, that iall 
fraftions that are reducible to the fame leaft terms are 
equal; as -J^, |^, 44* &c. which are all reducible to 4; 
though it does not follow e conver/Oj that all equal 
fractions are reducible to the fame leaft terms ; this 

: "Will be demonftrated in another place, (See Elements 

; .4>f /ilgekrd. Art. 193. page 290, . 4to.) 

For the better underftan<jtng of the following ar- 
ticle, it muft be pbferved^ t)iat this mark X is a fign 

. of «iultiplication, and is ufually r^ad into: thus 2x3 
fignificsv6, 2x3X4 fignifies 24I, 2 X 3 X 4 X 5 
fignifies /20, £sfr; ; and in fopie cafes it will be better 

' toptit^^n thde components or fadors, than the 

' charaSttrfcfthe jiMmber arifing from their continual 

mukipUdfttion, as in the following article* ' It ought 

• • C'2 alio 
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aUb to be obferved, that it matters not in what ordei 
thcfc components are placed 5 for 2 x 3 X 4 X 5 fig- 
nifies juft the fame as 4 x 5 X 2 x 3* '&?r. 

The reduSihn offraSlions of different denominations^ 
to others of the fame def^mination. ^ 

8. There is another reduftlon of fraftions, no"^lcfi 
ufcful than the former; and that is, the reduftlon hi 
fra^ionsof different denominations to others of the 
fame denomination, or which have the fame qcnoini- 
na.tor, without changing their values ; which is done 

. as follows : Having firft put down the fraftions i(i 
be reduced, in any order, one after another, and bc- 

* ginning with the numerator of the firft fraftion, mul- 

^ tiply it, by a continual multiplication, into all the 
denominators but its own, and put down, the prddud 
under that fraftion; then multiply, in like manner^ 
the, , numerator of the nextfraftioo. into all the de- 
nominators but its own, and put down the prodiid 
under that fradion ; and fo proceed on through all 

. the numerator;^, always, taking care to except the de« 
nominator of that fraftion whofe num.e^'ator is mv^' 
tiplied. -Then, multiplying all. tbedwopiihators to- 

. gei^er> put down, the I^odu<a un^cr every one of 
the produds laft found, and you will h^ve a ne* 
fet of fractions, all of the fame denomination with 
one another, and all of jhe fame values with their, rc- 
fpcdive original ones. As for example; let it bd{ 
propofed to reduce the following fradions to the famjc^ 
.denomination, |, 4, |, ^; i;?,The numerator ol 
the lirft fraftion is ij jind, the denominators of jhij 

, red jjre,.4, 6, and 8, and r X4>$ 6x 8 gives 192a 
therefore I put down i^i under |. xih^. The nu^ 
rnerator of the fecond fra(5lion is 3,' .and the.denopii*' 

. natore of the reft are 6, , 8, and i, and 3. X 6 X 8 X ^i 
gives 2 ^8 ; therefore Ipw down 1:^88 under |- iii}%\ 

. .5 X ? X 2 >^ 4 gives yio\ therefore 1. put dftwfl 
3^0 under 4. ^by 7X2X4x6 gives 33^9 there*] 

fort 
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fore I put down 336 under 4. Laftly,, 2x4x6x8, 
or the produd of all the denominators, is 384. This 
therefore I put down under every one of the nume* 
rators hft foond, arid fo haVc a nfcw fet of frafticms, 

'^'^: il;* W fsi' fii' ^" "^r^^^ ^^"^"^ denomina. 
tion, as appears from the operation itfclf; and all of 
the fame vdue with their refpcdlive original ones, as 
will appear prcfcntly; but firft fee the work : 

1 3 s r 

f* T» ?• T* 
I9J 288 320 336 

p4* 384' 384' p4' 

A Jemonjlration of the rule^ 

All that is to be demonftrated in this rule is, to 
prove from the nature of the operation itfclf, that the 
original fra&ions fufier nothing in their values by this 
reduction : in order to which, it will be convenient 
to put down the components of the new numerators 
inftead of their proper characters, as in the lafl: ar- 
ticle i as alfo thofe of the common denominator, and 
the work will (land thus : ' 

1X4X<$X8 3x6x8x 2 . 5x8x2x4 7X2X4X6 > 
2X4X6x8* 4X6x8x2* 6x8X2X4* 8X2X4X^ 

By this method of operation it appears, ,that the 
numerator and denominator of the firft fraftion {, arc 
both multiplied by the fame number in the reduftion, 
to wit, by 4 X 6X 8 ; and therefore that fraction fof- 
fers nothing in its value, by art. 6^ In like manner, 
the terms of the fecond fradlion 1^ are both muhiplied 
by the lame number 6x8x2; therefore that fraftion 
can fuffer nothing in its value ; and the fame may be 
(aid of all the reft, ^ E. D. 

C 3 Oii^r 
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Other examples to this rule^ 

I* i« x« X. x» I« X. X, X, 

560.^240 ,180 144 120^ 120 90 7* 60 

720 720* 720' 720' 720 360* 360 360* 360* 

X. 1, X, . I !♦ 

T T T - T» T 

♦ 30 24 20 ^ i 

X20 *,I20* 120* 30* 30* ^ 

' The ufe of this rule will foon appear in the addition 
and fubtraftion of fractions: in the mean time it may 
not be amifs to obferve, ' that it would be very diffi- 
cult, if not impoflible, to compare fraftions of dif- 
ferent denominations, without firft reducing them to 
the fame. As for inftance; fuppofe it flioiild bfc 
aflced, which of thefe two fraftions is the greater; 
4, or 4; in this view it would be difficult to detler* 
mine the qucftion -, but when I know that \ are the 
fame with ^-J-* ^"^ that -^ are the fame with |-^» I 
know then, that |. are greater than -^ by a twenty- 
eighth part of the whole. We now proceed to the 
four operations of fradlions, to wit, their addition, 
fubcraftion, multiplication, and divifion: and firft, 

Of the addition pf fractions. 

9* Whenever two or more fraftions are to be added 
together, let them firft be reduced to the famqdcno- 
minarion, if they be not fo already ; and then, adding 
the new numerators together, put down the fum with 
the common denominator under it. In the cafe of 
mixt nun^bcrs, add firft the fradions together, and 
then the whole numbers: but if the fra&ions, when 
added together, 'make an improper fradion, i-educe 
it by the 2d art. to a whole or mixt number; and 
then putting down the fradional part, if. there be any, 
refervc the whole number for the place of integers. 

• To 
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Xo this rule might be referred (if It had not been 
taught already in the 3d art.) the redu6lion of a mixC: 
number intp ^n improper fr^dtion, which is nothing 
elle .hut adding a whole number and a fraction to^ 
gether, and may be done by confidering the whole 
putnber as a fradtion whofe denominator is. vpityt 

Exar^pies, of addition (f f rations ^ 

^fi> -n and A when added together make tV» for 
juft the famereaibn as 3 (hillings and 4 (hillings when 
added together make 7 (hillings. 

2dfyj. The fractions i and ^ when reduced to the 
fame denominarion by the laft art. are Vr and -rr^ and 
. thefe added together make ri's therefore the fraftions 
f and 4 when added together make up thefra&ion <r^: . 

For a better confirmation of thefe abftradt con* 
clqfions, but chiefly to ipure the learner to conceive 
and reafon diftindly about fradions, it may be very 
convenient to^ apply th^fe; examples in fome particular 
cafe; as for inftance, in the cafe of a pound fterling; 
and if we do fo here, we are to try, whether | and ^ 
of a pound, when added together, aniount to -x^ of a 
pound, or not: here then we (hall find by divifion, 
that the third part of'-a pound is 6 (hillings and 8 
pence, and the fourth pjirt 5 (hillings; and thefe, 
added together, make 1 1 Il^illings and 8 pence j " 
therefore | and 4 of a povir\d, when added tc^ether, 
make II (hillings and 8 pence; but by, the 5th art. it 
will be found that -tt of a pound arc alfo 1 1 (hillings 
and 8 pence ; therefore f and 4 of a pound, when added 
together, ma^ke -ri of sl pound ^ and the fame would 
have been true \n any other inftanqe whatever. 

2dfy, 4 and -f-, that is, -^j and ^4-, when added 
together, make ^-J-? which will aWb be true in the 
cafe of a pound fterling ; for by the 5th art. ^' of a 
pound arc 8 ihillings, 4 of a pound are 7 (hilljngs 
and 6. pence, and their fum is 1^5 (hilljngjs ^d.jS 
pence i which will alfo be found to be the value of 

C 4 . iioi 
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1^ of a pound} therefore 4. artd^ of a ^ttt)4' when 
added together, make ^S^ of a pdurtdV 
' 4/2^^, 4 Mt\^^ th^t is; 4f afid 44, wteii^ added 
Wgctheh m'al^ 44.; art improper fn&kfn > wiiicb 
beidg- reducfed -to a miXC htarfibier^ by the adlart. is 
I aad t4: 1«*u^ now tryi whether 4. Of a potrnd, 
and 4- of a pounid when added together will make 
one pognd aod tt of &' pound ove^, ot not: now 
4- of a pound, ot 13 (hillings and 4 pence, added to 
4{of.u pound, or 16 (billings, amount' to i pbond 

?i (hillings and 4 pence .- and ^ of a pound are 
bund to be 9 (hillings and 4 pente; therefore ^ add 
4l of a pound, when added together, ma\xon^ pocind 
?jnd TT of a pound over. 

Sthly, ^ and -J:;, that is, 44 ^"^ 4:5> when added 
^bgethcr, make 44t or 4y» which will aifo be true 
in the cafe of a pound fttrling. 

Aftih ^ » «^ » » fKor ;c 3fi>* »40 '8q 144 

of^/y, -J, T» T» T» T> ^nac IS, ^— , ^, — ^, ^^^, 

i^i .w'hen' added together, make •^^, that is, i ^f- 5 
720 ^20 

try it in money. 

Vi^b , ^, 4^, .4, 4, ^nd 4, that is, if^, 1|, ii?, 

.SL and ^, when add^d together, jnal^e ^, that 

?sV.3'44- ■ ^ ♦ 

&/i&/y, The fam of the mixt numbers 74 and 8 4. 13 
•?5 tyJ for the fum of the fradlions is ^4 by the le- 
fiond example, and, the fum of tire whole numbers 

M 15- 

gthly^ 5 4 added to 7 4^ gives 13 -r^-, for the faiA 
i>f the fraftions is i 44-, by the fourth example* arid 
the whole number 1, added to the Virhole numbers 5 
ftnd7, gives 13. 

loMy, 8 ^, 94, 104, 114, 12 4, added together, 
make 5344^ for the fraftiotis themfelves rtiakc 3 4.4 
by thefeven^h example, and the whole plumber 3 
added to the feft makes 53. 
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itibfyi The^^wbdte min^r 2 added ^ the fvac^ 
]^n4 gives Vi for tbe^ wbda number 2 may be^ 
cooGdered as a fradion, whofe^ deootninator is vnu 
tf \ now '^^ atid •!-»' whtn> reduced co the famodei^o- 
niinacion> are 7 and4» which added togedier-make 

* Thus al&» may; tenity he^ added to any fradion 
whatever, w^n fubtr^Sion requires k; bur better 
thus ! uivity may* be made a fradlior^ of any denomi* . 
/HitJbii wbaterer^ ppovidedcho mimeratortbe^qual to 
the denonftinator^ t>y ^t"^^ 2ti : ' foppofe then I woul4 
^d unity* to 4-> Lfuppofe unity equal to>f; and this 
^ded to 4 nmkes 4 •' ^gain^ unity guided to 4 makes 
>^, bccaufe 4 and 4- make 4- 

O/* /i&^ fubtradlion of fr anions. 

10, Whenever a^ lefs fraftion iato be fubtraAed 
from a greater, they muft be prepared as in addition ; 
chat is, they muft be reduced to the (amc denofni* 
nation, ?f they be not fo already; then, fubtrafSting 
the numerator of the lefs fra<5tion from that of the 
greater, put down the remainder with the commod 
denominator under it. In the cafe of mixt numbef% 
fubtrad firil the fradkion of the lefler numbcir i^om 
that of the greater, and then the, lefier whole^ nu^inr 
ber from the greater*, but if,, as it often happens, the 
.^aeer nuniber has the leiTei: fraction belonging to i(j» 
•then an unit muft be borrowed from thv whole nuin<i^ 
ber and added to the fractioa^-as intima^ced in the 
.do^ of the laft article. 

« 
Examples offuhtraStlminfraBionu 

• 

i/j xi fubtraaed from -rS- kaves ^4, juft in the 
, fame manner as 3 (hillings fubtraded from 4 (hillings 
icave I (hilling. 

srf^K, -J. fubtrataed from |, that is 4.:^.fubtraaed 
from il^, leaves ^, or ^i- So 4 of a pound, qj: 

15 (hillings. 
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15 (hiUings, fubtra^ed from i of a ppurid, or 16 
ftilKngs and 8 pencc» leaves ^ofz pounds th^c, is» 
I ihilHng and 8 pence. 

S^t^s 7 I fubtrafted from 8 f , that is, 7 4 fub- 
tn&ii. from 8 4» leaves i -^^ . 

^tbfyj 74- fubtrafted from 8^, that is, 7 I fub- 
tra£ted/rom 74* leaves^ or f.; for here the greater 
number having, the tefs fraflion belonging to i(, I 
borrpw an unu from the whole number 8» aad fo 
reduce it to 7 ; and then this ut\it9 uAder the name of 
^, I add to the fra6lipn y, and fo make it 4. 

SfHyy 7f fubtra(3:ed from 8 |, that is, 74. fub- 
ira^d from 8 |, that is, 74. fubtr^ftcd from '7 -J, . 
leaves 4. 

6ibly, 7 4 fubtrafted from 8, that is, 7 1 fubtraSed 
from 7 4, leaves^. 

Of the multiplication offradiion^. 

1 1. To multiply by a whole number is to take the 
multiplicand as often as that whole number exprefles: 
therefore to multiply by a mixt number is, npDonljr 
to take the multiplicand as often as the integral part 
cypreflcs, bur alfo to take fuch a part or parts of it 
over and above, as is exprefled by the fraction an- ' 
nexed. Thus 10 multiplied by 2f produces 25: 
for as 2 I is a middle number between 2 and 3, fo 
the produft ought to be a middle number between 
20 and 30, 'hat is, 25; In like manner 10 multi- 
plied by I f produces 15, and being multiplied by j 
produces 5 : therefore to multiply by a proper fraction 
is nothing elfe but to take fuch a part or parts of the 
mulripJrcand, . as is expreffed by that fradion. Cer- 
tainly to take 10 twice and half of it over, once, and 
half of it Over no times, and half of it over, 
(which laft is taking the half of i.o>, are operations 
of the fame kind, and differ only in degree one from 
another; and therefore, if the #wo former operations 
pais by the name of multipUcatlon^ this tail ought ro 

' ■ dd 
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do lb tot); and if there Be any abfurdity in the cafe, ' 
,it lies in the name, and not in the thing. 

Arithmetic was at, firft employed about whole* 
numbers only, and thus far the name of multiplica- 
tion was adequate enough, except in -the cafe, of 
unity, • But H: being afterwards confideFed, that no 
quantity whatever could be called an unit, that was 
not further divifible ; and confequently, that there 
was not only an infinity of fraftional numbers below* 
unity, but alfoan infinity of mixt numbers between 
any two whole numbers whatever;- it was judged, 
rightly enough, that the art of Arithmetic would 
not hd pcrfeft till its operations extended themfelves 
to this fort of number alfo; and this being done 
without changing their names, it was then that the 
nanriie of multiplication became toofcanty for the thing 
f]gni6ed : this therefore ought to be attributed to the 
unavoidable want of forcfight in the firft impofers, 
and not to any imperfcdion in the fcience itfelf* 
This is no more than the cafeof many other arts and 
Iciencis, that have outgrown their names; Thus 
Gcohietry, that originally and properly fignified no 
more than the an of furveying, is now defined to be 
a fcience treating of the nature and properties of all 
figures, or rather of the different modifications p{ 
extenfion arid fpace ; f& that now furveying is the 
leaft and loweft part of that fcience. Thus Hy- 
droftatics, which originally fignified no more than 
the art of weighing bodies in water, or rather the 
art of finding out the fpecific gravities of bodies 
by ^cighiiig them in water, is now made the name 
of a fcience, which treats of the nature and proper- 
ties of fluids in general ; and the feveral proper- 
tics of air and mercury, fo far as they are fluids, fall 
under the confideratibn of Hydroftaucs, as properly 
as thofc of water. 

•' But perhaps it may be further urged, that to take 
the half of any quantity, is no^ to multiply, but to 
divide it. To whic> 1 anfwer; tbat'it isimpafiible 

to 
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tp.take the half of any qu^litity without divldipg ic 
'by 2 ; and cQnfequently, that to multiply by f has 
the fame efitft as ta divide by 2; but this does not 
prove that multiplicacioo is the fame as divifion^ but 
only thatthefe two operations, how contrary foe ver^ 
may be made to do each other's buljnefs,^ which is no 
myftery to any one whp is the lead converfant in 
Arithmetic J and will be further explained in the next 
article. 

A fraction may be multiplied by a whole nutnb/;r 
(wo ways; either by multiplying the numerator by 
that nuiiiber, or elfe by dividing the denominator by. 
Che fame* where fgch a divifion is ppiBble : tfius if 
• the fra6tion 4 be to be multiplied by 2, the produd; 
will either, be '^ by doubling the numerator, or ^ 
by halving the denotninator : thjs.is evident from 
the 6th art. becaufe a fraftion will be equally encreaf-^ 
ed, whether it be by encreafmg the numerator, or 
by diminifliing the denominator. 

If a fraftion be to be multiplied by a fraftion, 
multiply, the numerator ajid denominator of the mul* 
tiplicand, by the numerator and denoniinator of the 
ciultiplicatof rcfpcftively, and th.e fraftion thence 
arifing will be the produft fought; thus if it was re* 
quired to multiply ^ by |, or (which amounts to the 
fame thing) if it was required to detcrm^ine how mucH 
is f of 4» the anfwer woyjd be t4> and the reafon is 
plain ; for | of 4 is t4, by the fixth art. becaufe 
making the denominator three times greiater, makes 
/ the fraftion three titpes lefs; but if f of 4 lye -rr, ♦ 
then f of 4t ought to be twice as much, that is -x4 » 
therefore to deternjine the amount of f of 4^, the 
numerator and denon^inatpr of 4. muft be multiplied 
refpcftively by the numerator and denominator of 
f ; and the fame reafon wll] hold good in all other 
inftances. 

. If a whole number is to be multiplied by a fraftion, 

either change the m.ultiplicatbr and niultiplicand one 

•for another, and thw pcocwd as above direfted ; op 

elfe 
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clfe confiderthe 'iniikipllcand as a fraftip^n -whofe de- 
nominator is unity, and fo proceed according to the 
rule for muitiplying one fradion by another; by 
which meahis Bc/th rules will be cohtrafted into one. 
Thus 6, of 4j mukiplied into f, produces 'f» or 4. 
Ifjhc multiplicator, or multiplicand, or both, be 
mixc numbers, they muft firft be^redaced to impro- 
per fraftiohsby the third art. and then be multiplied 
'according to the general rule. 

Examples ofmultiprtcationinfraSfhns^ 

ifti f of ^, multiplying numerators together,, and 
denominators together, is 44, or -x^j and fo we find 
it in iny particular cafe; for ^ of a pound are 1 7 
fhillings and 6 pence; and f of 17 (hillings and 6 
pcpce* t^hat is (by the 5th art.) I of 35 (hillings, is 
II fliuiingsand 8 pence; therefore f of^ of a pound 
are 1 1 (hillings and 8 pence, which will alfo be found 
to be the value of -rl of a pound. 

Here we may obferve once for all, that whenever 
' two fractions are to be multiplied together, the pro- 
du6t will be the fam^, which foever k is that multi- 
plies the other, juft as it is in whole numbers,' and 
for the fame reafon ; for if -J- be to be multiplied by 
f , then the numbers ,j and 8 muft be rcfpeiSively 
multiplied by 2 and 3 ; but if f is to be multiplred 
by •^,. then the numbers 2 and 3 muft be refpedively 
multiplied by 7 and 8, which amounts to the fame 
thing; "whence it follows, that f of -^ come to the 
fame as -|.pf f : to confirm this, we have feen already 
^ that I of l^of a pound amount to 11 (hillings and 8 
\ pence ; let qs in the next place enquire into the value 
. oi^ of f dfa pound : now f of a pound are 13 (hil- 
lings*iand 4 pence ; and -Ji of 13 (hillings and 4 perice, 
that is, 4 of 93 (hillings and 4 pence, is 11 (hillings 
and 8 pence; therefore | of ^ of a pound are the 
fame as 4- of f of a pound, fincc both amount to 1 1 
flii] lings, and 8 pence. 
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^^bt f of^of-rJarc^, or i; for 2 X 5 ?^ 9 

make 90, and 3 X 6 x 10 make 180: thus -rl- of a 
pound are 18 {hillings ; and 4 of 18 fhillings are 15 
(hillings J and f of 15 Ihillings arc 10 (hillings j 

' which are \ of a pound, 

%dly^ 4 of 4 of I- are ^ : thus 4^ of a pound are 15 

: ihillings ; and 4- of 15 fhillings are 1 1 fhillings and 

3 pence; and :|^ of 1 1 fhillings and three pence are 8 

ihillings and 5 pence farthing; which will alfo be 

found to be the value of 44 of a pound. 

j^hfyy The mixt number 6 x multiplied by the 

whole number 7, or the whole number 7 multiplied 

by the, mixt number 6 ^, will produce in either cafe 

47 4 : for the mixt number 6 ^J being reduced (by the 

3d art.) to an improper fraction, becomes V •, which 

I fin 
being multiplied by 7, or ^, makes — , or, when 

reduced to a mixt number, 47 4-' - 

This multiplication may alfo be made another 
way, thus:- ^ multiplied by 7 makes VS that is, 
(by the 2d art.) 5^^ put down the fraftion -J, and 
keep the 5 in referve j then 6 multiplied by 7 makes 
42, which, with the 5 in referee, makes 47; there- 
fore the whole produd is 47 ^ as before. 

5^%» 3 T multiplied by 2 f, that is, '4: multi- 
plied by 4, makes—, that is, 10: thus 3 t of a 

pound are 3 pounds j.5 (hillings ; and twice 3 pounds 
15 ihillings is 7 pounds 10 fiiillingsv moreover | of 
3 pounds 15 fhillings, or 4 of 7 pounds 10 fhillings, 
is 2 pounds lo fhillings; and thefe 2 pounds 10 
fhillings, added to the former part of the produAf 
to wit, 7, pounds 10 ihillings, give 10 pounds for 
the whole produft; therefore 3 |> of a pound mulo- 
plied by 2 -§■ make 10 pounds. 



^/^f 
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6tbfyj 96 1 mukiplicd by 24 f, that is, -^, mul- 
408 

6 



tiplied by^V, gives i~5^ that is, (by the 2d art.) 



23484^. . 

pbly^ 36 ^ nriultiplied into itfelf, that is, ^-^, tnul- 

tiplied by—, makes ^^^, that is, 13 14 ^. 

Before I put an end to this article, I do not know 
whether it will be* thought. worth my while to take 
notice of a trery.abfurd queftion fometimes bandied 
abput, wherein it is required to multiply j ofapouad 
by i of a pound : I call this a very abfurd qu^ ftJon, 
becaufe there is no manner of propriety in it 5 for , in 
the very idea and definition of multiplication, the 
multiplicater at lead is fuppofed to be an abftraft 
number, or fraftion ; otherwjfe, what can be the 
meaning of taking the multiplicand as ofteq, or^as 
,much of it, as is exprcffed by the mu^tiplicator ? If 
by multiplying | of a pound by. | of a pound, be 

* meant no more than multiplying | of a pound by .|, 
why is the word pound exprejfed in the multiplicator? 
and if there- be any other meaning in it, why does 
i\pt the propofer explain it, fincc it is not exprefied 
in the queftion ? Let him tell me what he means l>y 
multiplying i pound By i pound, and I will foon 
undertake to anfwer his queftion* But if he neither 
can nor will do this, the queftion neither deferves 
nor i;s capable of an anfwer. . I am not. ignorant of 
another queftion more frequently ufed than this, ^nd 
of equal nonfenfe, if cuftom had not explained itj 

• and that is, to multiply 3 yards by 2 yard§, and the 
like ; whereby is meant, 1 fpppofe, to aflign the num- 
ber of fquare yards contained in a redangled paralleled* 
gram, or long fquare, 3 yards in lengthy and 2 yards 
in bi-cadth \ but if this be the fenfe put upon that 
queftion by common confentj. that is ali the tiile it 

has 
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bas to It, there being no fuch thing either expreiXcdj 
'otio much as impli^r i^ «he tcraie^f the qoeftion^ 

A lis MM A* 

12. Lei nhany whole number, nuiii numherj or frac* 
ii0n\ 1 fay then that the quotient ofxv divided iy Mf 
fraSion ts equal to the produH ef nmuUipUed into 
the reverfe of that froElian : as for inftance^ 

' Let fubt divided by 4 { I fay- that the quetiehc 'bf 
IT divided by 4, will be iequarto\ihe prodxift of *| 
multiplied by ^ : for let y be the quotient of » ^i- 1 
▼Idcd by -1^5 that is, let q be a numbet exprclfing 
' libw often the fraf^ii | i$ contained in n ^ then Will 
- 4 multiplied by q be equal to n, * from tiie nature 'of 
hiultipli^ation ; but the produ£i:of 4 multiplied by ^ 
is the fame with^ the produft of 9^ multiplied by 4 ; 
that is, i of 9, by the laft article ; therefore n is eq«ial 
to 4 ofqi therefore | of » is equal to f of y ; there • 
fore f of « are equal to j; but | of n is the proi^difl 
of » muliip'Ued by f } therefore the produft of » mtil^ 
tipliedby | is equal to 5^5 but^he quotient of i^^i" 
vided by 4^ was y, by the fuppofition ; therefor* <he 
quotient of » divided by 4^, is equal to theprbdbfl 
of » multiplied by f . ^-£. D. 

Corollary* 

Hence may the rule of divifion be at-any t&id 
changed into that of rhukipKcation, only by inverting 
the terms of the divifor^ and then multiplying inftiad 
of dividing. The fapie will alfo obtain in wh^Icf 
numbers, if they be confidered as fratftions whofe de- 
nominators are units: thus to divide » by 2, thatis^, 
4^ will have the fameeffe^ as to multiply ie by fy as 
was hinted in the foregoing article* 
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Of the dhifion offraSlknu 

1 3. The divifaoti of frgftions, like all other divifion^ 
Is, to 6nd how often one fra^tion^ called the dit^ifor^ 
is contained in another^ called the dividend ; and thit 
which (b^wa chiS) is called the quotient, whether ic 
be a whole numbef* a vmx number, or a proper 
frax^ion: for In fractional divifion the quocietit ii 
always intended to be exad, without any reoo^nder, 
and therefore itiu(}: ibmetifiies be a. whole number^ 
ibmecim^s a mixt number, and fometimes a proper 
frajflion. Thus, if 1$ is to be divided by 6, tbe quo- 
tient will be % \ becaufe 18 contains 6 3 times: buc 
if 2 1 is to be divided by d, the quotient will be 
3 I; becaufe 21 contains 6 three times, and half of 
it over and above : laftly, if 3 is to be divided by 6^ 
the quotient will be |; becaufe heiti the divifoft 
being greater than the dividend, cannot befo much fts 
pnce contained in it, and therefore the quotient in 
this cafe muft be a proper fraftion^ that is, J, fincc 
5 isjuft the half of 6. 

A fraction may be divided by a whole number 
two ways 5 either by dividing the numerator by that 
whole number when poflible, or elfe by multiplying 
the denominator by the famet thus the half of 4- mav 
be taken, that is, \ may be divided by ^, either By 
halving the numerator, and the quotient; will be ^-, 
or elfe by doubling the denominator, and* then the 
c^uotient will bcxT* both which ambunt to the fame 
thing, by the dth and 7th articles. 

If the divifor be a fraftion, the quotient may be 
had by multiplying the dividend into the inverted 
drvifor, ajpcording to the rules, of muhiplication al- 
ready laid down : thus \{ \ is to be divided by f, 
the quotient will be the fame as the produft of ^ mul- 
tiplied by I, that is, ||., or i 4. ; the deraonftratioh 
whereof is contained in the laft article, 

D And 



JO DIVISION or Iptrod- 

And here again, as well as in the eleventh article, 
we are toobferve, that if either the divifor or divi- 
dend, or bdth, be mixt numbers, they muft be re- 
duced to improper fraftions before the general rule 
can have place; and that, if either or both be whole 
numbers, they muft be confidered as fra&ions whole 
denominators are units. 

From the general rule of divifion before laid down 
it follows, that every fraftion may be confidered as 
the quotient of the numerator divided by the denomi* 
nator, and that, whether the term^of the fradion un* 
der confideration be whole numbers, or (which fome*^ 
time» happens) mixtnombers, orevenpurefraftionss 
a demonftration of this laft cafcwill fervcfor all, fince 
mixt numbers may be reduced tofraftions, and whole 
numbers may be confidered as fractions whofe deno- 

ihinators are unit^. Let the fra(5tion propofed be^ 

i fay^ that this fradion is eq^al to the quotient 
arifing from the divifion of the numerator 4. by the 
denomirrator | : to demonftrate which, multiply both 
4-/ the numerator, and f -the dcnomrnatory by 4 the 
inverted denominator, and the frasflion wiUbe changed 
into this, ^^, or 4-J> being of the fame value with 

the former, by the 6th art. but the quotient of 4 di^ 
vided by f is alfo 44 as above :• therefore the fradion- 

? is equal to the quotient arifing from the divifion of 
■y ' ' '\ 

the nUmefator by the denominator : and the farfie way 
of reafoning may be ufed rn any other inftance. This 
confideration is of very great ufe in Algebra, where 
quantities are very often fo generally expreffed', thaC 
there is no other way of reprefenting the quotient!, 
but by afradion whbfc nunfieratfor is the dividend^ 
and denominator the divifor. Hence alfo we ait 
taught how to reduce a complicated fi*a6tion, itito a 
fimple one, whofe numerator and denominator are 
whole lYii^rnb^rs,. to wit, by dividing t^he nunieraM 
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by the denominator : thus we fee that ^ is the HuxidT 

It ' 

Other e:»amples of dhtjion infraSlions, 

\ftj 4 divided by -|.> <>^ whkh is the fame thing^r . 
4- multipHcd into 4j makes 4t, or i 45 which fliewi 
that 1: is contained otice, ^hd-^ part of it over and 
above, iti^i for a further confirmation of this, \o{ 
fL pourrd are 16 (hillfngs and 8 pence; and | of a^ 
pound are 15 (hillings: now '15 fhillinjgs are oncef 
contained in i&fhiflings and 8 pence, and ilhere is 
t flnlling and 8? pence^ over-, which i llillling and i 
pence isf juft 4 of ' 5 (hillings. To prevent over- 
fightsf the learner is to' reme'mber, that k is the? 
terms of the divifor only that are to be inverted/ and 
not thofe of the dividend : thus to divide -^ by -^ isf 
the fame as to multiply 4 indo ^9 but not the fam'e as 
to multiply ^ into ^. 

^dly^ T-I^vided by |, or ftiOltiplred into 4^, make 
4-05 ^r 2 -fi,* which may be confirmed like the for- 
mer t for-j-f of a pound ire 18' {hillings v and f of k 
pound is 6 (hillings and 8' pence : now 6 (hilling^ 
and 8 pence are twice contained in 18 (hillings, aiid 
there are 4 (hillings and S |)ence over ; which 4 (hil- 
lings and 8 pence will be found by the 5 th art, fob* 
jult VJ of 6 (hrllings add 8 pence; 

^dly^ T&e whole number 10 divided by 2 ^; t;hat 
is V divided by 4» oi mtihipfied kitbi, makes V^ 

4thly4 2 I divided by V. or | divided by V, 6V 
fhultipHed into -rS-, makes -s4> or ,4. 

Sihly^ i6i divided by i 4, thit is, V divided by 
•I,* Qt multiplied in to 7) makes *4x^ w 14* 
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Further objervations concerning multiplication and 
divifion injradlions. 

1^. When two fra£Hons are multiplied together, 
or one is divided by the pthef , k often happens^ .t|ut 
though the original fraftion$ be both in tj^ir \fiA 
terms, yet th^ produQ, orqyoticqtfrpa^t^eip» 4)m 
be ptherwife, and recjjaire ^ further re^udUq^ : %9 fyf 
inftanpe, thefraftions 4. ?ncj t-I W bpfi i^ fi^cif 
leatt terms; and yet, if tbey be mulcipljed tpgg(^^ 
their produ^ ^4 is ib f^r from being jn js^ )f^ 
terms, that it may {^^ rediaf:ed to |^ : 4^ ^^a io fd|r 
vifion, 7!^ and ^l are JFraAions both ifi (h^r Usil^ 
terms; and yet If the lattjcr be divided hy the forr 
mer, the quotient i-^ is reducible ):p -Jt« It fpstf 
nop be ftmifs, therefore^ to enquire into the q^fe (^ 
this, and fee whether the original fra£tioi>s ,ni^j 
be fo prepared beforehand, as that jthe prc^du^, pr 

Quotient, (hall aliyi^ys come out in itj$ legfl: unns. 
irft then, as to the multiplication of ^ancJ ,4 i here 
it ise^fy to fee, th^t the produdj; of -§• ^nd t-It m^ld- 1 
plied together, will juft amount to the U^\c ^$ .chat 
of .yl- into ^, th9 denominators of the fraftions ^jeiug 
interchanged ; this, I fay, is certain from the oppr^tipp 
itfelf ; for the farpe numbers are m^hiplipd together ! 
m both cafes ; but chele lad fradions ^re far froip 
being in their Icaft terms, the former, -j^ being re- 
ducible to I, and the latter -J to |^i but ^ftcr thefe 
new fraftibns t4 and |. are reduced to their Jeaft 
terrps § 4^d I-; their prod ud^ \ will be the fame in 
value with. that of the original traftiops, and at t^ 
fame time \^i|l be iq its leaft terms. Th^s th?n we 
fee that, to have the proauft in its leaft terms, ct^p^ 
muft be taken, not only to' reduce the original frac- 
tions as low as poflible^ but after that, to interchange 
their denominators, and then again to reduce chefe 
'* 2 • new 
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itew fradiohs Cd tlieir leaft termsy and laftly, to mul- 
tiply, chefe reduced fra^ions one into another. 

The fame manner of pra(9;icc will alfo fervefOr di- 
vifion, after it is reduced to the rule o^muitiplicationfi 
As for example; the quotient of i4^ divided by tI» is 
the fanae with tHe produft of 44- multiplied into y ; 
and this again is the fame with the produdl of V 
multiplied into^^., as above ^ but becauie the frac- 
tions y and 44 fre not in their lowcft terms, they 
muO: be reduced to f and f before it can be expedted 
that their produft I4 fhould be in its leaft terms. 
Thus wr b^ve reduced the two compendiums of 
multiplication and divifion, not only to one rule in- 
ftead of two, as they are cortrmohly given out, but 
^Ifo to fuch a rule as carries its own evidence along 

N. B. ^Hat was here done by interchanging the 
denominators, and keeping the numerators in their 
platei},. may as well be done by interchanging the nU- 
fneratcrrs, and keeping the denominators in their 
^laJtes, the reafon of both being the f^me. 

/ Jbf the^ rule of proportion In fraSlions. 

^^ 

■ V 

^ i«. The rule of proportion in fraftions is fo mqch 
tlie tame with the rul^ of proportion in whole num- 
6ers, that nothing more needs to be faidof it, excepCL 
to illuffrate it by an example or two. 

l^iXampks of the rule of proportion InfraSlions. 

ifiy I/tS^'^^t^ '^^^^ '^^^^ i S^*^^'^. y^^^^ T and 4 
multiplied together give -^ ; and this" divided by ^1 
(or multiplied by 4.) quotes -/^, or -rV* which is an 
anfwcr to the queftion. . 

idfy^ If 2 ^ give 31^, ^hai will 4.^ give? Thefe 
Wixt numbersjT being by the 3d art. reduced to im- 
proper fractions, willftand thbs : If ^ give '-^, what 
#/// \* ^ive ? Here V and y muUiplicd together 

D 3 give 
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'give \y ox 1 8 ; an^ this divided bv -J, quotes d|^ 
which IS an anf^er to the queftibn. 
. 3^/y» Vi ^f ^ y^^^ coft i of a poundy wbaf xoill \ 
efan ell coftf Here it muft be obfcrvtd,* that ^^n ell 
is 4 of a jrardj, and corifequcntly that ^ of an ell is^ 
of 4 or T^of a yard 5 To that the queftioh may bi 
ftated thus v If \ of a yard coji j of a pound, zvhat 
'z^'/^TT of a yard coji? Here } and ,4 niultipKed id- 
gerher make ^f, and this divided by | quotes -^ of 
a pound, or J. (hillings 'and 2 pence; which there- 
fore is an anfwer to the queftioo, 

^he reduSlion of proportion frorri fraSttonal to 
" " ' ' integral terrnsi ' ' ' ' 

Whenever two fractions are propofed, as f and4, 
whofe proportipn i$ . defired f n. whole numbers, re- 
jjuce the fraftions firft to the fame denomination by : 
^)>e 8th art. that is, in the prefent cafe, to 44 ^"^ 
44 ; then yoji will have | to ^ as 44 ^s to 44 ; but 
4|.is lo 44^5 ^^o to 12, or as 5 to 6 • therefore f is 
tp ^ as 5 to '6 :' here we may bbferve, that though 
the finding of the common denominator be neccffary 
for uhdefftartdtn^ the reafon df the rule, yet it is not 
af all neceiTary. |br the praftice of it a for to what 
flur{fe(<i^ j¥ It td find the; common denominator, X^ 
throw it aw^y igiiirt when we have done? Irt pratflice, 
therefore, multiply the numerator of the fraftion 
which is the firflrih tb'e" proportion, by Jthe denomi- 
ftator of the fecon3S,^Hy|^then the nurtierator of the 
fecond fraftion by the^tokiinator of the firft, and 
tjic^ two prbdufl? will exnjWt refpcftively the propor- 
tion of the firft fraftion to th^ fecond in whole nurn* 

\ftx^^ as wa?cvident in the fbVegoing cxahrple, . "' 

, . ,> . ... ^ . , • ^ ^ . -^ , 

Of the £xtra6iiqn ofrqots in f rations. 

J 6. As every fraftion is fquared, or multiplied into | 
ilfflf, by faring both the numerator and dcnomi- 
T . , . .^. ' • naios 
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x^ator (fee art. i i.)j fo e convtrfo the fquare root of 
every fra£lion will be obtained by extrafting the 
iquare root both of the numerator and denomina- 
tor: thus the fquare of I is tt* and the fquare root 
ofT4*s4' Byt here care muft be talccn, whenever 
the fquare root of a fraftion is to be ejctradted, that 
the fraftion itfelf be firft reduce^ to its fimplcft 
terms, by the 7th art. otherwife the ifraftion may 
admit of a fquare root, and yet this root may not be 
difcovered : thus, if it was required to cxtraft the 
Iquare root of the fraftlon ||, it would be impoffible 
tp obtain the root either of 18 or 32 ; and yet when 
this fra^ion is reduced to its leaft terms ^, ic& fquare 
root will be found to b^ ^. 

When the fquare root of a number cannot be ex- 
tracted exadbly, it \s ufual to make an approximation 
by the help of decimals^ or otherwife, and fo to 
approach as near to the value of the true root as 
occafion requires. Now in the caf5;oK.a;^ 
if the Iquare root of neither the numef^tbr hoVfJeno- 
minator can be exaftly obtained, there wHr be no 
neceflity however for two approximations, ,becaufe> 
fuch a fradj:ioo may be cafily reduced to another of 
the fame value, whofe denominator is a knpwri 
fquare s as for inftance; fuppofe the fquare root of 

46 4» PX ^was required: I muhiply both the nu* 

merator apd denominator of this fra^ion .by 5, and 

fo reduce it to^^: Herp the denominator a/; 

is a known fquare number, whofe root is 5 •, and the 
fquare root of 1 155 is 34 nearly ; therefqre, the fquare 
root of the fraftion propofed is nearly V, or 6 4. 
But, after all, the beft way of cxtrafting the fquare 
root of a vulgar fra^ion, is by throwing it into 
a decimal fra£kion, as will be (hewn hereafter. 

Note^ That whatever has here been faid concerning 
|he extraction of the fquare root in fra&ions may 



I 
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^fily be applied, nmatU mutandisi lo ttK^extrai^ioa 
of the cube root^ Csf^. 

Of decmal fraSlms, 

^nd firji af thfir twUttion^ . 

17. A decimal fraction ift a fradion whoft (fen<>« 
rtinacor is io> or ioo> or 1000, or loooo, ^c. and 
tjiks denominator is never expreflied, but always %in^ 
derftood by the place of the figure it belongs to : 
for a$ all figures on the left hand of the place of 
units riib in their value, according to their diftances 
from ir, in a decuple proportion ; ib all figtifes on 
the right hand of the place of units fink in their 
value in a fubdecuple proportion ; as for infta.nce i 
the number 345.6789, where 5 ftands in the place 
of units, is to be rc^d thus •,' three hundred forty five .^ 
Jix tenths^ /even hundredth parts^ eight thoufaftdib 
partSy nine ten^thoufandth parts : or the decimal paarts 
may be read thus; ^^ thufand /even. hundred eigbity 
itine ien-thoufandtb parts ; the denominator being tea 
thoufand, becaufe the laft figure 9, according to the 
former way of reckoning, ftands in the place of 
. ten-thdufandth parts. The reafon of this latter way 

pf reading iS plains for -flare— ^, and ^ arc 

too ^ J S 8q J 60CO 700 80 
-i — , $nd ''•^ are -- — ^ and ~- , -4-^ , , 

IGOOO 1000 I 0000 I 0000 10000' lOOOQ 

^nd — ^, all added together, make — ^* 

1 0000' . lOOOQ' 

Cyphers are ufcd in the ej^preffion of decimals a^ 
vTcll as whole nuinbers, and for the fame reafon, . 
Thus .067 may. be read cither no tenths, fix hundredtii 
parts, /even thoufandtb parts -, o^ fixty feven^thoufandth 
parts. But cyphers on the right hand of a decimal 
number (if nothing follows them) are as infignificant 
^$ cyphers on the left hand of a whole number-, and 
yet cyphers ar? fomftimcs pUce^ after dwrpals, for 
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the fake of regularity^ or when wc want to increafc 
the number of dedoifal placda* 

From what has here been faid». it will be eafy to 
multiply or divide any number by lo, joo, icoo, 
l^c^ only by removing the ieparating point towards 
the right or left hand/ Thus the number 345*6789 
being multiplied by 10, becomes 3456.789; and 
being multiplied by 100^ becomes 34567.-89: ^nd 
the fame number 345.6789 being divided by id, 
becomes 34.567895 and being divided by ioo^ 
becomes 3*456789: thus again, the numbef 345 
t>eing divided by loooo, becomes .0345 \ for ta 
divide by loooo, is the fame thing as to remove thd 
ieparating point 4 degrees towards the left hand, if 
there be any fcparating point in the number ^ven; 
t>ut if there be none, as in the prefent cafe, theri to 
put a ieparating point four degrees towards the lefe 
hand, which in this example cannot be done, but by 
the help of a cypher in the Erft decimal place. 

Of tife addition and fubtraSJion of decimal 
frahions. 

1 8, The chief advantage of decimal arithmetic 
^bove that of common fra^ions, cpnfids in this^ 
^at in decimals all operations are performed as iii 
whole numbc^rs: this will prefently appear from thp*' 
ievcral parts of decimal arithmetic, as. they cotti^ 
now to be treated of in order \ and firft of additibq 
and fubtra£lion. 

Addition and fubtraftion in decimals are performed 
after the fame manner as in yhole numbers, care 
being taken, that like pans be placed under onf 
another; as for ^xamuje, ,5(^7 ^rp added to .89 
thus ; 
• •89 -89 t89o.. 

*5^1i fi»btpa^d d^us; .567; jor tbqsj -567, 

i'457? •mi 
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Of the multiplication of decimal fraSHons. 

. 19. Multiplication of decimals is alfo performed a^ 
in whole numbers, no regard being had to the d^eci- 
rnals as iuch,^ till the prodlift is obtained \ but then, 
fo many decimal places muft be cut off from the 
right hand of the produ£l^ as are contained both in 
the multiplicator and multiplicand : as for inftahce ; 
let it be required to multiply 4.56 by 2.3 : here, 
confidering both faftors as whole numbers, I mul- 
tiply 456 by 23, and find the produft to be 10488 ; 
but then, confidering that there was one decimal in the 
multiplicator, and two in the multiplicand, 1 cue 
oflf three decimal places from the right hand of the 
produft, and the true produft ftands thus ; r 0.488, 

To fhew the reafon of this operation, let the two 
faftors be reduced to fimple fraftions according to 
the common way, and we (hall have 2.3 equal to 

44, and 4.56 equal to tL, and tbcfetwo fradlion^i 

multiplied together make— ^; divide by loooo, 

whScK is done by cutting off the three laft figures, 
according to art, the 17th, and the quotient will be 
10.488. Another example tmy be this: let it be 
required to multiply 45600 by .23: the product of 
45600 multiplied by 23 is 1048800 : but as there 
vcre two decimals in the given multiplicator, and 
none in the multiplicand ; I-cut oflF two decimal 
places front the laft produft, ^and the true product 
will be found to be 10488,00, or 10488. Laftly; 
Igt it be reqijircd to multiply .OQ0456 by .23 : here, 
ijeglefting the initial cyphers in the multiplicand, I 
multiply 456 by 23, and the produft is 10488: 
tbcp 1 cpnfider^ that tliere were two decimal places in 
the mukiplicaior, and fix in the multiplicand^^ and 
confequently that eight decimal places are to be cut 
pff frQitt the laft prqduft \ t>ut th^ laft prpduft 

confift^ 
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.coxiGils of x)nly 5 places ; therefore I place three cy* 
f>hers-^o the kft hand, with the'feparating point be- 
Jbrc them, and fo make the true produd I00P1O488. 
There are various compendiuras of this fort of mul- 
.tiplication to be met with in Ougbfred and others ; but 
they are fuch as, by a little excrcife, any one tolerably 
well grounded in this part: of Arithmetic will cafily 
^iibpver of hinifelf ^as they lie in his way. 

Of the divjfion of decimal fraSiidns. 

20, Diyifiop vci decimal fraftions is performed, firft 
jby confidering them a& whole numbers, and dividing 
accordingly -, and then cutting off from the right 
hand of t^e quotient, as tpany decimal places as the 
dividend hath mojre? than the divifor. The reafon 
jvhereof fs manifeft from the 19th article : for fincc 
^he divifor, and quotient multiplied togisther are to 
niake the dividend, the divifor and quotient ought 
to hav« as many decimal places between them, as 
there are in the dividend^ therefore the quotient 
alone ought to have as many decimal places as the 
(dividend hath more than the divifor, 
, Example the ijly Let it be propofed to divide 
10,48}^ by 2.3 ; here dividing the whole numbet; 
^04^8 by the whole number 2g, I find the quotient 
to be 456: but then confidering that there were 3 
decimal places in the dividend, and but one in the 
divifor, I cut off two places from the right band of 
the quotient, and fo make the true quotient 4.56. 

Example 2 J; Let it be propofed to divide 5678.9 
by .06 : here, becaufe there are two decimal places in 
the divifor, and but one in the dividend, \ fupply 
the deficient place by putting a cypher after th^ di- 
vidend, thus, ^678,90; then dividing the wholet 
number 567896 by the whole number 6 (for fince . 
<S is now confidered as a whole puniber, the cypher 
before it may be negle^ed), I find the quotient to 
t>c 54648, which is not to be funk, becaufe the di- 
''■ ' viden4 
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vid(^rid ^i!i itiide to hdv(; a? many decitii&f {blares a^ 
th€ AW\(bi ; but as this quotient is not cxatft, if fgr « 
greatter degree of ttaftnefs I would cotititruc it iodtij 
Tt&rtibtt of dtttv[\i\ places, fupptJfe 2, iiiftead df one 
cypher aftc'r the ditrfor, I wotifd hive pvtt thrc^^, ^d 
then the quotient would have cofnc ott ^4648.3*3^, dnii 
this quotTcnt i$ much mofc exaft thafn tht fbf iher, ^ 
lying between 94648.33 ^hd 9 464'$. 34: trot it 
ought further to be oblcrved concerning this quo- 
tient, thattif che-drvrficir wati iJo be contmuttf w /;;/?- 
tjitumy the figures in the decimal places would be al] 
3*5 : this is ^viddnt from tlte w6rk i for the two laft 
dividoafh itt iht falttfe, and thei'efdre thty toftift ati 
be the farfie. 

To reduce 4 vulgar fraBion to a decitnalfradlion^ 

2'K Since jdVery fifaftibn maybe eorifidtred rfs tfi^ 
qiboCient of the ntirnerator divided by the denb'rrtina* 
tor (fee art. i jth,) we hafve ah eafy rute for fedu«^ 
cmg a vulgar traftion to a dccirtad' fratftiorr, Whkh \i 
as follows : put a^ many cyphers after the ntirfxeri* 
tor as afe eqfual in numbef <o the humfcfcr 6f (fcd/rjd< 
places whereof you intend yoWr reduced fraffiorl td 
confift, and call thefc cyphers- decimal % and tftcn 
dividing the nunfiei^arpr by the denonhmator, the t^dH^ 
iient will be ^ dteinial huml>er cqtfal to the frai^ioii 
flrft propofed, or perhaps i, mixt riunaber,* if tW 
fraftibri propofed was an improper one. 

feiample ifi\ Let this fraftion ^l. be pi-opofed W ^ 
be redoccd to a' decimal one confifting of four Attx^ 
mal places; here putting 4 decirrtai cyphers aftei^ the 
Numerator 3, I divide 3 .0000 by 49, atid tht^ quo* 
tient urtcorrc^ied is $1^2 : but now confidcring thai 
there were 4 decimal places vci the dividend, and rtOUe 
In the divifor, and confcquently that four decimal 
places are to be cut off fr6m the quotient, Whcreai 
jt confjfts but of three; I fupply thi^dcfcft.of pla'ccs 
by a cypher gt ;he kfc hand^ ^nd iQ make the qua-f 
tficnc .o6{2, V . 

flxample 
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Elxample 2J; Lift this fraftion ^|. be propofed to 
be reduced to a decimal fr^uJliQii, confiding, if pof- 
fible, of fix places: here dividing 7.000000 by 16, 
I find the true quotient to be\4375, the tyvp Jaft cy- 
phers in the dividend being ufclcfs, 

Iffite. When this divifion runs ad infinitum^ it will 
be impoflible for the reduAion to be exad in a finite 
num()er of terms; but an approximation may be 
made, t^at ihall come nearer to tfa6 quotient than the 
le^fi: aflignabk difference, by taking more and more 
- t^rais, 

ST^ reduce the decimal parts of any integer tofucb 
^ther parts as that integer is ufually divided into. 

22. To explain this rule, and tP give an eijcample 
of it at the farne time-, let ,345 of a pound' ft^ling» 
that is, thr^e hundred forty five thoufandth parts of 
a pound, he ^ivcn to be reduced into (hillings pence 
and farthings : here then I pbferve, that ^s any nqni- 
ber of^p^unds, multiplied by 20, will give as iriany 
; Ihilliogs as are equal to the pounds, fo any decimal 
/ parts of a pound, multiplied by 20, will give as manv 
IhilUngs, and decimal parts of a (hilling, as are equi- 
valer)i to the decimal parts of a pound ; and fo on 
as to pence and farthings :^ multiplying therefore 
^ •34^ '^y 20, the produft is 6 and .900, or 6.g,^ 
^which fignifics, that .345 of a pound are equivalent 
»^^ 10 fi)( (iuUiags and nine tenths of a fhilling, which is 
-^ ufu^Uy written thus; 6.g (hillings: again, multi-. 
plying this laft decimal .9 by 1 2 for pence, 1 find 
that .5* of a (hiHing are equivalent to lo.S pence: 
liaftly, inultiplying .8 by 4 for farthings, I find that 
.8 of a penny arc equivalent to 5.2 farthings; as 
^r the .2 i)f a farthing, I negled u, there being no 
lower denomiaation, or at leatt not intending to de^ 
fceftd any lower; and fd I find •345 of a pound to 
anKxuAt u> fix Ihtllmgs and ten pence three farthings. 

"To 
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To reduce the common parts of any tnieger Into 
equivalent decimal parts of the fame^ 

23, 'f his reduction being the reverfe of the ibf mtir^ 
it might be performed by divifioii» as that waar by 
muhiplication > but, when all things are confidered/ f 
do not know whether the folipvifing n^echod may not 
be thought as eafy and as intelligible as any: let tc 
then be required to reduce a hours 34 minutes 5^ 
feconds into equivalent decimal parts of a day« 
Now in one day there are 86400 feconds } and ia 
two hours J4 minutes 56 feconds there are 9296 
feconds V therefore two hours 34 minutes 56 fe- 
conds arc equivalent to gf-^ of one day: reduce* 

this vulgar fraction to an equivalent decimal, by the 
Jaft article bat one, afnd you will find it to be .10759 y 
therefore 2 hours 3^4 nfiihutes 56 feconds are 
equivalent to .10759 of one day* Buft thefe is one 
article ftrll remainrs to be adjufted, and that is, to 
how many decimal places the foregoing fraftjon muft 
be reduced, fo a^ to exprefs acicufately enough the' 
parts of a day to a Iccond of time^ Now to knov^ 

this,' I corifider th^t one fccond of time is '^r^ of 

one day ; therefore I reduce -gt—r. to a decimal 

fradion, at leaft as far as to thefirft fignificant figure, 
and find it to be .oooor^ wlrcnce I conclude, that 
to ex-prefs the parts of a day to a fecond of dmc by 
any decimal^ that decimal mud not confift of feweif 
than 5 places, hecaufe there were 5 places* in the der- 
Gin;>al frai^ion .ooaoi.- Now to (hew that the decii* 
mai fradion above found, to wit,' .10759' exprcflte 
the time propofed to a fecond,' reduce it back agaii^,' 
by the k(b art. and you wiil^ fiiid it amount to 2 hours' 
34 minutes 55.8 feconds. '. ^ , 

For another e^Saimpfe, kfi us tafce the reverfe rf 
that in the laft art. that is, lei h be pfopofed to'W-i' 
4 duce 
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duce 6 (hUlings lo p^nce 3 .2 farthings into equi- 
i^alent decimal parts of a pound : one pound con- 
Cains 960 farthings, or 9600 tenths of a farthing; 
and 6 (hillings 10 pence 3 .2 farthing^ contain 3312 
tenths of a farthing i therefore 6 (billings 10 pence 

M ^2 /^^^^hings are equivalent to ||^- of a pound; 

but -T— being reduced to a decimal, is, .0001 He. 
wherein the (irft (ignificant figure is in tt>e 4th place ; 

therefore I reduce the fradlion ^4"-, to four dcci- 

9600 , • 

mal places, and they amount to .3450, that is, .345 
of a pound; fo that in this parcicular cafe three 
decimal places are fufficient to exprefs exadlly the fuoi 
propofed* 

Of the extfaStion of the fquafe root in decimal 
fraSiions* 

24. Having treated of the tiiuhiplicatiod and divi- 
sion of decimal fraAions, it would be altogether 
needlefs to fay any thing concerning the rule of pro- 
portion, which is but a particular application of both: 
therefore I (hall now pafs on to the ei^traftibh bf the 
fquare foot^ at kaft fo far as it concerns decimal frac- 
tions. There are but few fquare numbers, or fuch 
as will admit of an exa£k fquare root, in comparifoa 
of the reft; andtherefdre, whenever a number is pro*- 
pofed to have its fquare root extraSed, the artift 
muft firft determine with himfelf, to bow many de- 
cimal places it is proper the root (hould be continued ; 
and then, by annexing decimal cyphers, if need be» 
to the right hand of the number propofed, he muft 
make twice as many decimal places there as the root 
is to confift of-, after this, he muft put a point over 
the place of units, and then, paffing by every othfcr 
figore, he muft point in like manner all the reft, 
both to the righc hand, and^ the left: by this 

meahs 
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means the number will be pif pai^d, and the fquai 
root may be extraAed as in whole numbers, provide! 
jchat fo many decimal places be cut off from the nm 
when obtuned^ as were firll defigned. 

£:^ample iji\ \stt the root of 2345.6 be rcquird 
to two decimal places. The number, when preparei 
ilands thus, ^^^$.6000^ or as a whole number, thus» 
23456000; and its fquare root, when exrra^ed, wIH 
b^ 4843 nearly ; and therefore 48.43 will he the xM 
fought. Tq try this root 48.43^ multiply it into 
kfclT, and the four firft: figures of the fquare will be 
9345> ^hich are all true; nor can it be expeAed anj 
more (hould be fo, becauie there were but four placcf 
true in t{ie root, np notice being taken of the reft} 
but had the root been extracted true to 5 places, that 
is, to as many places as the original fquare ^onfifled 
of, it would then have been 48.431; multiply tbis 
number into itfclf, and 5 of the firft figures of the 
product, taken with the leaft error, will be 2345ij 
which is the original fquare itielf. 

l^ample 2^; Let the root of .0023456 be re- 
quired to 5 decimal places. Here putting a cypher 
in the place of units to dired the punduation, tbui, 

o .0023456000, 1 extraft the fquare root of 23456000 
as of a whole number, and find it to be 4843, as 
above: but, confidcring that this root is to be funk) 
places, I put a cypher to the left hand, and fo make 
the true root .0484?. 

That the fqppbfed fquare ought to have twice as 
many decimal places as the root, is evident, both l 
priori^ ^ndh pqfiertGri: a priori, bccauk in extrad- 
ing the fquare root, two figures .are brought down 
from the fquare for every fingle figure gained in the 
•root; and ^ pojieriori^ bccaufe the root multiplied 
into itfelf is to produce the fquare ; and therefore, 
from the nature of multiplication, the fquare ougb^ 
to. have twice as many decimal places as the root* 

- * . th£ 
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The Definition &f Algebra. 



I 



Jfri. 4, ^y SHALL not here detain the young 
iludent with a long hiftorical account 6f 
the ri-fe and progrels of Algebra ; nor 
even fo much as with cither the etymo- 
k)gy or fignificaiion of the word; which would con- 
tribute but very little to his information^ till he has 
made a further progrefs in thefcienceii;felf,and where- 
of he will find enough in Dr. ^<:?/tfj and others. Nor. 
indeed is it a fubjeft altc^ethe-r fo proper at this time 
to be infifted upon ; this art, like many others, ha- 
ving now confiderably outgrown its name, and being 
often employed in arithmetical operations very dif- 
ferent from what its name imports. All I fhall ad- 
vance then, by way of definition; is, that Algebra^ in 
the modern fenfe of the word, is the art of computing 
byjymhlsj that is, generally fpeaking, by letters of 
the alphabet j which, for the fimplicity and diftinft- 
nefs -both of their founds and charadlcrs, are much- 
more pommodious for this purpofe than any other 
fymbols or marks whatever. 

E la 
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In this way of notation, it is ufual to fubftitute let- 
ters not only for fuch quantities as are unknown^ and 
confequently fuch as cannot well be reprefcnted other- 
wife, but alfo for kqown quantities themfelves, ia 
order to keep them diftindl one from another, and to 
form general conclufions. As for inftance-, fuppofc 
it was demanded of me, what two numbers are 
tbofe, whofe fum is 48, and whofe difierence is 14: 
here, if I only put Xj or fame other letter, for one 
of the unknown quantities, and ufe the known ones 
48 ar.d 14 as I find them in the problem, Khali 
only come to this particular conclufion, to wit, that 
ihe greater number is 31, and the lefler 17^ which 
numbers will anfwer both the conditions of the prob- 
lem. But if, inftcad of the known numbers 48 and 
14, Ifubftiture the general quantities ^a and b refpcc- 
tively, and fo propofe tne problem thus; What two 
numbers are thoje^ whofe fum is a, and whofe differ enct 
is b ? I fliall then come to this general conclufion, 
viz, that' Half the fum of a and b will be the greater 
.number^ and half their difference will be the kfs : which 
general theorem will fuit not only the particular cafe 
abovementioned, but alfo all other cafes of this pro- 
blem that can poffibly be propofed. How I come by 
thefe two conclufions, will be fufEciently Ihewn in 
the courfe of this work; as alfo many other advan- 
tages attending this way of fubftituting letters for 
known quantities, befides thofe already mentioned. 
What I have here faid^ was only to illufl:rate in 
. fome meafure the definition already given of Alge- 
bra, and to (hew, that letters are there ufed, not fo 
much to fignify particular quantities as fuch, as to 
fignify the relation they have to one another in any 
problem or computation. From all which it may be 
obff rved, thac letters reprefent quantities in Algebra 
juft in the fame manner as they do perfons in com- 
xnon life, when two or more perfoas are diftindly to 
|)e confidered, with regard to any compaft, law-fuir, 
or in any other relation whatever* 
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^N. B. A fingle quantity is fomctimes reprefented 
by two or more letters, when it is confidered as the 
produ^ of the quantities {ignified by thofe letters 
(ingly : thus ab is the produft of the multiplication 
oi a and^; and abc is the produ6l arifing from thd 
continual multiplication of a, b^ and c. But of this 
more particularly under the bead of multiplication. 

Of affirmative and negative qudntitles in algebra. 

2. Algebraic (Quantities are of two forts, affirma* 
tive and negative : an aMrmative quantity is a quan- 
tity greater than nothing, and is known by this 
Ggn -^: a negative quantity is a quantity lefs than 
nothing, and is known by this fign^^-.: .thus -^ tf 
lignifies that the quantity a i^ affirmative, and is to 
be read thus, plura^ or moxta: — -^lignifics that 
the quantity b is negative, and' muft be read thus, 
minus by or lefs h. ' "^ 

The poffibility of any quantity's being lefs than 

nothing is to fome a very great paradox, if not i 

downright abfurdity; and truly {o it would be, if we 

fcould fuppofe it poffible for a body or fubftance to 

be lefs than nothing. But quantities, wherfeby the 

different degrees of qualities are eftimated, may be 

cafily conceived to pafs from affirmation through 

nothing into negation. Thus a perfon in his for/ 

tunes may be faid to be worth 2000 pounds, or ioc6, 

or nothings or — 1000, or -— 2000 ; in which two 

laft cafes he is faid to be 1000 or 2000 pounds worfe 

than nothing: thus a body may be faid to have 2 

degrees of heat, or one degree, or no degree, or -^ 

one degree, or — two degrees: ^thus a body may be 

faid to have two degrees of motion downwards, or 

one degree, or no degree, or— orte degree, or — ; 

two degrees, &c. Certain it is, that all contrary 

(juantiiies do neceffarily admit of an intermediate ftate, 

M^hich alike partakes of both extremes, and is belt 

ieprefcnted by a cypher or o : and if it is proper ta 

E a fay» 
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fay, that the degrees on either fide this common lii 
are greater than nothing ; I do not fee ^why ic fht 
not be as propfcr to fay of the other fidfe, tbat 
degrees are le^ than nothing \ at leaft iti comparii 
10 the former. That which rtioft perplexes narr 
minds, in this way bf thinking, is, that in commdi 
life, mo^ quantities lofe their names when they ceA 
to be affiroKitive, and acquire new ones fo (oon i 
they begin to be negative: thus We tall nCgatHl 
goods, debts ^ negative gain, lofs; negative heat] 
cold ; negative defcent,- afcent, &cr aftd in this feiifi 
indeca, it may not be fo eafy to conceive, how| 
quantity can be lefs th^n nothing, that is, hdw i 
quantity und^r any pkrticular denomination can n 
laid to be lefs than nothing, fo long as it retains ihi 
denomination. But the queftion is, whether, of ti« 
contrary quantities under two difflbrcnt names, iM 
Quantity under one ninlfe may not be faid to be 
than nothing, when compared with the dther qtu 
tity, though under a differertt rtame ; whether 
degree of cold may not be ffid to be further ft 
any dcjgree of heat, than is lukewarmth, or no In 
at all. Difficulties that arife from the impbfition 4 
fcanty and limited names, upon quantities which ii^ 
themfelvcs arc aftually Unlimited, ought tb be chargd 
upon thofe names, and not upon the things tKcniH 
iclves, as I have formerly obferved upon anx>thera*| 
ciafion; fee ihtroduaion, art. n. In Algebra,* where' 
quantities are iabftraflcdly cOhftdered, without anj! 
regard to degrees of magnitude, the names tjf quan- 
tities are as extenfive as the quantities tltemfelves ; ft! 
that all quantities thaft differ only ifi degree ohc frortj 
another, how contrary foever they may be one tal 
another, pafs under the fame name ; and affirmatire 
and negative quantities are only diftinguifhed by that 
ligns, as was obferved before, and not by then- names*, 
the fame letter reprefentihg both : thefe figns there- 
fore in algebra carry the fame diftinftion along with 
them as do particles and adjectives fometimesin com- 
3. um 
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mjqn language, as in the words cQnvenienc and incon- 
vienient, bappy and uel^^ppy, good health and bad 
Ifcakh, 6fr, 

Thcfe affiripative and negative quantities, as they 
^re contrary tp one anothisr in their ov^n natures, fo 
likewife arc theyintheir cffefts; a confideration which, ^ 
if duly attended to, would remove all difficulties con- 
cerning the figni of quantities arifing from addition, 
fubtFadion, multipjicatio^), divifion, ^c: for the re- 
fult of working by ^fiirniativp quantities in ail thefe 
operations is known ; and therefore, like operations in 
ne^tiye quantities, may b^ known by the rule of 
contraries. - 

Before we proceed any further, it may not be amifs 

4jq advertife, that if a quantity has no fign before it, 

ic mufl; always be taken to be affirmative; and that if 

} it has 1)9 numeral coefficient before it^ unity mufl al- 

: si/ays t^e underftopd : thus z a (igniiies *|r ^ ^9 ^nd'a 

•figpifies I tf or+ I a. 

By the numeral coefficient of a quantity, I mean, 
I ^€ number or fradlion by which that quantity is mul- 
tiplied: thus 2 a iigni6e$ twice ^, or a taken twice, 

^ and the coefficient is 2 : 4^> or — fignifies |. of the 

, .quantity ^, a^d the coefficient is 4. - 

N. B. The fign of a negmve^oxaij^, is never 

,. omitted ; nor the ^^%^J^Kt/Ktk^^^^^ except 

when fuch an ^^^^^^^^^flH ^7 

itfelf, or happens td BPfw^!!^^ai.ftries of quan- 
tities fuccceding on^ another: thus we do not often ^ 
memion the quantity -}-<?, but the quantity a\ nor 

; the feries -j- ^— .^*— ^-j-//, but tj»e feries a — b-^c-Yd. 

\ "We (hall now confider th^ fev§ral operajiqns of alge- 

; braic quaAtities. 

'Ofthjs addition of algebraic quantities. 

g. This article I iball divide IntQ feyeral para* 
igr^phs: as, ' ' ♦ 

E 3 lA 
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i^, "Whenever two or more quantiries of the fame 

'^denomination, and which have the fanrierfign b^a 
them, are to be added together, put dcr^vn th^^nm 
of fheir numeral coefficients with the commti^Iign 
before it^ and the common denominat^or zht^F: thus 
4- 2 ^ and '^T 3 <^ i^dde'd together mak^-)-^!^- fpr the 
fame rcafon as 2 dozen and 3 dozen ad 
make 5'c^zen: thu^again,'— 3^^* . ^^^ 
when added together^ make — 1 2j^Brj^he fame 
reafon as feverajjdebcs added iogajj^Km^ a ^leater 
debt. "^ "" J^^ -f^ 

id^ If two quantitii^s of tjjpTme dcnominatioi! 
which ha-ve different figns befo»nicm are to be added 
together, put dov|fn only the difference of their nu* 
1 _- /t^_! ...-.I. .T. _ .^ ^_ ^. ' lator iaitcr 
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meral coefficients, with the co. 
ir, and the fign of the greute 
jr. this cafe, the quantities to b 
one to another, the le^s quanti 
cv^r itlies, will always'ideltroy f<? 
as is equaj to itfelf. Thus -f- 5 « 
makes-}-. 3 a; as if a pcrfon bwes 
upon one account, to whom I owe ? 
ther, the balanceuponthe whole will 

on my fide* If it be objefted^ that this , ^ 

and not addition; lanlwcr, that, the addition of — 2a 

will at apy time have the fame effeft as the fubtradion 

of ^- 2 ^ ••^ but I deny that the addition of — 2 ^ is the 

. fame, or will h^ve the fame effe6t as the fubtraftfon of 

*— 2 J. Other examples of this cafe may be*thefei 

a added 10—7 /?give^ o; -{7 3*^ added to^ — 124 

9 ^; ^a added to — s^i'^Ives — 4^; ^ 53 

to — a gives -}- 4^ ^ -J" t^ addliyj — " a gives 

\\^hen many-quantities of the fame denomina- 
r t pJH added together, whereof fonvc are affir- 
b^pRbme negaEive, reduce them firft to two, 
by adding all the affirmative quantities together, and 
jili the negative on^^j and then to ohc by the laft pa* 
f^graphir Thus -[- ;o'i3 — 9£g"j- S^-^7tf, when added 

together, 
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make2tfi for+ lOtf and+8 j makc-[- 
i%Sf^ — 9^1 and — ya make— ^ i6a!P and -|« 18 4 
and — 16 a make ^2 a. 

• ^tby Quantities of different denominations will not 
incorporate^and therefore cannot otherwife be added 
together, thanT)y placing them in any order one after 
another, with their proper figns before them, except 
thefirft, whofefign, if affirmative, may be omitted/ 
Thus + 2tf and — 3* and -f- 4^ and — $d^' when add- 
t^ ed together, make 2a — ^b -|- ^c — 5^ ; thus a and 
fi^^At^d together make a'\'b\ and hence it is, that 
" wfiienever two quantities are found ^vilh ihisfign-j-be- 
twixt them, it {igniljes the fum arifing from the addi- 
lion of thofe two quantities together: thus \{ a ftands 
i for 7, and b ftands fof^, a-if-b will ftand for 10, 
and fo of the reft : but if — b is to be added to j, the 
fum muft be written down thus, a — b\ for to add — b^ 
is the fame as to fubtraft -^-^^ 
5/A, Compound quantities, whofe members are all 
i of different denominations, are likewife incapable of 
\ being added any other way, than by being placed one 
after another without altering. their figns: thus 3<»+ 
4^ added^to 5^ — 6d can only make 3^+4^ + 5^ 
\ — bd. But if the members arc not all of different dc^ .^ i 
i nominations, it may then be convenient to place one "^^ > 
, compound quantity under another, with like parts ></ % 
; under like, as far as it can be done, as in the follow- **" 

ing examples ; • . 

^H" ^' + For a and a added together make 
, 'h-^b 2a% and -{- b and -r-b added togethet 

/ ' — deflroy one another, and fo make 

; fia ^ o or *; which eharafter in Algebra 
'is always ufed to fignify a vacant 
place. 

2x — 3^-|-4^ — 5^4-6^—7^ * 
ioy-f-9tf— 8^ — Tc — 6d ^^-^sf 
l2Xr^6a — j^b-^i2€ ^ — l^'^Sf'i * 



M/^"^ ^R^^ncadditioh, fubtra£tion, and mul- 
tiplication of compound algebraic quah tides, it mac^ 
ters little which way the work is carried on, whether 
from right of left, or from left to right, becaufe here 
arc no refcrvcs made for higher places. 

Of the fubtraSiion of algebraic quantities. 

4. Whenever a fingle algebraic quantity is to be 
fubtrafted from another quaatity, whether fimple or 
compound, firft change the fign of the quantity to be 
fubtrafted, that is, if it be affirmative, make it, or 
at Icaft call it, negative, and viceverjc^ and then add 
it fo changed to the other: for fince (as was before 
^ hinted) the fubtradting of any one quantity from ano- 
ther, is the fame in effeft as adding the contrary; and 
fmce changing the fign of the quantity to be fubtrad- 
ed, renders that quantity juft contrary to what it was 
before, it is evident, that after fuch a change it may 
be a^ded to the other, and that the refutt o\ this ad- 
dition will be the fame with that of the intended fub- 
tradlion. • Thus may the rule of fubtradion, by 
Ranging the fign of the quantity to be fubtrafled, 
be at any time changed into that of additiort, joft as 
the ruleof divifion in fraftions, 'by inverting the terms 
cf the divifor, was changed into that of multiplica- 
tion. As for example, -^-b fubtrafted from a leaves 
'cu — b^ becaufe— ^ added to a makes a — b\ fo chatL 
a — b may be confidered cither as the fum of ^ and — b 
added together, or as the remainder of-}-^ fubtradled 
from tty or as the difference between a and^, or as the 
jexccfs of ^ above b^ all which amount to the fame 
tiling! as if a fignities 7/ and ^3, c — b muft 
* ftanS for 4, and fo of the reft. 

The rule of fubtradlion here given is univerfal, 
though there will not be always occafion to have re- 
courfe to it: for fuppofe 3^ is to be fubtrafted from 
7^, everyonc'scommonfenfe will inform him, that* 

there 
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there muft remain 4^5 juft as threefco^^HIBIfcd 
from fcvcnfcQfc leaves fourfcore. 

Other examples of aigebraic fubtraSlkn may be 

thefe that folkw. 

xft^ ya fubtrafted from 5<j leaves— 2 4f, bccaufe 
-— 7 i« added to-}-5J makes — la^ by the 2d para- 
graph of the laft article. 

2.di0^a fubtradkcd from o leaves — ^a^ bccaufe 
— 9 a added to o makfs.— 9^. 

3 <^, 12 a fubtradled from — 3 ^ leaves — 15^, 
becaufe — 12 a added to — 3 « makes — 15 a^ by ** • 
the firft paragraph pf the lafl: article. 

4//&, -— 3 ^ fubtraded from — 8 « leaves — 5 ii^ , 
becaufe -j- 3 ^ added to — 8 <a makes — 5^. 

5/i^, ;;4- 7 ^ fubtrafted from — 3/2 leaves -f- 4 ^, 
becaufe;*^ 7 ^ added to — 3 ^ makes -}- 4^- 

6/A» — 6 a fubtrafted from o leaves -\- 6ay he- 
Caufe-}- 6 a added to o makes -^ 6 a. - 

Jih^ — 5 ^ fubtrafted from + 5 ^ leaves 4- 10^, 
becaufe -}- 5 ^ added to -}- 5 ^ makes -|- 10 a. 

ith^ — I fubtraCted from a leaves a -}- ^, becaufe 
-^^ added to a makes ^-^^j by the 4th paragraph 
of the laft article. 

gih^ — 2 fubtrafted from 7 leaves 9, becaufe -|- 2 
added to 7 makes 9. 

From the firft of thefe examples it appears, that 
a greater quantity may be taken oirt of a lefs, but . ' 
thea the remainder will be negative •, juft as / 
gameftfer that has but 5 guineas about him miy 
lofc 7, but then there will remain a debt of 2 gui- 
neas upon him«p By the laft example it »pcars, 
that — 1 fubrra^ed from 7 leaves 9, thalMs, that 
if a negative quantity be fubtracfted frothyan^affir- 
mative one, the affirmative quantity will b^o far 
from being diqiinifhed thereby, that it will be increafj 
cd; a principle which I fear will be found fomewhat 
hard of digeftion, ef^ecially by weak Conftitutipa^: 

therefore. 
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therefore, to ftrcngthen my patient as far as lies in 
my power, I (hall fuggeft to him the following 
conHderacions : 

i^. In any fubtraftion, if the remainder and the 
lefs number added, together make the greater, the 
fubtraftion is juft : but in our cafe, the remainder 
9 added to the Icfs number — 2 makes the greater 
number 7 j therefore *— 2 fubtradlcd from 7 leaves 

2dly^ In all fubtradlion whatever, the remainder is 
the difference betwixt the greater number and the 
lefs ; but the difference between -j- 7 and — 2 is 9 ; 
therefore -— 2 fubtrafted from -}- 7 leaves 9. 

3^^, 7 is equal to 9 — 2 by the fccond paragraph 
of the laft article-, therefore — 2 fubtrafted fronn 7 
will have the fame remainder as — f2 fubtrafted from 
9 — 2: but — 2 fubtrafted from 9 — 2 leaves 9; 
therefore — 2 fubtrafted from 7 leaves 9. In fhorr, 
the taking away a defeft, in any cafe whatever, will 
amount to the fame as adding fomething real : as if 
an eftate be incumbered with a mortgage or a rent- 
tharge upon it^ whoever ul^es qff the incumbrance 
juft iq much encr^afes the value of the eftate, 

4/A/v, The lefs there is taken from 7, the more 
will be left: if nothing betaken, there will remain 
7; therefore if lefs than nothing be taken, thcr? 
ought to remain more than 7. 

Stbly^ If, after all that has been faid, or perhaps 
all that can be faid in this abftrafted way, fome 
fcrqples ftill remaihj^ let us apply the principle we 
have already advanced, and try whether we fhall meet 
with any better fuccefs that way. Let it then be 
required to fubtraft th^ compound quantity a-^z 
from the comppu,nd quantity 6tf-j-7 : in order to 
this, I place a under 6^, and — 2 under 7, and 
then fubtraft as follows; a from 6^ and there re- 
mains 5 ^, — 2 from 7 and (if our aflfertion be true) 
there remains 5 ; th^erefore the whole remainder .is 

5^ + ?^ 
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5 £j -4* 9* Now I dare appeal to every one's common 
ienfe, vrbether this fubtra£lion benoc juft: for certain 
it is, that if a be fubtrafted from 6<?-j-7, the re- 
in aimler will be 5 tf -f- 7 ; and if fo, then it is as cer- 
tain, that if a — 2 be fpbtraded, which is lefs than 
the former by 2, the remainder will be greater by 2, 



by 2, 



that is, 5^ + 9v ^^^ ^^ proceed 

Other examples of the fubtraSlion of compound 
algebraic quantities may be thefe. : 

a^b %X\i\x% 7 — 3, or 4, fubtrafted from 7 *-|-i2 
a^—b -|"3> ^^ ^^> leaves twice 3, or 6. 3^+7 

'^^r.^^X —3^+5- 

''From 1 2X'J^6a — j\b — 1 2c * — 7^~KSf 
Take . 2^^*— 3^?-}-4^— 5^+6^ — 7^ — ^^ 

Remains iox-\-ga — Sb — yc — 6d * — ^ 

proof j2X'\-€a — 4^ — 12c ^—ye — cf. 

. If never a member of the.fubtrahend be found to 
bie of the fame denomination with any member of 
the number from whence the fubtradlion is to be 
made, change the fign of every member of the 
fubtrahend, and then add it to the other. As if 
5^ — 64 is to be fubtraftcd from 3^ — 4^, firft 
fhange the fign of 5^ ~6i, and make it — gc-^6d, 
and then add it to the other, and you will have 
3 tf — 4^ -T- 5 C"\- 6d for the remainder. 

Of the multiplication of algebraic quantities. 

m 

j9ndjirjl\ how to find the Jign of the produH in 
multiplication^ from thofe of the multiplicator 
and multiplicand given. 

5. Before we can pfoceed to the multiplication 
jof algebraic quantities^ we ^re to take notice, that 

if 
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if the figns of the niultiplicator j^nd fnulciplicsu)d be 
both atike, that is» both affirmative, or both ner 
gative, the prodg£t will be Affirmative^ otherwife it 
will be negative: thus ^ 4 multiplied into *f- 3, or 
-^4 into — 3, produces in either cafe -Jr. 12: but 
-^ 4 multiplied into r}- 3, or -^ 4 into -^ 3 produces 
in cither cafe — 12, 

If the reader expedls a demonft ration of this rule, 
hemuft firft be adverti&d of two things: fir^^ th^c 
numbers are laid «to be in arithmetical progreflfion 
when they increafe ordecreafe with equal differences, 
.as o, 2, 4, 6i or 6, 4» 2^ 05 alio as 3, o, — 3^ 

4, O, — 4; 12, O, -r-12; Or-T— 12, P, 4y 12 t 

whence it follows, chat three terms are the feweil 
tj[iatcan form an arithmetical progreffion; and (bat 
of thefe, if the two firft icrms be known, the third 
will eaGly be had: thus, if the two firlt terms be 4 
and .2, the ntyx will be o : if the two firA be J 2 and 

0, the next will be «-^ 12 ^ if the two firft be— 1 2 
and o, the next will be -^ li, £s?r. 

2%j If a ict of numbers in arithmetical pro- 
greffion, as 3, 2^ and i, be fucceffively multiplied 
into pne compici^ muitiplicator, as 4^ or if a iingle 
number, as 4, be fucceffively multiplied into a fet 
of numbers in arithmetical progreffion, as 3, 2, and 

1, the produfts 12, 8, and 4, in either cafe, will be. 
in arithmetical progreffion. 

This being allowed (which is in a manner felf* 
.evident), the rule to be demonftrated refolvcs icfelf 
into four cafes : > ■ 

iJLJIhzt -|- 4 multiplied into + 3 produces 






zdfyy That -r 4 multiplied into + 3 produces 

^dfyj That -J- 4 multiplied into -^ 3 produces 
— 12. ' 

And laftly, that — 4 multiplied into — 3 produces 
-f- 12. Thefe cafes are generally exprcfled in Ihort 
thus : firft + ^WO + gives 4- 1 fecojidly «^ into + 

gives 
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gives — r ; thirdly -J- iato — gives — 5 fourthly — 
into — gives -f*- 

Cafe t/i^ That + 4 xnultiplied into -{- g -produces 
-f- 12^ is felf-cvident». and «eeds no demonft ration ; 
or, if itwa«ted one, it might receive it frqm theiirft 
paragraph of the third article ; for to mulriply -{-4 by 
-4- 5 is the fame thing as to add 4 -f- 4 + 4 into one , 
fom ; btJt 4 •*}- 4 4" 4 added into one fum give -^ 1 2, 
therefore -f- 4 multiplied into +^3 gives -J--12, 

lC«/fe 2ti. And frem t{^e fccbnd paragraph of the 
3d art. it nnright in like manner be demonftrated, 
that-^4 multiplied intte-f-3 produces — 12 : but I fliall 
here dcmonftrate in another way, thus : multiply the 
-terms of this arithmetical progrcffion 4, o, —^4, into 
n|^3, aad the prodtKfts will be rn arithmetical pro-, 
greflion, as above; but the two firft produfts ate 
12 and 0-, therefore the vthird will be— 12; there* 
fore ■— 4 lajoiiipUed into -^ 3 produces —12. 

Gnji ^., To prove that +4 multiplied into — 3^ 
produces — 12; multiply -j- 4 into-|- 3^ o, and — 3 
fucceffively, and the produdls will be in arithtnetical 
progrelTion 5 but the two firft produds are 12 and o, 
therefore the third, wilt be — 12; therefore -^ 4 
Multiplied inio — 3 produces — 12. 

Cmfe ^ti. Laftly, to demonftrate, that — 4 mul- 
tipliol into — 3 produces-]- 12, multiply— 4 into 
3, O5 and — 3 fucceffively, and the produfts will be 
in arithmetical prqgreflion ; but the two firft pro- 
ikids are-^ 12 and o, by the fccondeafe; therefore 
the third produd will be -j- 12 9* therefore — 4 mul- 
tiplied into — 3 produces + 12 • 

CUff.^d,^^ o,— .4 Ctf/. 3^,4-4,4-4,-1-4 

' i+'ia, 0,-12. -f"i2» o, — 12. 

Caf. 4/i>, ^4,-i-4,-~ 4 

— 12 0,4- 12. 

' ^ . thefe 
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Thcfe 4 cafes may be alfo more briefly demon* 
ftratcd thus : -4* 4 multiplied into -4*3 produces^-i2| 
therefore — 4 into-f- ^, or -^ 4 into — 3 ought to 
produce fomething contrary to -{• 1 2» that is, — izt 
butif**-4 multiplied into*f-3» produces — 12, then 
— 4 multiplied into — 3 ought to produce fomething. 
contrary to — 12, that is, +12; fo that this laft 
cafe, lb very formidable to young, beginners, appears 
at lad to amount to no more than a common principle 
in Grammar, to wit, that two negatives make an 
affirmative; which is undoubtedly true in Grammar^ 
though perhaps it may not always be obfcrved in 
languages. 

Oftbe tnultipUcatlon ofjimple algebraic quantities. 

6. Thefe things premifed, the mulciplication of 
fimple algebraic quantities is performed, firft by mul- 
tiplying the nuriieral co-efficients together, and then 
putting down, after the produft, all the letters in 
both fa<5tors, the fign (when occaGon requires) being 
prefixed as above diredlcd. Thus 4 i multiplied intQ 
jtf produces 12 nh. 

Though this kind of language (for it is no more) 
like all others, be purely arbitrary, yet that a more 
rational one could not have been invented for this 
pur^ofe, will appear by the foHowing confideration* 
If any quantity, as^, is to be multiplied by any num- 
ber, as 2, 3, or 4, the^produft cannot be better re-^ 
prefenrcd than by 2^, 3^, 4^, ^c\ therefore if * is 
to be multiplied by ^, the produ(5t ought to be called 
a b : but if b multiplied into a produces a b^ then 4 b 
multiplied into a ought to produce 4 times as much, 
that is, /^aby daftly, if 4 ^.multiplied into a produces 
4^^, -then 4^ multiplied into 3 ^i ought to produce 
3 times as much, that is, izab. 

Hence it is, that whenever in Algebra two or more 

letters are found together, as they ftand in a word, 

without any thing between themu they fignify the pro- 

4 \. duft 
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du<5t arifing from a continual application of the 
(Quantities reprefented by them : thus ab fignifies the 
produifl of ^ and b multiplied together; and aic fig- 
nifies the produft of the quantity a b multiplied into 
t : thus aa fignifies the produdt of a niultiplied into 
itfelf, or the fquare of a, and not 2 « -, and therefore 
v/hoever fhews h^mfelf unable to dlftinguifli betwixt 
2d and aa^ difcovers as great a weaknefs as one that 
IS not able to difiinguifh betwixt 2 dozen and a dozen 
dozen or i2 times 12. 

It is a matter of no great confequence iij what or7 

der the letters are placed in a produdt; for ab and ba 

differ no more from one another than 3 times 4, and 

.4 times 3 : and yet it is convenient that a method be 

' obferved, left like quantities be fometimes taken for 

unlike; therefore the beft way will be, to give thofe: 

letters the precedency in a produft, that have it in 

, the alphabet ; except when an unknown quantity is 

multiplied by fome known one, and then it is ufual 

. to place the known quantity before it. 

NoU. For the fignification of this mark Xj fee la- 
troduft. at the clofe of the 7th article. Note alfo, 
that this mark = is a mark of equality, (hewing that 
the quantities between which it ftands, are equal to 
each other, and muft be read as the fenfc requires : 
thus 2x6— 3X4=1 2j may be read thus; 2X6 equal 
3X4 equal to 12 : or thus 5 2x6 is equal to 3x4, 
which is equal to I2, 

Mxamples ofjtmple algebraic multipUcatlon. 

ill, ^by,^a:=z2oaab» 2d, — $aby,6bc:=si-^^oahbc. 
gd, 6acx — ybd'si—j^iabcd./^th^ T--yax—b=i^yab. 
5th, flfX3¥?£:3^jc* 6ih,**-xx-^^=+^Ar. 

'7th,— 5i^X+3='— 15^^- 8th, ^ax^z=:^^b. 



DiJiinSms 
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DiftinSlions to be ohferved betwixt addition ani 
multiplication. 

That the young algcbraift may not confound the 
operations of addition and jnultiplication, as is fre* 
quently done; 1 (hall here fet down fome marks of 
diftin6lion, which he ought to attend to: 

As/r/?, a added to a makes za^ but a multiplied, 
* into a makes aa. 

idly J a added to^ makes a^ but a multiplied into 
makes o. 

^dfy, a added to— ^ makes Oj but a multiplied into 
— a makes — aa. 
^- w - Atbly^' — Gladded to — a makes — la^ but — a 

^'pr ' multiplied into — a makes -j-^^^. 

j^* * %thl;f^ a added to i makes tf-f-i, but a mulciplieid 

^ into I makes ii. | 

6tbly^ la added to — ^b makes 2^— -ji^, but 2a\ 
multiplied into — ^b makes — €ai. \ 

For a further confirmation of the learner, I have 
added, by way of exercife in his algebraic language, 
the folbwing equations; which I defire he would 
compute after me. Suppofe a =7, and ^= 3 : then 
we fliall have ill, <2^-^=io. zdly, tf — ^=14. 
3dly, 4^+5^=43. 4thly, 4«— 5^ = 13, ,5chly» 
#«=£:49. 6thly, ^7fcr:2i. 7thly, ^=9. 8thl/, 
^^^=343. ptWy, 4^^=147. lothly, abbz=z6^. 
iithly, bbb=.2T. lathly, aa-^-iab-^bzzi/^^'^^i 
^ ^9^?:ioo. i3thly, aa — xab\^bbz=:^i)^^/^2r\-^'=i 
16. i4thly, aaa^^aai.^^a^b-]^bbb:s:^^^^^^i 
^iBg-^ijz^^niooo. ijthly, aaa — ^aab^^aH 
i— ^A{rs=343— ^44 1-^ 189— 2 7 2=264. 

* ' i)f powers and their indexes. 

7. Whenever in multiplication a letter is to be re- 
peated oftcner than once, it is ufual, by way of com- 
peatfiuqBt tQ write down the letter wifli a fmall figure 

after 
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after it, fhewingJiow oftca that letter is to be r«- 
|>eated: thus inftead of xx we write x*, inftead of 
^xx we write x^, inftead of xxxx we write Af% &f^. 
Thcfe produds arc called powers of ^5 the. figures 
rcprcfenting the nujnberof repetitions are called the 
indexes of thofe powers ; and the quantity x, from 
inr hence all thefe powers arife, is called the root of 
thefe powers, or the firft power of ;>^; x"^ is called the 
fecond power of iv, x^ the third power, x^ the fourth. 
power, 6f^. Vieta^ Oughtredj and fome other ana- 
^fts, inftead of fmall letters ufed capitals ; and inftead 
of nun^eral indexes, diftinguiftied thefe powers by 
natnes: thus F/V/^ in particular called ;f% Xjquarei 
jc^, Xcube-y x^y Xfquare-fquare \ x\ Xfquare-eube \ 
9C^y X cube-cube I x\ X fquare-fquare-cubey icc^. 
which names Ougbtred contraftcd, and wrote them 
thus-, Xfy XCf Xqq^ Xqc,Xcc, Xqqc^ &?^.: but 
now thefe names are pretty much out of ufe, except 
the two firft, when applied to a linefquared or cubed* 
Ifwc fuppofex=5, wefhall have 2Af=:io, A;*=fe.25, 
3xr=i5, a;^=I25, 4iv=20, ^"^=62 5, i^c. 

The multiplication of thefe powers is eafy : thus 
x^y,x^^=:x\ htczxxk xxy,xxx:=:2xxxxx : whence it may^ 
be obferved, that the addition of indexes will always* 
anfwer to the multiplication of powers, provided they 
be powers of the fame quantity -, for as 24-3=5, fo 
x^yjc^^=2x\ i^c: but if they be powers of different , 
quantities, their indexes muft not be added : thus 
ii*XA^'=^*^% and a^x^xa^x^=^a^x\ And here it 
muft be obferved, that if a number be found between 
two letters, it muft always be referred to the former 
letter i thus a^x^ does not fignify aX2x\ but a^Xx\ 

The multiplication of furds. 

^ 8. This mark V fignifies the fquare root of the 
number to which it is prefixed, and is generally pre- 
fixed to numbers whofe fquare root cannot be other- 
wife cxpreffcd, cither by whole numbers or fraftio;is : 
F thus 
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tbas ^/2 fignifiesthe fquare root of 2% ^d the fquare 
root of a^ f^c. Thefe roots are commonly called 
furd roots, or irrational roots, becaufe their proper* 
tioti to unity cannot beexpre(&d in numbers* 

Whenever two furd numbers are to be multiplied 
together, the fliorteft way will be, Co multiply the 
numbers themfelves one into the other without any 
regard to the radical fign, and then to prefix the ra- 
dical fign to the prodi^. Thus if ^Ja is to be mul- 
tiplied intoV^t the produft will be 's/ah\ which I 
thus demonftrate : let h/a=x^ and sfb^szy^ then will 
;tf*=tf, andy=i, and x*y*:=:ab^ and 9cyz=:^ab ; but 
flSy> or 9(yyz=:^Ja%s/h by the fuppofition ; therefore, 
0ja%\/b=iijab. Thus \/2xV3=\/6. 

Thefe multiplications are of confiderable uHe^ not 
only in matters of fpeculation, but alfo in praftice : 
for fuppofe I had occafion to multiply theYquare root 
of 2 into the fquare root of 3, if 1 had not this rule, 
I muft firft extra£l the root of 2, to what degree of 
exaAnefs I think proper for my purpofe : then again 
I muft cxtraft the root of 3 to the fame d^ree of 
exaftneiTs, and laftly 1 muft multiply thefe two loocs 
together, before I can obtain the number wanted : 
but after it is known that \/2Xv'3=V6, the whole 
operatk>n will then be reduced to the extraction of 
the root of 6 only : nay it fomctimes happens, that 
two ^ roots, though both irrational, ihall have a ra- 
tional produA: thus V2xV8=\/i6=:4, and ^alt 

Of the multiplication of' compound algebra^ 
quantities. 

^. The multiplication of compound algebraic quan- - 
lities is performed, firft by multiplying the mulppli- 
cand into every particular member of the mtfltipfica- 
tpr, and then reducing th? whole produft into the 
leaft compafs poiTible. 

2 As 
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,As for example -, let ii be required to multiply this 

compound quantity 6»^—ya — %b into this compound 

quantity ix — ^a-^j^i: here hajving put down the 

muhiplicandy and the muluplicator und«r it, and 

beginning at the left hand (for it is. all one which, 

way the operation is carried on), I mukiply tl^ whole 

multiplicand int« 2x^ the fii:ft member of my mulii- 

plicator, and the prodmft is i2xx — 14110? — 16^X9 

which 1 pu( down: then I multiply the multiplicand 

into — 3^ th^ next member of the midtiplicator, 

' and tile produ^ is — i8tfA:+2itftf+24^A; whcrpof 

the firft member — 18^, I place urtder — i^x bc- 

^ fore found, being of the f$me denomination, for the 

convenience of adding ; the reft» t6 wit, 4-2i<w4- 

a4if^, I place in the firft line: this dope, I no,w mul- 

, tiply by4^, thelaft member of the mukiplicdior, and 

the pi^oduft is 24^^— r28<^^— 32^^; whereof I place 

. t^ixi under — i6hxj and — iSab under -|-24ii^, and 

the laft member — 32W 1 place in the firft line, as 

having no. quantity of the fame denominatiotx to, join 

with it : laftly 1 reduce the whole produft into the 

lead compafs poiBble; and it ftands thu^: i2xr-^ 

^2aX'^Six^ziaa — 4at — 32^^. See the work : 

6r — 7^ — Sri 

'■ ■ '■ ; 

iixx — I4tfx— i&ht^2iaa'\-2^at''^^^ii 
'^i^ax'\'24i^x — 284^ 

^ I ^aii I ■■ ^ ■■.II .11 I I ■<* . Ill • III H 

Sum i2xy -^120;^^ ^kx-^zia^^^ 4^^32ii* 
^ iu Example 2d. 

9»x4^i2i^j: — ish^^t^aa^2cmi^^25ii 

^xx ^ ^ '^i6aa^^O0klr^2st^* 

Si Exafloplt 
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Example 3d. 



1 2x^-^1 ^ax^-^iSa^x* — 24a'x4-3 2^^ 

120?* — 32tfA:'+dftfV — 52a'«+32a* 

Example 4th. Example 5th. Example 6th* 
a^b a-^-b — b 

a — b a-^-b a — b 

ca-\^b'^bb aa-^b^bb aa — ab^bb. 



aa ^—bb. aaJ^iab^bb. aa — labJfbK 

N. B. A dafli over two or more quantities figni- 
fies that all tbofe quantities are to be taken into one 
coijception, or to be confider ed as making up but 
one compound quantity : thus a-^by^c — d does not 
fignify that which arifes from multiplying bxcj and 
then adding a — d to the produft, as it might be mif- 
taken without the da fli; b ut it fignifies the produdt 
of the w hole q uantity ^4"^ multiplied into the whole 
quantity r— i. ^ 

^he proof of compound multipUcation. 



I o. In the gd exam ple we multiplied 6xX'^^^^aX'\-8aa 

into 2XX — 3ax'{'4aaj and the produft amounted to 1 2X* 
*— 32^A:'+6itfV — 52ii^x-j-32a*: let us try this in 
numbers, and fee how it will anfwer. In order to which, 
Ve may fuppdfe a and x equal to any two numbers 
.lybatever} but the fimpleft way of ti^yal will be to 

make 
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make ^1 equal i, and atss:!; and then we (hall h^ve 
in the multiplicand 6xxz=i6^ — 'jax:=^ — 7, and-f-S^^ 
=-!•'» ^^d ^ — 7+8=7: therefore the multiplicand 
is 7: again, in the multipiicator we have ixxzsa^ «--« 
3axi=— 3, +4<?^=:-|-4, and 2 — 3-|-4=rj; therefore 
the multipiicator is 9 : and 7 the multiplicand, mdl* 
trplied into 3 the multipiicator, gives 2 1 for the pro- 
duft. Let us now examine the feveral parts of the 
produft, as they are here reprefcnted in letters, and fee 
whether they will amountto that number: 1 2;e*s=: 12,— 
^aax^zzz — 32,+6i^?V=-|-6i,— 52tf^x= — 52j+ 
^ 2a^=+3 2 ; and 1 2 — 324-^ i — 5 2-|-3 2 amount to 
juft 21. This may ferve as a proot to the work, 
though not a neceflary.one: for it is not impoflible 
but there may be a confiftency this way, and yet the 
work be falfe; but this will rarely happen, unlefs it 
bedeligned. But the work may ftill be confirmed 
by making ii=: I, and x=i — i ; for then the multif^i- 
candwill be6-|-7-|-8=2i ;andthemultiplicator a-J-j 
-|-4=9; and the produ£): 1 2+32-1-61+52-1-32= 
i$9, which is the fame with the produft of 21 the 
multiplicand, multiplied into 9 the multipiicator. 

How general theorems may be obtained by 
multiplication in Algebra. 

.11. From thcfe algebraic multiplications are derived 
and demonft rated many very ufeful theorems in all the 
parts of Mathematicks; whereof I (hall jiift give the 
learner a tafte, and then proceed to another Jubjeft. 

In the fourth example of compound multiplication 
we found, that a-^b multiplied in to, a — b produced 
aa — bh\ whence I infer, x\izx.^e fum and difference of 
any tv^o numbers multiplied together mil give the dif- 
ference of their fquaresy and vice versa: for' a and b 
will reprefent any two numbers at pleafure 5 a^b their 
fum, d—b their difierence, and aa — bb the difierence 
of their fquares : thus, if we aflume any two numbers 
whatever, fuppofe 7 and 3, the difference of their 
F 3 fquares 
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fqaanes is 49~-*99 or 40 } and 10 their ftuBt >a:iuld- 
;ptied into 4 their diScrcnce^ makes alfe40« 

But here 4 am to^iveMxictOftce £or>al|, that in- 

. Ramses in numbers ferve wtli eneqgh to illuftrace a 

i^nertl theorem^ but they muft not by any means be 
looked iJipon m a proof of it i becaule a propofition 
may be true in fomeipartic;ular cafes inflauoed in> aad 
yet<laU in others*, but whenever a propofition is found 
to be itx^injfeciebus^ chat is, in letters or fymbols^ it 
4S a fofficieni demonttration of it, becaufe thefe are 
univerfid reprefentation^. 

In ches^h example it was (hewn, thatfl4"* niulci- 
plied into itfclf produced aa^i^b-^bb j whence I in- 
ter, that If a number be refolved into attf two p^ts 
wbaMfsr^ Ae fquare of the whok will be equal u ihe 
fjuare of each part ^ and the double reHangkt or prcdud 
of the multifUcation of thofe parts y added together : thus 
iV the number 10 be refolved into 7 and 3 ; 100 the 
iquare of 10, the whole, will be equal to 49 thefquaje 
of 7, and 9 the fquare of $, and 42 the double pro- 

1 duft of 7 and 3 multiplied together : for 49+9+4? 
=?ioo. 

In the 6th example we found, that J — ^multiplied 
into itfelf, produced, aa — zab^bbi whence I infer, 
that: If from thefum of the fqu ares of any two numbers^ 
be fubtra^ed the double produH of tbofe numbers^ there 
will remain the fquare of their difference: for aa-^-bb i$ 
the fum of the fquarcs of a and b^ and zab is their 

. double product, and aa'^iab-^bb was found to be the 
fquare of ^ — b, that is, the fquare of the difference of 
a and b: thus in the numbers 7 and 3, the fquare of 
7 is 49, the fquare of J is nine, and the fum of their 
fejuares is 58-, and iffrom this be fubtradted the double 
produd 42, the remainder will be 16, the fquare of 
4, thati5, the fquare of the difference of the numbers 

. 7 and 3. 

Thcfe two laft theorems are in fubflance the fourth 
and feventh propofitions of the fecond book oi Euclid, 

. ■ Of 
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Ofl^ divifion ofJimpU al^^bralc quantities. 

13. The divlGon of fimple algebraic quantities^ 
•vvhere it ispoffible in integral tprms, is performed, firft 
by dividing the numeral coefficient of thediridend by 
the numeral coefficient of the divifor, and then put- 
ting down after the quotient all the letters in the di- 
vidend, that are not in the divifor; the fign of the 
quotient in divifion being determinfsd by thoic of the 
divifor and dividend, juft in the fame manner as the 
iign of the produA in multiplication is determined by 
thofe of the multiplicator and multiplicand^ that is, if 
the figns of the divifor and dividend be both alike, 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwife it will be 
negative: thus if the quantity — \zab\% divided by 
— ^3^, the quotient will be -4-4* i which I thui^demoiv- 
ftrace: In all divifion whatever, the quotient ought 
CO be fuch a quantity as, being multiplied hy the di* 
vifor, will make the dividend; therefore, to enquire 
for the quotient in our cafe, is nothing elfe, but to 
enquire what number or quantity, multiplied into 
— 3^?, the divifor, will produce — 1 2 4?^* the dividend* 
.Firft then I alk, what fign multiplied into —, the 
fign of the divifor, will give — , the fign of the divi- 
dend, and the anfwer is-}--, therefore -f- is the fign 
of the quotient : in the next place 1 enquire, wh^t 
number multiplicdinto 3, the coefficient of the divi- 
for, will give 12, thecoefficientof the dividend, and 
the anfwer is 4; therefore 4 is the coefficient of the 
quotient: laftly I enquire, what letter multiplied into 
Vgi, the letter of the divifor, will produce ah^ the deno* 
minator, or literal part of the dividend, and the anfwer 
is ^ ; therefore b is the letter of the quotient : and thus 
at laft we have the whole quotient, which is +4A 
^nd this way of reafoning will carry t^ic learner 
through 5H the Other cafes. 

F 4 ' ^mmple 
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Examples ofJimpUdivtfionin Algebra, 

Example id, 4tf^) %/^ahbe {6hc. 

3d, 4-7) — 35«* i — Sahr 

• 4th, 9«^) r|-720^ (_8. 

«h, ^4«' ) — 60 a' ( + 15 a\ 
6th, 4 ;v*) 60*' (4-15*'. 
7th, +4«V)— 6o«V(— i^a'x', 
8th, b) lab {^a. 

9th, i) 4^(1^. 
C(f the notation 0^ algebraic fraSiions. 

Whenever a divifion according to the foregoing 
method is found iippo/Cble, the quotient cannot be 
otherwlfe cxprcfled than by a fra(5tion, whofe nume- 
rator i$. the dividend, and denominator the divifors 
fee ^he introduftion, art. 13. . As, if it was required 
to divide a by b^ which o^ifion is impofllbie ac- 
cording to, the foregoing rule^ the quotient muft be 

cxpreffcd by this fraftion -^, whiqh is ufually read 

thus, a by b^ that is, a divided by ^, or the quotient 

of 4 divided by b: for in Algebra the yord Ify is, 

generally fpeaking, appropriated to div^^fion, as the 

word into is to oiultiplication. l 

If the numerator, or denominator^; ox both, be 

compound quantifies, the refpeiflivefraAionsmuft be 

, aA-h a aA-b '^' 

written thus j ,-- — • -^-^ 

( b^e £ — d* 

If a diviHon be partly poQible according to the 

foregoing rules, and partly impoffible, it muft be pur- 

fued as far as it is poflible, and the reft muft be repre- 

fented by a fradlion, as in comnoon divifion : thus 

ii ad'\'bd'\'Cyi2L% to be divided by d^ the quotient 

would be tf 4"*+ 7 Qf 
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Of proportion in numbers. 

15. The rule of proportion in Algebra is lb very 
little different from the rule pf proportion in common 
arithnretick, that one example of it will be fuiiicienc. 
Let then the following qucftion ^t put : If a gives 
I3, whatwiltcgive? Here the fecond and third terms 
xnuitiplied together produce be ; and the quotient of 
fhis, divided by the firll term a^ cannot otherwife 

be cxpreffed than by the frafiion — : this is evident 

from the notation of fraftions explained in the 13th 
-article. But as I have hitherto purpofely avoided 
all confideration of proportion, chufing rather to 
^ appeal, upon all occafions, to the common idea 
every one has or thinks he has of it» than to be 
more particular, it may not be improper, now we 
come to reafon more clofely upon things, to enter 
more di(lin£tly into the particular nature of propor* 
tion, fofar at lead as it relates to numbers, and ihew 
wherein it confifts. 

According to Euclid^ four numbers are faid to be 
proportionable, that is, the firft number is faid to 
have the fame proportion to the fecond, that the 
third hath to the fourth ; or the firft is faid to be to 
the fecond, as the third is to the fourth, when the 
firft number is the fame multiple, part or parts, 
of the fecond, that the third is of the fourth : but it. 
will be alked perhaps. How can we know, what 
parts, part, or multiple, any one number is of ano* 
ther ? To which I anfwer, by a fraftion, whofc nu- 
merator is the former number, and denominator th^ 
latter : thus the fraftion | exprefly Ihews, that the 
numerator 2 \% two third parts of the denominator 3 5 
for this is certain, that i is f part of 3, and therefore 
2 muft bef of it ; for the fame reafon the fradioii V* 
fhews that the number 19 i& V ^i" t of the number 
8i andlaftly, thefra^ion V ^^v/^ ^tiat the num- 
ber 
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ber 12 is 't of, or 3 times the number 4; and coo* 

fequently, that 1 2 as a n)ulciple of 4, as containiDg 

it juit g times without any remainder: therefore^ to 

Any one who underftands fra£tions» EsicU^s defioi* 

(tioh of jpro^tioo may be more diftindUy exprcflc^ 

thvs: Four nmnhers are /aid So he propf^tions^ 

when a fradion wbofe numerator is the firfi mtemkf^ 

,4m4 denominator she Jecond, is equal to a fraSion wb^ 

(numerator is the third number, and denominator ^ 

fourths Thus 2 is to 3 as 4 is to 6, becaufe f is eqtui 

CO %\ thus 12 is to 8 as 15 is to 10, becaufe V equals 

44, both being reducible to 4; thus 2 is to 6 as 41$ 

,S0 JZ) becaufe 4 equals^, for each is equal to |) 

Jaiftly, 6 is to 2 as 1 2 is to 4, becaufe 4 = V = 3« 

[ , From this idea of proportionality may be demoo- 

Atated a very ufeful theorem in Algebra ; which is, 

that IFhenever four numbers are froportionabley tk 

.jprodua of the ejxtreme terms multiplied together will it 

,iqual to the produff of the two middle terms fq mul 

jtplied : for kt a, b^ r, and^, be four proportionable 

,^pumbers in their order ; that is, Jet ^ be to ^ as f is 

to J-, 1 fay then that a d ri ? produft of the extremes 

will beequal to^c the product of the two middle ternjs: 

, ibr Qnce j is to ^ as ^ is to 4 i^ follows from what 

d 
has^ready been laid down, that the fraction ^-isequal 

to the fr^f^ion -r •, multiply both the terms of 

the fraftion — into d, and both thofe of the fradiott 

r- into ^ (which multiplications may be made with- 

.d - ■ 

• out altering the values^of thefraaions),4nd then you 
ad b< 
will have— == — ; that is, the quotient q{ ai 

divided by bd, is equal to the quotient of be divided 
by bd} therffoix? a44pu^ be ?^ual 10 be^ th»t is, 
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itHe produft of the extremes muft be equal to the 
^roduft of the middle terms. ^ E. D. 

The converfe of this propofition is alfo true, to 

-^wit^ that fVbontoer -wt hmx sn equation in numhef^s^ 

%t? herein the produd of two numbers on one fide is found 

4i^qualtofbeproduff of two numbers on the other ^ fucb 

an elation may be refolved into four proportionals y by 

fnaking the two numbers on either fide/ the extreme^ i 

gmd thofe on the other fide^ the middle terms : thus 

if adt=zbci by making a and </ the extremes, and 

^ and € the middle terms, we ihaU have ^ to ^ as r 

zo d: if this be deriiei), let ^ be to 6 as ^ to ^ ; thea 

vrc (hall have aezs.bc by the laft ; but ad:=zbc by 

xhc foppofitionj therefore a ^=tfrf; therefore^ 

equals d^ and a is to^ as c is to d. ^E.D. 

COHOl.(.ARV. 

VTheqce if a, by and r, be continual proportionals, 
that is, if /lis to ^ as ^ is to r, we (hall have ^^s^^; 
and i converfoy if ^*=.iir, then^, ^, and ^, will be 
pontinoal proportionals, 

Tie cotnmon properties of proportionality in 
numbers demqnjirated. 
§ 

1 6, From what has been delivered in the |aft article ,' 
fnay be dcmonftrated all or moft of the common 
properties of proportionable numbers with a great 
4eal of eafe, fome of the moft ufcful whereof I fliall 
here throw together into one (ingle article, for the 
feader tp peruli:^ either at prefent, or hereafter, as he 
(hall fee occafion; x 

Firft then, from what has been faid, may the rule 
(of three, which confifts in finding a fourth propor- 
tional, be moft diftinftly demonftrated : for let a^ b 
and^ be three numbers given, in order to find d\ z 
fourth proportional \ then fmce /i rs to ^ as r is to dy 
yoi} wjll have ^ d the produdl of the cJCtrenacs, equal 



gi ProperiUs of Proportionality. Book I 

tb be tht produft-of the middle terms ; divide botfc- 

fides of the equation by a^ and you will have ^s 

be 

— : which is as much as to fay, that if three nuin- 

a 

bers be given, a fourth proportional may be obtained 

by multiplying the fecondand third numbers together, 

and dividing the produ£l by the firft. 

In the rule of three invcrfe, let the numbers whca 

difpofed according to form be a^ by and c; then 

Whofoever attentively confiders the nature of that 

ru]e> will eafily fee, that the fourth number there 

fought for, is not to be a fourth proportional to the 

three numbers given as they are difpofed in the order 

Of by Cy but as they (land in the order r, by a^ or 

r, Cy b, and therefore, in this cafe, the fourth number 

ab * 

will be — . 
c 

Secondly, if two proportions be equal to a third, 
they muft be equal to one another, becaufe if two 
fradions be equal to a third, they mufl: be equal to 
one another : thus if a is to.^ as r is to d^ and c is te 
^ as ^ is to/, we (hall have ^ td ^ as ^ to/. 

\ Thirdly, if ^a^ is to ^ as r is to ^; then b will be 
to ^z as ^ to Cy which is called inverfe proportion : for 
if a is to ^ as r is to J, we (hall have ad:=:bc\ make 
b and c the extremes, and you will have ^ to ^ as 
dtoc. 

Fpurthly, i( a is to i as r is to J; we (hall have, 
by permutation, a to c 2ls b to d: for Hnce a is toi 
asV is to dy and confequently adzzzb Cy make a and 
d the extremes, and c and* b the middle terms, and 
you will have a to c2iS b iod. 

Fifthly, if a is to ^ as^ c is to dy and any two 
multiplicators whatever be aflTumed, as ^ and/; I 
fay then, th^tea is to fb as ectotofd: for fince 
a is to b as c is to dy and fo adzzibe-y multiply both 
fides of the equation by the product //, and you will 
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\iVftadxef—bc%ef\ hut a dxef:=:e ax fd^ 

and ^ r X ef^fp X^c; therefore e a x/d^bxcc^ 

m2kt ea and/^extremcsi and the proportion will 

ftand thus ;^^ is tofb zsec to fd» In like n)an- 

titx^ mutatis muiandisy it may be demonftrated, tha^ 

a , be 

lia is to h as ^ is to J, then — will be to -7- as ~ is 

e f c 

d 
U.J. 

Sixthly, if a is to * as r is to J; then a^ is to b* as 
c^ is to <f : for finxre a is to b as c is to d, and fo 
ad^:ibc\ fquare both fides of the equation, and 
you will have c^S^^zzVc'^ make cH: and d^ extremes, 
land jou will Jiave a* to b^" as r* to ^. And by 
taking thefe ft^ps backwards, it will alfo appear, 
that if (t is to b^ as c^ is to ^ ; ^ is to ^ as r is to d^ 
and V ^ is to V ^ as is/ r is to Vi. 

Seventhly, if ^ is to ^ as r i s to d\ then by 
compofition (as it is called) a-^- b is t o b as c^^-d 
is to d\ or a-\-b is to a as c-^d is to c: for 
fince a is to ^ as ^ is to J, and conlequcmly 
ad:=ibc\ add ^^ to. both (ides of the equation, and 
you will haye a dJrb d:=zbc'\'bd\' but ad-^bd is 
the produdk of a-^b multiplied into </, as is ea- 
fily fcens and Ar-j-^flf is the prod uft of b multi- 
plied Jnto r^^; therefore fl+Ax//=*X^ + i^; 
make tf-}-^ an d d extremes, and you will have 
n-f-^ to i as €'\^ to ^. Again, fince bcznad^ 
add tfc to both ficjes, and you will have a c'\'bc 

= tf r+tf^, that is, ^i4-*X^ = ^X^+i; make 
tf + * and f extremes, and. yoii will, have ^^-^ 
to a as r-j-i to r. 

Eig hthly, \ia i i to ^ a s c is to ^ ; t hen by divifioa 

a — b is to ^ as c — d is to dy or 4—^ is to a 

3 a* 
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as c — d to c. This proporition is dcmonftraced bjf 
fubcraflion, juft in the fame manner as the laft wai 
by addition. 

Ninthly, if to or from two numbers in any given 
proportion, be added or fubtrafled other two numben 
in the fame proportion, the fums or remainders- wfll 
Hijl be in the fame proportion with the numbers firft 
propofed : thus if the numbers e and i be in the fame 
proportion with the numbers a iind b^ thatis^ if as i 
is. to ^ fa is f to d^ and if to or from the foraier two 
number^ be a dded or fabt radted the latter, we ibaii 
hav e not only a-^ to h-\^ zsatob^ bat alfo a — i 
to b — d as tf to ^ : for (ince, by the fuppofition, a\% 
to ^ as r is to d\ it follows by permutation, th^t a is 
to i as b is to d\ and by compofition, that a^ c\%v^ 
a as b^d to b ; and again by permutation, that a^ 
is to bJ^dM aizxx^b: in lik e man ner by permtsu- 
tion and dlvifion wt (ball haw a — € tQb—4 t^AUxh.^ 

Tendily, if there be three numben a^ b^ and ^i 
and other three numbers ^, r, and/, proportionable to ' 
them, and in the fame order, that is^ if as ^ is to ^ 
fo d is to ^, and as b is to f fo e is to/j I fay then, 
that, tx aquoy the extremes will be in the fame pro- 
portion, (viz.) that a will ht to cz%d is to/.- for 
uoce by the fuppofition, ^ is to ^ as 1/ is to e; by 
permntation we matt have atod^ b to0% and liir 
the fame reaion, fince ^ is to c as ^ is to /^ we Oiiril 
h^t i tQ fas € to/: fince theo a is to i aa^^ tc 4 
wd ^ to # as c to/; it follows fron) the fecond pro- 
pofitioff, that ais to d^sctofi and by permutatioa, 
-that tf is to ^ as dtof. 

Eleventhly, if there be three numbers, a, by and r, 
and three other numbers dy f, and /proportionable to 
them, but in a contrary order, fo thai 4? is to ^ as 1 
to/ and ^ to r as ^ to#i I fay, th« theexti^a^ 
will ftill be proportionable, tQ wit, that a will be to 
r asi K)/; for Cncc ^ is to ^ as ^ to/, we hartf 

af:=zbe\ 
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i^mfe; moreover, fince ^ is to r as dto ^ we have 
c4^:^be\ therefore j/=r4f ; make ^^nd/cxtremest 
and you will have ^ to ^ as d to/. 

N. B. If there be two feriefcs of numbers, as( a^ ^, r, 

Gfr.; d^ f,/, Csff. 5 each Teries confifting of the fame 

number of terms ; and if all the proportions between 

contiguous terms in one fcrics be refpcdivcly equal 

to all thofe in the other, that is, each to each, as 

they ftand in order ; as if ^i be to ^ as ^ to e^ and b to 

c as e to/, &?^. ; then the extreme terms of one fcrics 

will be proportionable to the extreme terms of the 

Other: for th€ demonftration of the tenth propofition 

may be extended to as many terms as we ptcafe ; and 

this proportionality of the extremes is faid to follow 

tx affuo ordinate^ or barely ex aquo^ that is from a 

refpcftive equality of all the proportions in one ferics 

to their corrcfpondents in the other, in an orderly mail* 

ncr. But if every ,proportion in one fcrics has an 

fequal proportion to anfwcr it in the other, but not in a 

corl^fpondcnt part of the feries •, as if <a be to ^ as ^ to/, 

atid * to r as rf to ^, iSc.\ then though the extremes 

will ftill be proportionable, as will be evident by con- 

tii)uin|g the demonftration of this eleventh propofjtitwi ; 

yet now the proportionality of the extremes is faid to 

follow ex aquoperturhate^ that i^ *from an equality 

of all the proportions in one feries to all thofe in the 

other, but in a difordcrly manner. 

Tw clf thly, if tf is to b as c is t o d \ we fliatt have 
a'\'b CO tf— ^ as c-^d is to c — d: for fince a is tia» 
A as t is to J, we (hall have by compofition, a-^b 
to a asT^-^isto r; we (hall havealfo by divifion, 
f^ — b t o tf as c — d to c J and by in verifo n, a tp a^^b 
a$ 4 to c—4 : fi nce t hen we have 4^b to ^ as e^^ 
to ^ ; ind ^ to a^-b as c t o c—d^ that i s, fince wc 
have threVj numbers, a-^b^ tf, and ^~^, and other 
' three numbcr srprop ortionab le to them in the fame 
order, to wit, c-^-d^ c^ and c — d\ it follows ex aquo 

that 
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that theexcremes will be proportionablcy that is^ that 
a'\'h will be to a — b as c-\'d is to c — d. ^ 

Thirtccnthly, if there be a ferics of numbers, i, // 
m^ Hj whereof^ is to / as a to by and / to n^ as r to d^, 
and 10 to It as ^ to/; I fay then that k the firft term 
will be to n the laft, 2^ ace the produA of all the^ 
other antecedents to b df the produft of all the othct; 
confequents : for ir is to /as a to by by the fuppo« 
fition; and we (hall find that ah 10 b 2i!& ace to bet 
by multiplying extremes and meansi ; therefore k 
is to /as tf^^ to ^r^; and for a like reafon / is toivas' 
bee to bdcy and m is to 1^ as bde to bdf-^ therefoit^ 
€x aguoy ^ is to » as ace to bdf. 

Of the extraSiion of ibefquare roots offmple 
algebraic, quantities. 

17* The extraftion of the fquare root of fimple air 
gebraic quantities is fo very eafy, that it needs not ca 
be infilled on. Thus the fquare root of aa is-}-or — a^ 
the fquare root of ^aa is-^-or — 3^, and that of j^aabh 
is4-or-^2tf^: this is plain from the definition of the 
fquare root; for the fquare toot of any quantity, fup- 
pofe of ^abby is that which^ being multiplied into 
itfelf, will produce ^abb : now — lab multiplied into 
itfelf will produce j^aabby as well zs-^zab, and there- 
fore one quantity is as much its fquare root as the 
other. 

When the fquare root of a quantity cannot be ex- 

tra£ted, it is ufual to fignify it by this mark Vjthui 

ijiaa fignifies the fquare root of 2aa ; thus %^aa — 4J 

fignifi es the fqu are root of the whole quantity ^i— 4^} 

waa—'Ab 
thus fignifies a fraftion whofc numerator if 



za 



the fquare root of the whole quantity aa — 4^, and 
whofe dcflominator is zai thusV — — *- fienifici 

the 
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Ithe fquare root of tKe whole fradion, — — ^ , that 

12a 

Is) the fquare root of both the numerator and deno^ 
ininacor. 

When ihejquareroot of a quantity canlioc ht ex- 
traded, the quantity may ibmetimes however be rc- 
iblved into two faAorSi whereof the one is a fquare^ . 
and the other is not; and whenever this is poffible^* 
the root of the fquare may be extradcd^ and the ra- 
^dical (ign may be prefixed to the other faftor % thui 
I iaa equals 4<sr^3 \ therefore k/ 1 2 daii^Q^^/% • 

Tbe/everal rules of fraSlions exemplified in 
algebraic qiianiitiesi 

12. Fraftions in Atgebri are treated jpft in t^ie 
iame manner as in common arithmetic, only ufing 
algebraical inftead of numeral operations; as will 
[plainly appear from the fdllowin^ examples; 

\ExampJesGftheredudlionoffra£iionsfrom highert0 
hnver ierms^ according to introduElim art. 'jth. 

I'h* fra^ton ^, difridirig both th6 numerator and 

denominator by the fatme quantity 2 hy will be rfe- 

doced to the fraction — , a fra^ion of th^ fame value 

with the former, but exprefled in more fimple t^rrns : 
whence we may infer, that whenever a common letter 
or fa£lor is ttr be fcfund in dvery merffbcr both of the? 
I numerator and denominator, it may be cancelled every- 
where, without affeding the talue of the fraiSfcion t 

s 1 /.. «. acA-hc . ' , aA-b 

thus the ffaSion • ^ expungingr; becomes -rr--^ 
cd'\'ce ^ ^ ^ ' dr\-e 

a fraftion of the fam6 value. But if there be. any one 

i»«mber wherein the faftor is hot concerned, it muflf 

G vtot 
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ac'\'h 
not be expunged at all: thu« the fraftion -~-j* 

cannot be reduced, becaufe the faffcor c is not to bi 
found in e. 

Note^ That cancelling here, is not fobtrafting, to 
dividing: thus to cancel the letter ^ in the quaaiuf 
ai^ (b as to reduce it to a, is not to fubtrafi i ffnn 
aif but to divide ^^ by ^, in which cafe the quodcM 
will be a. 

Examples cffraSions reduced to the fame detim 
nation^ according to introduSfion art. Ztb. 

ah € 
ifi. The firaftions — , — ,and-, when reduced cock 

lia Zb M 
iaaie denomination, will ftand thus ; — ^ '— ',ana- 

24 24 24, 

td. The fraAions -r and -7, fo reduced, will fid 
9 a 

thus ; -r- and — ^ ^d. The fraftions — , — , — , and 
bd Pd q s u 

^, after redudion, will ftand thus ; ^—, ^ ^ 

and ^ • And here I cannot but obferve, that flc» 
qsuy 

the rule for this redufhon dempnftrates itfelf : fbrift, 

this example it is impolfible not to fee, that all thej^' 

Iraftions, notwithftanding this reduflion, ftillreraiii 

their former values : thus the firft fra£lion^i by 

cancelling common fa&ors, is reduced to — , itsSf' 

mer value ; and the fame may be oblerved of all the 
reft : and this example amounts to a demonft^tioot 
becau&itiscomprchend^d in general terms. Buctogo 
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on : 4/it. The fradipns -^^^^ -j, and — , beiiigreduccd 

to the fame denomination, become -7- » "T-»and-r. 

aoc abc aac 

S^h^ And laftly, —f-r and — , when thus reduttdt 

^ — ^ ii-4-^ 

become 7-. and ' , , : for t the nuoheratof 

aa — pi aa — w 

of the firft f ra£tioo multiplied into d — i, the de- 
nominator of the fecoad» makes ^-^^; and i the nu- 
merator of the fecond fraftion multiplied into a-^i^^ 
,the denominator of the firft, ttiakes a^b ; and the 
product of the two denominators a-^b and a^^i muU 
tiplied together is aa-^bby as in the 4th example of 
the pth article, 

Exan^les of addition in fraSlionsi according U 
introduction art. gth^ 

ift. Thefe fraftions — , — and ^— ^ whefi added 

2 3 2 

together, make^-; . 

2d* The fraftion -^-^ added to the fraftton — ^ 
2 % 

2 d 
makes -^-or a. 

Q m^Jib ^ C 

gd* The fradions — , and -^— ^ when added 

23 4 

, 12a — U-X-^e 

together, make -' = — -^ — 

24 

'a i ■ ■ 

4tb* Thefraflion -7 added to the fradlion -7 makcl 

~br' 



^* 
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b a b , 

icth. a added to — , chat is, — added to — , makes 
^ c I c 

e 

6ih. — added to r makes —7-. 

a b ab 

7th. The fraftions — , — , — ,and — , when added 
cogethcr. ^^,PJ!^A^±khk: 

8th. — added to —gives —; — . 
b c ^ he 

Dth. —7-7 added to —-; gives ■ Sec the 

^ a-^-b a — b"^ aa—bb 

5th example of frafiions reduced to the faipe deno- 

itiination. 

Examples of fuhtraSilon in fr anions y according to 
introduSiion art. lolb. 

Notefirji^ If the figns of both the numerator and 
denominator of any fradion be changed, which is no 
morcithan multiplying both terms into — 1, the va- 
lue of the fraAion will ftill remain. 

Secondly^ The denominator of a fraftion is always 
fuppofed to be affirmative; and therefore if at any 
time it happens to be othcrwife, it muft be made affir- 
mative by changing the figns of both terms. 

a ' Us ' 

thirdly y -|- — and 7- are the fame in efFedb as 

b b 

—7 and — T, as is evident from the nature of di* 

viGon : and fometimes this latter way of notation is 
more convenient than the former. , 

Foitrlblji 
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JFouribfyy Therefore the fign of the numerator is 
he lign of the whole fr^Aion ; and tp change the 6gn 
►f* the former, is the fame in efied as to change the 
ign of the latter. 

Fifthly^ Whenever one, algebraic fraAion is to be 
[ubtra&ed from another, the fafeft way will be to 
change the (ign of the numerator of the fraftion to be 
fubtrai^ed^ and to plate it after the other, and then 
to reduce them at laft into one fradion : for if the 
fubtra^ion be deferred till after the redudion is over, 
one may make a miftake^ and fubtradt the wrong 

quantity. Thus, ift, — fubtraftcd from — givea 

^ • • 5 ■ '3 

2/j — 4? loa — i2h 

2d. — fiibtraSed from — gives - — = s - ^ . 
s 9 9 ./^ 9^ 

b a-'^b ac — b 

Sd^ — fubtrafted from a gives — -ss-^ • 

C , ^ ^ I € C 

4th.^ — p-- fubtraSed from — r gives — r ."j 
a-^-b a — b or^ a^b 

lb 
aa — bb' 

Examples of multiplication infraSlions. 

The multiplication of fraftions is performed by 
multiplying the numerator and denominator of the 
multiplicand, into the numerator and denominator of 
the multiplicator refpcftively. 

Thus ift. ^x-= — . 
, q s qs 

, a a c ac 

3d. T- X^ or -rX-=-ri 
J ^ h ^ bib 

i " G 3 4th 
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4th. -x* = -y=^. 
3 a , • 6oak 



5th. 2--x29*s;! — 7-?s»5«' 
?* 4* 46 

4> 7 _^ 28«» 7 

« < e oce 

?th. -x-jX j=^ 



. aA — X </> or ■— X - == ^. 



9th. 

nth. fl4--x</+7-, or- — i— x^^-r— q^ 
'I'his multiplication might alfo be performedTfius: 

ijfth. «-{-r-x«+-r=^^ 7- — ^; 

Or, aa^ -^^-t- + "^^ Sec the work : 
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Examples ofdhi^n infraSiions\ 

' Divifiori in fraftions is performed by multiplying 
t^c dircft terms of the dividend into the inverted 
terms of the divifor: thus, 

<fth.i+7) «+7 (7^7+7/ 

7th. -s/*) Vtf (;;^=^*J • ^^^ *^^* ""*^* *~ 

5^, we IhaU have «* =x-. and* =^V j. 

. G4 ifl»tt 
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I fliall only give one example more> and that fhall 

\}C of the rule of proportion, as follows : Jf —giva 

--r^wbai will— give f Anfwcr,— 75.: for -7 the fe- 
Q I adf a 

e 
cond nunaber, multiplied jntp —the third, producei 

/ 

-7 X and this divided by the firft— quotes — t>. 

Of equations in jilgebray and particularly oj 
fmple equations^ together ^ith the manner of 
* refolding tbetn^ 

23, Ati equation in Algebra isa propofition wherein 
pne quantity is declared equal to another, or wheie 
one exprefflon of any quantity is declared equal to 
Another expneffion of the fame quantity: as w/ien 
we fay -J :^ 4 i where ^ is faid to poflefsone fide of 
the equation, and 4- the other, 

An^affedled quadratic equation h aq equation 
confiftiiig o£ thKCc different fores of quantities • one 
vrhcreiq the fquare of the unknown qqantity is con- 
cerned, another w)iere|.n the upknown q4jantity is 
fimply concerned^ and a third wherdn it is not con- 
perikd at all : as if x;^ — 2 x ==: 5 j fuppofing ^^ to be 
an unknown quantity. '• 

If icither the term wherein the fimple power of x 
'is concerned, as— a>. or that which i^ called the 
abfolute term; to wit, j, be wanting, the equation 
is dill a quadratic equation, though incompleat. 
Some indeed there are, who rank this latter ku of 
equations under the denpminatipn of^^ fimple equa- 
tions ; and fo (hall we, upon account of their ?aly 
refolution;;tiiougl^ properly fpeal^ing, a fimple 
fqi;|atjoq js^tHat wjierein fomc fim|)l^ power of the 
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jBiiknown quantity is concerned, all others being ex- 
riuded: asif 3^=6; 2;<4-3 = 4^ — 5, iSc. 

The ufe of thefe equations is for reprefenting more 
conveniently and more diftindlly the conditions of pro- 
blems, when tranflatcd out of common language 
ipto that of Algebra. As for example 5 let it be 
propofcd to find a number wkh* the following pr6- • 
perty, to wit, that f of it with 4 over may amount 
to the fame as-rx of it with 9 over: here, putting' 
y for the unknown quantity, the condition of this 
problem, when tranflated our of common language 
into that of Algebra, will be rcprcfented by the. 

following equation, to wit, 1- 4 = h 9 • for, 

3 12 

X 2, X 2 X 

I of X, that is, f of — is — ; therefore — 4-4 

, ' 3 3 ^ 

fignifies I of A? with 4 over: and fince this expreflion, 

according to the problem, amounts to the fame with 

, the other, to ^it, — + 9 > hence it is that we pro- 

12' 

nounce them equal to one another. 

Now fince, in the foregoing equation, as well as in 
almoft all. others arifing immediately from the con« 
ditions of problems themfelves, the unknown quan^i* 
tity is pm^arrafied and entangled with fuch as are 
known, the way to difengage it from fuch known 
quantities, fo that itfelf alone pofiefling one fide of 
fhe equation, may be found equal to fuch as are en« 
tirely known on the other, that is, in the prefentcafe, 
to determine the value of the unknown quantity 9c, is 
what is commonly called the rcfolution of an equa- 
tion : for the efFcftiog of which, feveral axioms and 
procefles are required; fome whereof, namely fuch 
' as moft frequently occur, I fliall here put down ; the 

reft I ihall t^k; notice of occafionally, as they offer 

fheaifelves. 

. or 
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Of the refolutiott afjimple equations.. 

Axiom u 

. Wbtmver afraffhn is to be multiplied by a wbde 
number, it will befufficient to midtiply onfy $be numera- 
tor by that number j retaining ibe denominator the fame 
asbrfore. Thus 4. multiplied into 2, gives ^, t>t 
the fame reafon that 4 (hillings multiplicu uicc 2 gjves 
8 fhiilings; thus in the firfl: example toUowiogi 

— multiplied into 3, gives . 

^ Axiom 2. 

But if the whole number into which the fraSion is 
tv be muliiphedj be equal to the denominator if the 
fraSiony then throw anvay the denominator, and ^ 
numerator alone will be theproduS. Thus the fFa&ion j 

r- multiplied into*, gives— or a: thus in the firft 

2 X 2tX X 

•xaroplc, — * multiplied into 3, gives lui and — • 
inultiplied into 12, gives 21 u. 

A X I O M 3^ 

If the two fides of an equation be multiplied or 
divided by the fame number, the two froduSs, orquo* 
tients, willftill be equal to each other. Thus in the 

firft example, where 1-4=:— 4-9; if both 

3 12 

fides of the equation be multiplied into 3, we ihaH 

21 X 

h^ve 2 If + 1 2 = — - + 27 ; and if again this laft 

equation be multiplied into 12, W( fball have 

24 .v -|- 144 z:=.2ix^^2^. 

Axiom 
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A X I O NT 4. 

If a quantity be taken frcm either fide of an equation^ 

9nd placed on the other with a contrary Jign^ which is 

commonly called tranffofition^ the twoftdes will be equal 

to each ether. Thus if 7-f-3=ri a, trt nfpofc +3 , and 

you will have 7=10-— 3 : thus if 7 — 3=4, tranfpofe 

— *r3, and you will have 7 =4-}- 3 : thus if (as in the 

6rft example) 24X-j-^44=^^^4"324» tranfpofe 2 1^, 

and you will have 24X — 2i^4"M4=3^4» that is, 

3x4-144^^3^4.' ^nd^sg&in in this laft equation you 

tranfpoie 144, ybii will have 3x=r3 24— 144=180. 

Tranfpofition, therefore, as it is here delivered,*^ i$ 

nothing but a general name for adding or fubtrading 

equal quantities from the twa fides of an equation ; 

In which cafe it is no wonder if the fums or djflferences 

ftiU continue equal to each other. As for inflance, in 

tfeh equation a — ^=r, tranfpofing — b we have arrzc 

-f-^ ; and what is this, after all, but adding b to both 

fides of the equation ? for if b be added to a — b^ the 

fum will be a \ and if b be added to r, the fum will 

be ^4"* ; therefore a=LC^b : again in the equation 

a-^bzziCj tranfpofing -}-^» we have a =:r — b^ which is 

nothing elfe but fubtrading b from both fides of the 

jpquation. 

The ift Procefs. 

If when an equation is to be refohed^ fraBions he 
found on one or bothjides^ it tnujl be freed from them by 
multiplying the whole equation into the denominators 
^thofefr anions fucceffweif. 

^ The 2d Prdcefs. 

After the equation is thus reduced to integral terms^ 
^^ the unknown quantity be found on both fides the equation^ 
\ let it be brought by tranfpofition to one and the fame fide^ 
viz. to thai fide which after reduHion will exhibit it 
Urmative, 

7 The 
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The. 3d Procefs. 
AfUr thisy if any loofe known quantities be found on the 
famtjide with the unknown^ let them alfo he brtmgbt iy 
tranfpojition to the other Jide of the equation. 

The 4th Procefs. 
If now the unknown quantity has any coefficient before 
iti dmde all by that coefficient y and the equation xviUbe 
refohed. 

The 5th Procefs* 
. If the whole equation can be divided by the tcnknown 
quaiititx^ letfuch a divifion be made^ and the equation 
will b e reduced to a morejimple. one. Thus in the 1 6ih 
e^ampleyou have 6 1 5X— •7x:xx=48/c;dividc the whole 
equation by ^, and youwjll have 615 — 7XAfs=48, 

In the 13th example you have = -^^j divide 

. n — 2 y — 3 

the whole by 9c^ which is done by dividing only the 

numerators of the two fraftions, and you will have 

- 42 35 



If — 2 
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The 6th Procefs. 
If at lafi the fquare of the unknown quantity^ and not 
the unknown quantity iifilf^ appears to be equal to fame 
known quantity on the other fide of the equation^ then 
the unknown quantity muji be made equal to the fquare 
r^t of that which is known. Thus in the i+th ex-. 
ample we have yx=36; therefore x=6, and not 18: 
in the 15th, we have Afy=64 ; therefore 4^=8, the 
fquare root of 64, and not 32, its half. 

Examples of the refolution offimple equations. 

24. This Iprcparation being made, I fliall nowgive 
feme examples of the refolution of fimplc equa[tionS; 
< . ^ an^ 
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and my firft example fliall be the equation given in 
the laft article, in order to trace out the number there 
defcribed. 

Example t. 

2X 7x . 

~ +5 = 72+9- 



In this equation it is plain^ that there are two frac^' 

trons, — , and — , which muft be taken off at two 

feveral operations, thus : as 3 is the denominator of 
the firft £ra<5tion, multiply the whole equation by 2, 

and you will have 2x-|- ^2= {-27 : again, as the 

12 

denominator of the remaining fradion is 12, multiply 

all by 12, arid you will have 24^^+144=2 1^-4"324; 

which is an equation free from fractions. 

2dfyj It muft in the next place be confidered, that 

in this laft equation 24x4-144=2 1*-|-324, theun* 

known quantity is concerned on both fides, to wit, 

24xonone fide, and 2ix on the other; tranfpofe 

therefore 21^, and you will have i^x — 21x4-144= 

324, that is, 3x4-144=324. If it be afkcd why i 

chofe to tranfpofe 21X rather than 24^; my anfwer 

is, that had 24X been tranfpofed, the unknown quan^ 

tity, or its coefficient at leaft, after redudtion, would 

havp been negative, contrary to the rule in the fecond 

proccfs ; for, refu ming^the equation 24x4- 1 44=2 1 x^ 

324, if 24X be iranfpofed, we (hall have 1 44=2 ix — 

24*-]-324, that is, 144=: — 3x4-324: but even ii^ 

this cafe, another tranfpofition will fet all right ; for 

if — 3x be tranfpofed in this laft equation, we (hall 

then have 3 x-j- 1 444-3 24 as before : all that can be 

faid then againft this laft way is, that it creates unne- 

cefTary tranlpofitions, which an artift would always 

endeavour to avoid. 

' 3^$^, Having now reduced the equation to a much 

grcateV degree of (impiictty than before, to wit, 3x4- 

144=3241 becaufe the unknown quantity 3.T has 

ftili 
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(till a loofe quantiryy viz. 144 jomed with it, trani 
that quantity 144 to the other fide of' the equadoa» 
and you will have 34r£=3 24 — 144, thatts, 3xr:=iSo« 

N. B. By a loofe quantity I mean fuch a one as is 
joined with the unknown by the fign *|- or — , and 
not by way of multtplicatioDi as is the coefficient 3 ib 
the laft equation. 

^thfy, By this time the quantity :i? is very near being 
difcovered) for if 3a:=x8o9 it is but dividing ^ 
by 3, and we (hall have x:=:6o : 60 therefore is the 
number defcribed in the laft article bv this property, 
to wit, that f of it with 4 over, will amount to the 
fame as -ri of it with 9 over : and that 60 has this 
property, will now be caGly made to appear (ynthe-' 
tically I for f of 60 is 40, and this with 4 over is 44; 
moreover -ri of 60 is 35, and this with nine ov€r is 
alfo 44* 

N. B. A demonftration that proves the connexion 
between any number and the property afcribed to it, 
is either analytical or fynthetical : if this connexion 
is ihewn by tracing the number from the property/ 
the demonftration of it is called an analytical demon- 
ftracion ; but if it is (hewn by tracing the property 
from the number, the demonftration is then faid to 
be fyntheticaL 

Example 2. \ 

— + 12 =s 1-6. 

3 5 

Here multiply by 3, and you will have 2x-{-36=: 

f* 18 i multiply again by 5, and you will havf 

io^-l-i8o:=:i2x-}-90; tranfpofe 10^, and you will 
have i8o=i2;r — iox*j-90, that is, i8o=2Ar4-90j ^ 
rather 2X-)-90=:i8o, for I generally choofe to have 
the unknown quantity on the firft fide of the equ^** 
tion: tranfpofe 90, and you will have 2xss 180-^90, 
that is, 2x=s9o> divide by Zf and you will have 
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, ThcPr<Htf, 
Th* Qriginal wuation was — 4-12 = ~4-(5: 

2 X ^ 2 X 

npw rf^tes:45» *^ bayc -* sS^ 30, and — ,+ 1 a ?= 42 : 

i> 3 

agftHi, \yoMvc +--=== 3^1 and^^* 6 =?==4?s there- 

fore 1- 12 3= 2_ _^^^ becauie the amount offothc 

is 42« 

Example ;« 

^4. 5 ^ ^4. 2: therefore j^+2o= ^^4.8, 
4 . 6 . 

therefore 1 8*4" ^ 20=r20*4"4^;*crefore r 20=20^? — 
i8j?4'48, that is, i2(>a=2*4"48 ; tberrfore 120 — 48 
xsa;r, that is, 2^=72 5 therefore xs=:^6. 

The Proof. 
The original equation was ^ 4- 5 ts: '^ 4-a: now 
if ^^=36, we (hall have ^ =27, and — 4- 5 = ^ : 
we fhall alfa have — = 30, and ^ 4.2s=:32; there- 
fore if af=3d, we fhall have — 4-f == ^ + 2. 
Example 4. 

y X QX *j2 X 

^ 5 = 8 ! therefore7;v — ^40=^ — — 64 ; 

o 10 lb 

therefore 7Oflf—40Os=:74Ar— 640 j therefore — ^400=1= 

72*— 70* —640, that is, —40053:2*— 640,. or rather 

2*— 640=— 400; therefore 2*555640^400, that is, 

2*2=246} and *s=i20* . . 

- Tl^e 
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The Proof. 

* The original equation, —•— 52=^— Sjbutjf 

=2 120; therefore -^ss 105 5 therefore — — 5=100 1 
8 

moreover — = 108 ; therefore 2— — Sssioci j there-* 
10 10 

8 ^ 10 

Example 5* 

^ — 8=s74 — — : therefore 5«-—i^=s6d^—-^} 
9 12 "^ -P^ / 12 

therefore 60 x— 864 =a 7992 — 63* ; therefore 60 x 

4-63X — 864aB7992» that is, i2gx — 864 = 7992^ 

tncrefotp j?3a;=79924-864, that is, i23x=:8856 j 

and x=72. 

The Proof. 

i\X 7X 

The original equation, — -— 8=74— .— j xzin 72 ; 

therefore— =40; therefore-^ 8 s=: 32 : agaiir^ 

9 9 ^ 

1— =342; therefore 74—-— = 74—4235:32 : thertr* 

12 ^ ' 12 ^ ^ 

9 ^ 12 

Example tf. 
»-— 41S24 — 2^ therefore X — 24=144— —there- 
fore 8x— 192=51 i52-'-6x; therefore S9c^6x'^igi:s 
1152, that is, 14X — I92=:ii52; therefore i^z± 
1x524- 1 92> chat is, 14XS11344V andxs96. 

Thi 
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th? Proof* 

The onginal equation,-^— 4=24-^-- 5 x^=:^6i 

8 

^m~ X S£ ^ 

^i£= 1 6 } -^— 4= 1 2 : again, -^ 1 iv thetdfore 24— ■ 

X X 

z=z 2 4-*-i 2 =: X a J therefore —— ^4=2=24— —. 

6 8 ^ 

Example f. 

^x * 5 X 

r^6 — .^—^3=48——- : therefore 224-^ 3^=s Jpi ' 

4 . S 

— .-—5 therefore 1792 --^24^'= 153^-^ 20Ari 

thcrefore 1 792 is 1 556-I-24A: — lOx^ that is, 1 792 
== 15^+ 4^ i therefore 1792 -— 1 536 = 4x, that 
is, 4;c:iS256i and x= 64* 

The Proofs ' . - 

^ot i\ X 

The original equationj j6 — -^ =^48— —-; x^ 

4 8 . 

2^ 2 X 

<4 i therefore — = 48 j therefore 56 — ^ ; =56 
4 • 4 

— 48 = 8 : again, — = 40 ; therefore 48 — ^ 
S34-S— 4©=8 ; therefore 5 6 —^—=48— -2-,. 

Example 8* 

36 — — 2= 8 : therefore 324 — 4 .r = 72 ; there- 
fore 324 = 724- 4^; therefore 324 — ^ 72 = 4X9 
that iSj 4it=:252 j and xz=i6o^ 

. H The 
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The Proof. 

The original equation, 36 — — =38 •,«=: S3; 

therefore i^ =28 ; therefore 36 — — — 36 — 28 

9 9 

= 8. 

^ Example 9. 

2« 176 — 4* . - 528 — 12* 

if J- IZ ±_; thertforc 2 » = ^2 5 

3 5 , V 4 

therefore io« = 528 — 12*; therefore |ox+ 12* 

=528; that is, 22#f=S28; and a;=24. 
The Proof. 

2 A* 1 76— 4Jf 

The original equation, -7 = — i *= 24} 

therefore ~ = 16 : again,- 4 « = 96 j therefore 

176 — 4* = 176— 96s= 80J therefore — ] 

80 ^ , r 2* 176— 4«. 

3c — =5 16 J therefore — = — ' '• 

5 3 .5 

Example 10. 

J.+!!iZ:l*=: .9 : therefore 3 x+ 7^"=^ ^ 
46 > 

SSI 16; therefore i8 «-f 720— 20* = 696, that 
' is, 720 — 2a;=696 ; therefore 720 = 2 « + 696; 
therefore 720 — 6^6 = 2a', that is,^2Ar=24 » and 

»fSCt2. 
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The Proof. 

^t . . i . . ^x . 186 — 5^ . 

The Original equation, ^^-J ---^=:29j 

4 6 

^ == 12; therefore — = 9 ; £x ±z 60 ; therefore 
4 

1 80 — 5 a: = 1 80 -^ 60 r=.i 20 ; therefore t^ 

o 

=5 — r- 2= 20 ; therefore — -4 — = 20i 

6 4 ' 

Example lia 
45 _ 57 . 



%x^S 4^ — 5 
Multiply by 2a: + 3» ^nd you will have 45 =5 

1140^-4-171 . , . 1 . . 1 

■ ^- ' — ^— } multiply by 4 a: — 5, and you will 

4^-^5 
have i8oAr— ^2253= ii4a:-4- 171 ; therefore 180 a? 
— 114a? — 225 = 17*, that is, 660:^—225 =i 171; 
therefore 66x ±=171 -^225, that is, 66:c =? 396 • 
and xz=:6^ ^ 

ThePi^ 

The biriginai (^quatlon,--^ — -; — =-^— ^^ — ^; ^=6 1 
. ^ .- i^ + 3 4^ — 5 

therefore 2a? = I2i therefore 2 ;«:-}- 3 = 15 ; there- 

45 45 N . . 

fore ■ "> -;i ' ■i.i^x- — 2 . 3ga«i, 4^- = 24 5 therefore 
2A?+3 15 ^ 

57 57 

4 iip — 5 = 19; therefore -t-t;;=:x5^.=: 3 1 the're- 

.*- 4^—5 , 19 

fore -41-=:-^^;. ..;- % • 

H 2 . E]t«mplll 
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Example ii. 

128 216 , - „ 648^:— 8fi 

: therefore 128 = 



therefore 640 x — y6S s= 648 x — 864 ; thercfa 
— 768= 648A?— 640 jc— 864, that is, — 768=:?; 
—864 ; thjerdforc -f 864—748 = 8r,.tii« is, (| 
it^S; anda:=i2. 

The Proof.^ 

128- 216 
The original cquadon, j^ =:5 5^^^' 

therefore 3 a:=36; therefore 3 x —.4 =32; thcrt 

<- ^28 128 . ^ .^ 

fore = = 4 '• again, 5 a: = 60 ; thc« 

3^;— 4 32 

^ 216 216 
fore 5:1: — 6 = 54 ; therefore 7 = ' ^^ 

128 216 

therefore =. r. 

3^—4 5.^—6 

Example 13, 

i:^ r= -^^ : divide both numerators by s^ ii 
X. — 2 X — 3 

42 2C ' ^ ^5^—7^ 

you will have —^ = -^-^ \ therefore 42= ^ 

^ X — 2 X — 3 a;— 3 

therefore 42 x — 126 = 35 vV — 7Q ; , therefore 42 *- 

35. r — 126 = — 70, that is, 7 a:— 126=— 70 

therefore 7^ = 126 — 70, that is, jx=i.56\ an 

^ = 8. 

The Proof. 

The ori^nal equation, = -, xz:^B\ there 

X — 2 ^"""3 

X 1 r 42«' -JJ 

foit ;i— 2=:6j 42i^=33<55 therefore-— =:-^ 
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,5=56: again, x — 3=5-, and ^^xz=zi%o\ therefore 

^ — :±: — =56,- therefore - — = ^^— . 

ATX 12 XX~J\ \ r '^XX^-rl2 

== : therefore, xx — 1 2s=: - — -^ : ' 

, 3 4 4^ 

therefore 4 ^a: *— 48 = ^xx — 12; therefore 4 xx — 
S ;r^ — 48 = — 12, that is, x:r — 48 == — 1 2 ; 
ihcrefore ;w: = -4-48 — 12, that is, xx z=i 2S% an4 

The Proof. 

rp, . . , . XX — 12 xj:— 4 ^ 

The original equation, =; j x:sz6i 

3 V 4 

therefore xx=i 36; therefore xx — 12=24; therc- 

^ xr — 12 24 ■ . 

tore = — = 8 : again, a; ;jf — 4 = 32 ; 

3 /. /3 -j^-; 

therefore =: ^'= 8 ;xtherefore ;aBt'^ 

EisSni^e' 15, 

— — ^.^8 = 12: therefore ^xx — 128 == 192 j 

therefore 5 xx = 192 + 128, that is, 5 ^ *t= 320; 
therefore jf>f = 64 ; and a; =8. 

The Proof. 

The original equation, —^ — 8=: 12; x=:8; 

therefore xx=:64.; therefore 5 xx =: 3:^0 ; therefore 

- — = ^ — = 20 ; therefore ^— r- ---8 = 20 — 8 
16 , 16. 10 

H 3- f . Example 
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Example i6. 

6i ^ X r- 7 X XX ^=z ^S X : divide the whole by, 

and you will have 615 — jxx = 48 ; therefore 6\ 

=: 7ar;tr-p 48; therefore, 61^ — 48 zza'jxx^ that 

'jxx=is6j } therefore, a:x=8i ; andaf=9. 

The Pfoof, 

The original equation, 6^5 x — : y xxxzzz 48. 
y = 9 J thert'fore xx z=: 81; therefore xxx = 729 
7a;;;x= 51D3; again, 615 a: = 5535; thercfp 
615^—7^:^:^=5535 — 5103 =432: laftly, 4I 
5=432 ; therefore 615^ — tx^x = 48 jr. 
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PreparaS^onsfor thefolutlon of Algebraic problems. 

Art. 25^fir N folving the followifig problems, I 

^« (hall make ufe of a fort of mixt Alge- 

I bra, uQng letters only, in reprefenting 

Jlw unknown quantities, and numbers for 

fuch as are known. This method, as I take it, will 

be the bed to begin^with : but afterwards, when my 

young fcholar has been fufficicntly exercifed in this 

way, I (hall then introduce him into pure Algebra^ 

which he will find much more extenfive than the for- 

mcF, not only as it enables him analytically to gnd 

out general Solutions, taking in all the pgrcicular 

cafes that can be propofed in the problem to which 

the folution belongs, but alfo as it enables him after* 

wards to demonftrate th^ fame folutions or theorems 

fynthetically. 

And becaufe I am not yet to fuppofe him (killed in 
any of the mathematical fciences, I (hail draw my 
problems, generally fpealcing, from numbers, either 
coniidered abftraftedly, or elfe as they reUtc (o com« 
mon life. 

H 4 If 
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If a problem be juftly propofed, it ought to have 
as many independent conditions comprehended in it| 
exprefsly or implicitly, as there are unknown qu«i;» 
titles to be difcovcred by them; and it muft be the- 
chief bufinefs of an Algcbraift, to fearch out» fift and 
diftinguilh thefe conditions! one from another, before 
ever he enters upon the folution of his problem. 

I laid, that fo many conditions ought to be com- 
prehended in the problem exprefsly or implicitly, 
becaiifi it may happen, ^hat a condition may not be 
expreficd in a problem, and yet be implied in the na- 
ture of the thing: thus in the 44th pr:>blen;)^ where 
feveral rods are to be fet upright in a ftreight line, 
at certain intervals one from another, it is implied, 
though not expreffed, that the number of intervals 
muft be lefs than the number of rods bx unity. 

Sometirties a condition may be introduced into a 
problem, that includes two or more conditions ; as 
when vJ^e fay, four nuriibers are in continual propor- 
tion, we mean, not only that the firft number is to 
the fecond as the fecond is to the third, but alfo, 
that the fecond number is to the third as tht third is 
to the fourth. 

Whenever a probfem is propofed to be folved alge- 
braically, the Afgebraift muft fubftitutcfome letter of 
the alphabet for the unknown quantity: and if there 
be more unknown quantities than one, the reft muff 
receive their names from fo many conditions of the 
problem : and if the problern be juftly ftated and ex- 
amined, there will ftill remain a condition at laft, 
which, tranflated into algebraic language, will afford 
him an equation, ^hc refolution whereof will give the 
unknown quantity for which the fubftitution was 
rrjade; and when this unknown quantity is once dif- 
covered, the reft will be cafily difcovered by their 
names. Suppofe there are four unknown quantities 
in a problem -, then there .ought to be four conditions; 
now the firft unknown quantity receives its name ar- 
bitrarily without any condition j therefore the other 

three 
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^hree muft take up three of the conditions of the 
problem for their names; and the fourth condition 
rill ftill be left to furnifti out an equation. 
The learner muft here be very careful' to make no 
)Gtions but what are fufficiently jullifiable, either 
Irotti the exprefs conditions of the problem, or from 
'the nature of the thing; all the liberty he is allowed 
' iia cafes of this nature is, that he is not obliged to 
draw out the conditions in tte fame order as they arc 
given him in the problem, but may makeufeof thenfi 
in fuch an order as he thinks will be moft convenient 
for his purpofe; provided that he docs not make ufe 
of the fame condition twice, except in company with 
others that have not been cenfidcred. 

My method in the forty-four following problems 
will be, to put down the anfwer immediately after 
the problem, and then the fplution : for, in my opi- 
nion, this way of putting down the anfwer firft, will 
not only ferve to illuftrate the following folution, but 
may alfo ferve to fix the problem more firmly in the 
minds of young beginners, who are but too apt to 
negled it, and to fubftitute chimerical notions of their , 
own, that are not to be juftified, citherfrom the con-* 
dicions of the problem, or common fenfe. 

After the learner has run over fome of theie prob- 
Jenns, and has got a tolerable infight into the method 
of their refolution, it will be very proper for him to 
begin again, and to attempt the folution of eyery 
problem bimfelf, and not to have recourfe to the folu- 
tions here given, but in cafes of abfolute ncceffity : 
but after the work is over, he may then compare his 
own folution. with that which is here given, and may 
alter or reform it as he thinks fit. 

iTke folution of J ome problems producing Jtmple 
equations. 



Pr 0,B L E M I* ^^ 

is 14^ ' 



a 6. What two numbers are thofe^ whofe difference is i±^ 
and ubofefum^ when added togetkcr^ is ^%^ v. 
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Anf The numbers are 31 and 17: for 3i^r-i7;:? 
\\\ and 31-1-17=48. 

Solution. 

In this problem there are two unknown quantities, 
to vifir, the two numbers fought; and there are two 
conditions; 6rft, that the Icfs number when fubtrafted 
from the greater muft leave 14; and fecondly, thac 
the two numbers when added together muft make 48: 
therefore I put x for the lefs number ; and to find a 
name for the greater, I have recourfe to the firft con- 
dition of the problem, which informs me, that the 
difference betwixt the two numbers fought is 14; 
therefore, if I call the lefs number .r, I ought to caJJ 
the greater ^-|-i4: thus then I have got names for 
both my unknown quantities, and have ftill a condi- 
tion in refcrve for an equation, which is the fecond : 
now according to this fecond condition, the two num- 
bers fought, when added together, muft make 48; 
therefore iv and ^-j-H whenadded together muft make 
48; but X and ^+14 when added together make ^x 
-|-i4; whence I have this equation, 2^:^14^3:48; 
therefore 2a:=48 — 14=34 ; therefore ^, or the lefs 
number=i 7, andy-l-14, or the greater numbcrr^j i, 
as above. 

In our folution of this problem, the notation was 
drawn from the firft condition, and the equation from 
the fecond; but the notation might have been drawn 
from the fecond condition, and the equatipn from the 
firft, thus: put x for the lefs number fought; then 
becaufe the fum of both the numbers is 48, if you 
fubtraft the lefs number x from 48, the remainder 
^8 — X will be the greater number, fo that the two 
numbers foilght if^ii be ;r,;^^and 4S— :r : -fubtraft the 
former number from the lallgr, and the remainder or 
difference will be 48— 2::^; bii^t, according to the firft 
condition of the problem, this difference ought to be 
1*4; therefore 48^—2.1=14: refolve this equation, 
and you will have ^==17, and 48—^=3 1, as above* 

Problem 
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P R O B L E M 2; 

ay. 9l&r^^ ferfons^ A, B ^J»iC, make a joint contri" 
button, which in tie whole amounts to 76 pounds : of 
this^ K contributes a certain fum unknown ; Rcon* 
tributes as much as A, and 10 pounds more -, and C 
as much as both A and B together : I demand their 
fever al contributions. 
Anf A contributes 14 pounds, B 24, and C 38 : 

for 14+10=24, and i4-{-24i=38,and 14+24-I-38 

Solution. 

In this problem there are three unknown quantities, 
and there arc three conditions for finding them out; 
firft, that the whole contribution amounts to 76 
pouhds; fecondly, that B contributes as much as A^ 
and 10 pounds more; and laftly, that C contributes 
a5 much as both J and B together. 

Tbcfe things being fuppoled, I firft put x for ^V 
contribution; then fince, according to the fecond con- 
dition, B contributes as much as A^ and 10 pounds 
more, I put.3p-|"io for E's contribution; laftly, fincc 
C contributes as niuch as both A and B together^ \ 
sidd X anc} ^-f-io together, and fo put down the fum 
2X+IQ for (7^ contribution ; thus have I got names 
fgr all py unknown quantities, and there remains ftiii 
one condition unconfidered for my equation, which 
is, that all the contributions added together make 76 
pounds; therefore I add y, and ^4"io, and 2a:-1-io 
together, and fuppofe the fum 4a:4-20=76 ; there- 
fore 4^=76 — 20=56; therefore .AT, or JPs contri- 
bution, equals 14; ;i?4-io, or B^s contribution, equals 
241 and 2^4"^ P> or fc'j qpqtribiition, equals 38, as 
aboyi?* 

Problem 3, 
a 8* Suppofe all things as before^ except that nowy the Y 
. whole contribution amounts to 2T 6 pounds; that of 

this. 
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tbiSf A contributes a certain fum unkntywn ; that B 
contributes twice as much as A, and 12 pounds fnore\ 
and C three times as much as B, and 1 2 pounds more! 
I demand their fever al contributhns^ 
Jnf ^contributes 24 pounds, £ 60, and C 192 : 

for24X2+*2=6o; and 60x3+12=192 iattd24-|- 

60+192=276. 

S O L U T I ON. 

Pat X for iJV contribution ; then, becauie B con* 
tributes twice as much as ^, and 12 pounds more^ 
B's contribution will be 2Ar+i2 ; therefore, if C had 
contributed juft three tunes as nsuch as jS, his contri- 
bution would have amounted to 6a:+36 j but, accord- 
ing to the problem, Ccontributes this, and 12 pounds 
more ; therefore C*J contribution is 6^+48; add thcfc 
contributions together, to wit, or, 20:+ 12, and 6jr+ 
487 and you will have 9a:+6o=276 : therefore 9*= 
276 — 60=216; and ^, or ^jxontribution, equals 
24; whence 2x-4-i2, or 5V contribution, equals 60; 
and 6X+48, or CV contribution, equals ^92, as above. 

Advertisement. 

I know not whether it may not be thought imper- 
tinent here to put the learner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2:t+i 2, and 6;t-f-48 were found, by fubftituting 
24infteadof^. 

Problem 4. 
29. One begins the "world with a certain fum of nunuj^ 
which he improved fo well by way oftrajfick^"" thatj at 
the yearns end^ be found he bad doubled his firfi ^ock^ 
except an hundred pounds laid out in common expences ;. 
and Jo be went on every year doubling the lajt yearns 
flock J except a hundred a year expended as before j and 
at the end of three years^ found bimfelfjuji three times 
as rich as atfirjt : What was his firji Jlock ? 
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Anf. 1 40 pounds: for the double of this is 280, 
and 280 — 100=180 pounds at the end of the firft 
year^; the double of this laftis 360, and 360 — 100= 
260 pounds at the end of the fccond year; again, the , 
double of this is 510, and 520 — 100=420 pounds ac 
the end of the third year; and 420 pounds is jufl: 
cfaree times as much as 140 pounds, his Brft (lock. 

Solution. 

Put a: for his firft ftock, that is, let x be the num- 
ber of pounds he began with ; then the dbuble of this 
is 2Xj and therefore he will have ix — 100 at the end 
of the firft year; the double of this is ^x — 200; 
therefore he will have 4^^—200—100, that is, 4^:-^ 
300 at the end of the fecond year \ the double of this 
is ^x — 600; therefore he will have 8a: — 600 — joo, 
that is, ^x — 700 at the' end of the third year; but 
according to the problem, he ought to have three 
•times his firft ftock, that is, 3*', at the ead of the 
third year; therefore 8^-^700=3^:; therefore %x — 
gar — 70o=:o, that is, 5a: — 700=10; therefore 5x= 
700; and ;^, or his firft ftock, equals 140, as atove. 
To this problem 1 ftiall add another of a like kind 
for the learner to folve himfelf. 
.One goes with a certain quantity of money about him ta 
a tavern, where he borrows as. much as he bad then Ni^ 
about him, afid out of the whole:, fpends a Jbillif^f\ 1 
• with the remainder be goes to a fecond tavern^ where 
be borrows as much as be had then lefty and there 
alfo fpends a fhilling\ and fo he goes on to a thirds 
and a fourth tavsm^ borrowing andfpending as be- 
fore ; after which be had nothing left : I demand how 
fnuch money he baif at firft about him.. 
Anf 4i of one ftiilling, that is, 1 1 pence farthing. 

Pr o b l e m 5. 

30. One has fix fonsy each whereof is four years older than 
his next younger brother-^ and the eldeji is three times 
as old as theyoungeft : What are their feveral ages? 
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Anf. 10, f'4, 18, 2i, 26, go: for 30, the age 
of the cldcft, will then be juft three times 10, that it^ 
three times the age of the youngcft. 

So L U t I Q/N. 

For their fevcral ages put ar, j:+4» *+8, a:*|-i2^ 
a:-)- 1 6, ;i:-|-20 ; then according to the problem j:+?® 
the age of the elded, ought to be equal to 3^, that is^ 
' three times the age of the youngeft ) fince then 3.t:=3 
fl:-}*2o, we (hall have 3^ — ^a:=20, that is> 2j:=s;20j 
and x=io, as above. 

Problem 6. ^ 

31. There is a certain Jijb wbofe bead is 9 inches ; the , 
//?// /V ej^ long as the head and half the back ; and tbe"^ 
hack is as long as both the bead and the tail together 
I demsndthe length of the back^ and of the tmL Jf 
Anf. The length of the back is 36 inches, ^n^ 

that of the tail 27 ; for 27=9-}- V % and 36=9-^2 

S Solution. 

For the length of the back put a:; then will x be 
cqxial to the length of both head and tail together, 
by the fuppofition ; therefore if from Xy the length 
of the head and tail together, you /ubtraft 9, the 
length of the head, there will remain x — 9 for the 
length of the tail ; but>according to the problem, the .- 

^ail is as long as the head and half Vhe back ; thcre- 



X 



fore jc — 9== — j-9; therefore 2:1: — i8=^-}-i8j there* 

f0re2.r— j: — 18 = 18, that is, a: — i8=:i8; and ;p, the 
length of the back, equals i8-^i8r=:36; therefore 
i— -9, the length of the tail, equals 27, as above. 

Problem/. 
^. One has a Uafe for 99 years \ and being ajkedhm 
much of it was already expired^ anfwered^ that two 
thirds of the time paji was equal to four fifths of tbi 
time $0 come \ I demand the times pajlj and to come. 
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uhtf. The rime paft was 54 yeJrs; and the whole 
ccrtn of years was 99 •, therefore the time to the 
expiration of the Icafe was 45 years; now f of 54 is . 
36^ and 4 6f 45 is 36. 

S O L U T I ON. V 

Put X for the time paft ; then, fince thewhole term 
tof years was 99, if x the time paft be fubtradled from 
S99 the whole time, there will remain 99 — x for the 

2.x ' 

licime to come; but f of the time paft is — ; and 4: 

: 3 

99 — X 296 — 4x 
of the tiflne to come is 4 of = ; there- 

" ' ^ 5 

; ^: 2x 596 — AX , ^ ii88r— T2af 

tore — = "^ 1 therefore 2 x ^=x — ; 

3 5' 5 * 

therefore io^=:ii88 — i2:c; therefore io:r+i2af=: 
1188, that is, 2 2:r=ii88; and at the time paft ==: 54 
years; therefore 99 — x the time to come equals 45 
years. 

To this problem I (hall add two others of the fame * 
4iature, without any folution. 

Firft, To divide the numberZ^ into'twofuchpartSy that 
three times one part may be equal hfour times the other. 
Anf. The parts are 48 and 36 : for in the firft place, 

484-36=84; and in the ne;ct place, three times 48=', 

144;:= four times 36. 

s ■ 

Second, 31? divide the number 60 into two fucbparts^ 
, that a feventh part of one may be equal to an eighth 
part of the other. 

Anf The parts are 28 and 32 ; for in the firft place,. 
28-|-32=6o; and in tl\c next place, ^ of 28 equals 
4=4of32. 

^. '-P R O B L E M 8. 

J 3. // U reqtand to di'Oide the number 50 into twofucb 
parts ^ that \ of one part being added to {. of the 
r^^ber^ may make j^o. 

^ Anf. 






"] 
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dnf The parts arc 20 and 30 : for in the firft place, 
204-30=50; and in the next place, -I- of 20, whidi' 
is 15, added to \ of 30, which is 25, makes 40. 

Solution. 
Put X for one part, and confequentjy ^o—jc for ffce 

other part ; then we fhall have | of ^ = — > and 4of 

50 — 3Cr=: -^r — % but, according to the problem, 
6 

thcfetwo added together ought to make 40 •, whence 

we have this equation, ^^— •*{ — ' = 40 : mul- 

4 " . 

tiply by 4, and you will have ^x-\ — =1605. 

multiply again by 6, and you will have i8^-|-iooo 
•r— 20^=960, that is, 1000 — 2x 5=9 60 •, therefore 
looo=2i;4"96o; and 1000 — 96o=:2.r, that is, 2Xi= 
40; and jr,. which is one of the parts fought, willbc 
20; whence 50 — y or the other part will be 30, iais 
above^ 

Other two problems of the fame nature. 

' Fkft : // is required to divide the number 20 into tw$ 
'. fucb parls^ that three times one part being added i9 
five times the other rmy make 84. * 

Anf^ The parts are 8 apd 12 : for 8-|-i23=raoj and 
Sx3+i2XS> that is, '24-1-60=84. 

Second: // is required to divide the number 100 hU9^ 
two fucb parts J that if a third part of one be fub- 
fraSedfrom a fourth part of the other ^ the remainder 
may be 11. 

'Anf. The parts are 24 and 76 : for firft, 24 added* 
to 76 makes loo; andfeoondly; ^ part of 24, which 
i« 8, fubtrafted from \' of ^6J which is 19, leaves 11. 

^ pROBt^H 



j 
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Problem 9. 

34. Twoperfons A and ^engage at play; A has 7a 
guineas and B 52 before they begin •, and after a cef^ 
tain number of games won and lojl between tbem^ A 
rifes with three times as many guineas as hi 1 de^ 
mand bow many guineas A won of B. 
Anf. 21 : for 72 + 21 =931 and 52 — 2i=:3i ; 

and 93=31x3- 

J Solution. 

Put .r for the number of guineas ^ won of 5, and 
confequemly that 5 loft; then m\i,A's laft fum be 
72-f-;e, and B*s laft fum 52 — .r ; now, according to 
the problem, A's laft fum is three times as much as 

B'^s laft fum; that is, three times 52 — x^ or 156—^' 
3^; therefore yi-^-xzzzi^S — 30:; therefore 724-^-1-3^'^ 
:;=:i56, that is, 72-|-4^'=i56 ; therefore 4^=156— 
72=84 ;. therefore at, the money a-f wonof J?, cquaU 
2 1 gjilneas, a$ above. 

P R O B L E M 10. 

35i Qne meeting a company of beggars, gives to each 
-: four pence, and has Jixteen pence over > but if he 
would have given them fix pence apiece, he* would 
have wanted twehejpence for that purpofe : I demand 
the number of perfons. 
Anf. 14: for i4X4-{-i 6=72= 14x6 — 12. 

Solution. 
Put X for the number of perfons; then If lie gives 
them four pence apiece, the number of pence given 
will be four times as many as the number of perfons, 
that is, 4^ ; therefore 4 a;-}- 16 will exprefs all the 
money he had about him ; and fo alfo will 6x — li 
by a like way of reafoning; therefore 4>;-|- ^^ =^^* 
-*-i2; therefore 1 6=6jf—4X-^ 12== 2 Af — 12; therer 
fore 2^=2 1 6-|- 1 2=28 J and at, the number of perfons 
ei^ual 14, as abovif. 

* • . J PaOBLERf 
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Problem ii. 

^6. TFbat two numbers aretbofe^ wbofe Sfference is 4, 
an J the difference of thofe fquares is 112? 
Anf. 12 and 16: for 16 — 12^=4, and 16x16- 

12x129 that is, 256 — 144=112. 

Solution. 

The Icfs number, x. Ar-|«4 

The greater, - ^■4-4» ■ a:4"4 



4-4^ 
The fquarc of the greater, ;ra:-|-8a:-|-i6 

The Iquarc of the lefs, xx 

The difference of their fquares, * 8x4-16-, 
whence ix-i^iS— 112; therefore 8jf= 1 1 2 — 1 6=^i\ 
therefore * the lefs number equals 12, and x-f-4 the 
greater equals 16, as above. 

Problem. 12, 

37. JVhat two numbers are tbofe^ whereof the greatff 
is three times the kfsj and thefum of wbofe fqmtts ff 
five times thefum of the numbers ? 
Anf The numbers are 6 and 2, whofe fum is 8 

now 6 s= 3 times 2 ; and 6x6-|'2X2=405=s tiroes fc 

Solution.' 

The lefs number , x. 

The greater, 30?. 

' Their fum, ' 4:^. 

The fquare of the lefs, xx. 

The fquare of the greater, 9*?^. 

The fum of their fquares, \oxx. 

But, according to the problem, the fum of tbetf 

fquares is»5 times the fum of their numbers, thati^ 

5 times 4^ or 20^3, therefore iO'V,v=:20|f ; and \^ 
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r=20; and x the lefs number r=: 25 whence 3^ the 
greater equals 6, as above. 

P R O B L E M I3« 

38. ^^j/ tw^ numbers are tbofe^ iohereofthi Itfs is to 
' tie greater as 2/^3, and the ^roduSl of ijohofe mul* 

tiplication is 6 times the fum of the numbers? 

Anf The numbers are 10 and 15, whofe fum 13 
^5 : for IP is to 15 as 2 to 3. This will be plain by 
patting the queftion thus ; if 2 gives 3, what will 10 
give? for the anfwer will be 15: thefe numbers will 
alfo anfwer the fecond condition of the problem \ fot 
loxi 5=3150=2:25x6. 

Solution. 

Put X for the lefs number ; then to find the greater 
Jiumberfay, if 2 gives 3, what will x give? and the 
2 X 

anfwer is — j therefore, if x (lands for the lefs num- 
2 

bcr, the greater number will be -^j their fum will 

Jbc h^-» or — -^jor^—'y and the produ<a. 

I ' 2 2 2 

Q^ X X' 

of their multiplication xx —> or ^-— ; but, accord* 

ing to the problem,- the produft of their multiplica- 
tion ought to be fix times the fum of their numbers,* 

< X ^'0 X 3 ^ ^ 

that is, fix times — , or - — ; therefore - — =1 
22 2 

*--*• and 3^*=rr30>f5 and 3^=5305 and x the Jefi 

;" V OX 

number equals 10 ; therefore ^— the greaternumbcr 

!«5uals 15, ^s above. 

I 1 2 Problem. 
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Problem 14. 

39. 'two perfohs A and B were talking of their monej 

fays A to B, Give me five /hiUings of your money ^ 

Ijball have juft as much as you will ba'ue left : Js 

B /^ A, Rather give me five fbillings of your mm 

and 1 fhall then have jufi three times us much as ji 

i^illbave left : How much money had each ? 

Anf. /f had 15 (hillings, and B 25: for then, 

A borrows 5 (hillings of By they will have •20 (hi 

lings each i on the other hjnd, \i A lends5 5ihi 

lings, then will A have 10 (hillings lefc» aind fivi 

have 30, which is three times as much* 

S O L U T I.O N. 

Put X for ^s money •, then if A borrows 6vc fti 
lings of J?, A will have ;c+5, and B by the fuppoli 
tion, will hare the fame left, to wit, y+5 ; buti 
JB, after having lent A five (hillings, has x^s 1^^' ^ 
muft have had ^^-{-10 before •, therefore if ^ rcprefcw 
A^s money, x^ 10 will reprefent Es : let us now fup 
po(c B to borrow 5 (hillings of -^; then will B bavi 
^-}-i5, aad -4 will have AT — 5; but, according to tia 
problem, B in this cafe ought to have thr ee tiro es a 
much as A has left, that is, three times x — 5, Pi 
^x — 15; therefore 3 jt" — I5=:x-f-i5; therefore 3^-^ 
— 15=15, that is, 2A?— 15=15; therefore 2x:=^iS'\ 
15=^30; therefore AT, or ^'j money, equals 15 fl^^* 
lings, and ;r-|-io, or jBV,=25, as above. 

Problem 15. 

40. What two numbers are thofe^ the produH of whsj^ 
multiplication is 108, and whofe fum is equal to tiii^^^ 
their difference ? 

Anf. 18 and 6 : for the produiS: of their multiplica- 
tion is 108 ', and their fum 24, is equal to twice tbeir 
difference 12. 

S o L u TIOJI' 
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Solution. 

For'tbc greater number I putxy then, had their 
fum been 108, I (hould for t,he other number have 
but 108 — X'^ but it is not the fum of their ad4ition» 
but the produd of their multiplicacion, that is equal 
to 108 ; therefore, if one number be called Xy the 

other will be , which Ithusdcmonftrate: let y be 

X , • 

the other number; then will xxy or rrymoS by the 
fuppofitioii; divide both fides of the equation by x^ 

and you will have ^ = •, as was to be demon- 

ftrated. This being admitted, the difference between 

the greater number ^, and the lefs , is x ; 

^ X 

108 
and their fum is x-^ : but, by the condition of 

the problem, this fum ought to he equal to twice the 

^-m 1- • .108 216 

difference, that is, to twice a: — ^ — or 2 x — • — ; 
' X x 

216 108 , ^ * . 

therefore ax =.v -^ ; thcrefofe 2xx — 210 

X X 

zpxx-^-ioS ; therefore ixx — xx — 216=108, that is, 

XX — 2 16.=: 108; therefore XV = 108 -[-2 16 = 324; 

108 
therefore x the greater number equals 18, and — ;- 

X 

the lefs equals 6, as above. 

Problem 16. 

41. // is required to divide the number 48 into two fucb 
farts J that one part may be three times as much above 
20, as the other wants of 20. * 

^^/"•The two parts are 32 and 16: for 32-]- 16=48; 

moreover 32 is 12 above 20, and 16 wants 4 of 20, 

and 12 is three times 4. 

. ' I 3 Solution. 
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Solution. 

Put PC for the Icfs number fought; then will 48-rji 
be the greater, and the excefs of this greater abow 
50 will be 28— X, as is evident by fubtra&ing M-. 
from 48 — x: again, the excefs of 20 above the Icfi 
number (which is, what the lefs number wants of ?o) 
is 20~-.r ; and according to the problem, the former 
excefs is three times the latter, that is, three times 
20— ;f ; or do — 3X ; whence we have this equation* 
28 — A?=:6o — 3x5 therefore 28 — x-^^xrs^So^ that is, 
2,8-^2Af;=:6o; therefore ca^=6o — 28=32; therefore 
PC the lets part=i6, and /j8 — xthc greater =: 32, as 
above. 

Another folutlon of the foregcingproilem. 

Put ^ for what the Jpfs number wants oi 20 ; then 
will the lefs number be 20 — pc^ the greater 20+ 3^» 
and their fum40-l-2x; but, by the problem, their 
fum is 48 ; therefore 4o4-2A'r::48; therefore zxzzi^i 
•^40^=8 ; therefore x:=z\ ; whence 20 — x the lefs 
number;^ 1,6, and 20-rj-3x the greater:;;r:32. 

P R o B L E M I';. 

42, One has three dehors^ A, B, and C, ^hofe parti- 
^ cular debts he has forgot ; but thus much he could re^ 
member from his acccunt, that A's and B*s debts to- 
together amounted to 60 pounds ; A*s and C*s to Zo 
founds ; and B*s and C's to ^2 founds : I demand ib$ 
particulars. 
Anf £s debt was 24 pounds, 5V 36, arid Cs $61 

lor 24-r}-36:;:;:6o, 24^56;=:8o, and 36r-{-.^6=s92. 

Solution. 

Put a: for J*s debt ; then, becauie A's and B's to- 
gether made 60 pounds, B's debt will be bQ—x; 
R^*in, becaufe JiVand Cs together made 80 pounds, 
CV debt muft be 8©-^Ar; now fince, according to the 
I , problcmi 
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problem, B*s and Cs debts when, added together 
make 92 pounds, I add 60 — a:, and 80 — x together, 
and fuppofe thefuni 140 — 2xz=:()2\ whence 2.r-f-92 
= 140; and 2;fi=i40 — 922=48; and Af, that is, jFs 
debt,=:24 pounds : whence 60 — x, orfi'jdebt,=36 
pounds ; and 80 — x, or CV, is 56 pounds, as above. ' 

Problem i8. 
43. One being ajked how many teeth he bad remaining 
in bis bead^ anfwered^ Three times as many as be bad 
loft ; and being ajked how many be bad loft, anfwered^ 
As many as^ being multiplied into -J- part of the number 
left J would give all he ever had at Jirft :. I demand 
how many be bad lofty and how many he had left ? 
Anf. He had loft 8, and had 24 left : for then 24 
the number left, will be equal to 3 times 8, the 
number loft; and moreover 8 the number loft, mul- 
tiplied into 4, that is, into 4 part of 24 the number 
left, will give 32=24-|-8, all he ever had at firft* 

Solution. 

Teeth loft, X. 

left, 3 X. 

In all, 4iic. 

^. part of the number left ^, or — ; this, multi- 



T- 



6 



X XX 

plied into the number loft, makes — x x or — ; but, 
according to the problem, this product is equal to all 

XX 

he ever had at firftj whence — =4:^; and ^v=;:8jf; 

and ^, the number loft,.s:?8 5 whence 3**, the number 
left -=24, as above. 

Pn O B ;, £ M 19. 

44; One rents 25 aaes of land at 7 poundi 12 fhillings 

per annum ; which land conftfts of two forts ^ the bet^ 

1 4 ter 
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. fer fott he rents at ZJhillitigs per acre^ and the "voorfi 
fit s : I demand the number of acres of each fort. 

Jnf He had 9 acres of the bctrcr fort, and 1 6 of 
the worfc: for 9 timc5~84hillingS5=72 (hillings; and 
16 times 5[lhlliings=8o fhillings ; and 72-f-'oo=i52 
ihillings = 7 pounds 1 2 (hillings. 

Solution. 

Put X for the number of acres of the better fort; 
(hen wHl 25— ar be the number of acres of the worfe, 
fort, becaufe both together make 25 acres: moreover, 
fihce he paid 8 (hillings an acre for the better fort, he 
iDAjft pay 8 times as many (hillings as he had acres, 
that is, 8x; and fince he paid 5 (hillings an acre for 
s the worfe fort, he muft pay 5 times asnrtany (hillings 
as he had acres of this fort, that is, 25—^ X 5> or 
125 — ^x: put both thcfe rents together, and they 
will amount to 8^:4-1^5 — 5^j ^^.Z^'^'^'^S (hillipgs; 
but they amount to 152 Ihillings by the fuppofition; 

therefore 3^-4" ^25^==^ '5^ 5 ^'^^'"^^^'■^3'^=^ 52 — 125= 
27; therefore;^, the number of acres of the better 
fort, = 9, and ?5— ^, the number of the worfe fort, 
s= 1 6, as above. 

Problem 20t 

^5 One hires a labourer into his garden for 36 days upBn 

the following conditions \ to wity that for every day he 

labour edy he was to receive two fhillings and Jixpence\ 

and for every day he wasabfent^ he was to forfeit one 

fhilling and fxpence: now at the end of the 3^ days^ 

efterdue deduSiions made for his forfeitures ^ he received 

clear 2 pounds 18 fhillings: I demand how many dajis 

be laboured^ and hozp many he was abfent^ 

Anf He laboured 28 "days, and loitered 8: for 

28 half-crowns siBount to 3 pounds 10 fhillings due 

to him for wages ; and 8 ei^ghteenpences amount to 

12 (hillings due from him in forfeitures ; and tjiis I?it- 

ter fqm fubtrafted from the former, leaves 2 pounds 

1 8-ihiJlings to be received clear, ^ ^ 

SOLUTIONi 



Art. 45, 47. producing SimpU Equations. 137 

Solution. 

Put X forthc number of days he laboured; tbea 
will 36— r-;? reprefent the number of days he was ab- 
fent: again, fence he was to receive 30 pence for 
every day he laboured, the pence due to him in wages 
will be 3oxj^j or 30;^; and finjce he was to forfeit i8 
pcQce for every day hc^was abfent, the pe nce due 
from him in forfeitures will be i8x 36 — x, or 648 
— iZx: fubtraft now 648 — i8.v, the pence due from 
him in forfeitures, ftom 30^,^ the pence due to him 
for wage$5 or, which is all one, add lix — 648 to 
%ox^ and there arifes 48A; — 648, the pence to be re- 
ceived clear: but he received clears pounds 18 (hil- 
lings, or 696 pence, by the fuppoficion ; cbereforc 
48;^ — 648=696; therefore 48;^=648-}-696=:i344; 
therefore x, the number of days hp laboured, =28; 
and 36 — X, the number of days he loitered, =8, as 
above. 

F R O B L £ M 22. 

47. Ojie lets out a certain fum of monty at 6 per cent. 
^mple intereji ; which inter eft in 10 years time wanted 
but 11 pounds of the principal: What was the prin- 
cipal? 

Anf. The principal was 30 pounds, and the intereft 
18 pounds ==:3o— ri2 : for as 100 pounds principal 
is to its annual intereft 6 pounds, fo is 30, pounds 
principal to its annual intereft {.8 pounds; and 
therefore its 10 years intereft will be 18 pounds. 

Solution, 

Put X for the number of pounds in the principal; 
then, to find its intereft for one year, fay, if 100 
pound principal give 6 pounds intereft, what will it 

principal give ? and the anfwer will be — - j this will 

be the intereft of x for one year, and therefore its 

intercfl: 
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intercft for ten years will be , or — , or ^^ : out, 

' 100 jfp 5 

accordingto the problem, thJs intcreft is to be^ — 1%\ 
for it is to want juft 12 pounds of the principal, by 

the fuppofition; therefore or— 12 =: — ; therefore 

^x — 6or=3A:; therefore ^af — ^x — 60=0, that is, ix 
— 60=0; therefore 2fl:=6o, 3nd x the pnncipal::=3o 

7X , 

and ^— the 10 years intereft = 18 pounds, as above. 

Problem 23. 
48. One lets out 98 founds in two different parcels \ one 

at 5, the other at 6 per cent, ^mple intereji \ and the 

intereft of the whole in 15 yecirs amounted to Zi 

founds : What'Vbere the two parcels? , 

Anf The parcel at ^per cent, was 48 pounds, and 
the other at 6 pir cent, was 50 pounds : for in the 
firft place, 484-50=98 J and moreover, the annual 
intereft of 48 pounds at ^percent, amounts to 2pounds 
8 (hillings; and the annual intereft of 50 pounds at 
6 per cent, js 3 pounds; therefore the whok intereft 
amounts to 5 pounds 8 fhillings in one year; and 
confeqjcntly to 81 pounds in 15 years. 

Solution. 

Put X for the niimber of pounds in the parcel at 5 
percent, atid confequently 98 — a; for the number 
of pounds in the other parcel at 6 per cent. \ then, to 
find the annual intereft of x^ fay, if lOo pounds 
principal give 5 pounds intereft, what will x give ? 

KX 

and the anfwer will be -^ : again, for the other par- 
cel, fay, if 100 pounds principal give 6 pounds in- 
tereft, what will 98 — X give? and the anfwer will be 
588~.6a; ^^ ^ ^ . ^ 
: add tbefe two mterefls together, to wit, 

100 
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and , and the fum will be -= ' — 

100 100 100 

chat is.^^ this is the intercft of the two par- 

' 100 . 

eels for one year \ and therefore, in 1 5 years time, 

,* . ' « /, 8820 — \cx , 
the lotereft muft amount to j but it a- 

ICX) 

rnounts to 8 1 pounds, by the fuppofition ; therefore 

8820 — IKX « , ^ «^ 

^ — =^=815 therefore 8820— 15 a; = 8100 ; 



100 



therefore 8820=1 5;t+8ioo; therefore I5a:=8820 — 

'^ i.oo=:72o i therefore x^ ihe parcel at 5 per cent.:;=^S 

■ pounds ; and 98 — ^/ the parcel at 6 per cent. = 50 

pounds, as above. 

P R O B L E M 24. 

49. A gentleman hires a fervant for a year y^r 12 months^ 
and was to allow him for his wages fix pounds in mo- 
ney^ together with a livery cloak of a certain value agreed 
upon: hut after fven months^ upon feme mifde- 
■ meanor of the fervant^ he turns him off^ with the 
aforefaid cloak and ^ojhillings in money ; which was 
all that was due to him for that time : I demand the 
value of the cloak, 

Anf. The value of the cloak was 48 Ihillings : for 
then his whole wages for 12 months would be 168 
fliilliogs; and by the rule of proportion, his wages 
for 7 months would be 98 (hillings; whence fub» 
traamg 48 (hillings, the value of the cloak, there 
would remain 50 (hillings 'due to him in money. 

So L u T I o N. 

Hut X for the value of the cloak in fhilliAgs ; then 
will his whole wages for 12 months be :r-I-i20; and 
his wages for y.months, may be found by the golden ' 

tulc, faying, as i ^ is to 7, fo is x-^-i *20 to - * 

bur. 
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but, according to the problem, his wages for 7 months 
was the cloak and 50 (hillings in money, that is, 

x-j-so ; therefore a:4-5o= ^ 5 therefore i2a:-|- 

6oo=7;if-|-840; therefore i2:c — 7a:-|-6oo=84o, that 
is, 5^:4-600=840 ; therefore 5^^=840 — 600=240; 
therefore x^ the value of the cloak in (hillings, is 485 
as above. 

P R o fi L E M 25. 

^o. Of^e dljlributes 20 Jhillings among 20 people^ g^*^^ng 
6 pence apiece to fome^ and 16 pence apiece to the 
, refi: I demand the number of'^perfons of each deno^ 
fnination. 

Anf. There were 8 perfons who received 6 pence 
apiece; and 12 who received 16 pence apiece : for 
in the firft place, 8-J-i 2 =20 perfons; and fince 8 
fixpences are Equivalent 104 (hillings, and 12 fixteen- 
pences to 16 (hillings, we (hall have in the next place, 
4-f-i6=20 (hillings* 

Solution. 

'J -■ 

PutJf for thenumberof perfons who received 6 pence 
apiece; then, fince there were 20 perfons in all, 20— ^a; 
will be the number of thofe who received fixteenpeftce 
apiece: the number of pence received by the former 
company will be 6x; and the number of pence re- 
ceived' by the latter will be 20 — xy,\^^ that is, .320 
. — i6iv; and therefore the whole number of pence 
received wiirbe 6.r^[-32o — \6x^ or 320 — \ox\ bur, 
according to the problem, there was received in the 
whole, 20 (hillings, or 240 pence; therefore, 320 — 
IOA'=?40; therefore ic^-}-24o = 32o; therefore lox. 
=:3,20 — 240=80; therefore x^ the number of per- 
fons who received fixpence apiece, is- 8, and confe- 
quently 20 — Xy the number of the rcfl, is |2, as 
above. 

Problem 
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P R O B L £ M 26. 

$i^ If is required to divide i^Jkillings into 24, pieces^ 
confiJHng only of ninepences and thirteenpencehalf^ 
pennies. 

Anf. There mull be 8 ninepences, and 16 thirccen- 
pcncchalfpcnnies; for in the firft place> 8-^-i6=:24 
pieces ; and fince 8 ninepences are equivalent to 6 
fhillings, and 16 thirceenpencehalfpennies to 18 (hit- 
lings, we have in the next place 6-4-18=24 (hillings. 

Solution. 

Put X for the number of ninepences, and con(e- 
quentiy 24 — x for the numbei* of thirceenpencehalf- 
pennies : now the number of halfpence equivalent to 
the former is lix^ becaufe there are 18 halfpence in 
every ninepence*, and the number of halfpiUce equiva- 
lent to the latter is 24 — xyciy^ or 648— 27*% be- 
caufe there are 27 halfpence in every thjrceenpencer^ 
halfpenny piece : thef efbre the number of halfpence 
equivalent to the whole will be 18 j: -4- 648 i— 27 :r, 
that is, 648 — 9a:; but, according to the problem, the - 
vrhole amounts to 24 (hillings, or576halfpence ; there- 
fore 648 — 90:5=576; therefore 9a>f-576=648 ; there- 
fore 90^=648 — 576r=:72; therefore x, the number oif 
lAiepences, is 8 ; and 24— :t:, the number of thirteen- 
pencehalfpennies, is 1 6, as above. 

Problem 27. 

52. Two perfons^ A and B» travelling together ^ A mtb 

100, and B with 48 pounds about him^ met a^com^ 

pany of robbers^ who took twice as much from A as 

from B, and left A thrice as much as they left 'Q: I 

demand bow much they took from each. 

Anf They took 44 pounds from jB, and twice as 

much, that is, 88 p6unds from :^, fo they left fi 4 

pounds, and A^^ pounds, which is 5 times 4. 

/ Soi-UTION. 
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Solution, 

Taken from jB, x. 
from -4, 2 AT. 
Lefc 5, 48 — X. 
Left A^ IOC — 2*f. 

Bot, according to the problem, they left A three 
times as much as they left By that is, three times 
'48 — ff, or 144— jjp; therefore 100 — 2;v=i44 — 3^; 
therefore 100 — 2X-|-^a^=I44, thac is, ioo-|-y=z:i44; 
therefore x^ the Aim taken from £,=1144 — 100=44; 
and 2X, or 88, is thefum taken from A^ as above. 

P R O B L E M 30. 

ff^.; There are two places 154 mil s difiant from each 
other ; from whence two perfons fet out at the fame 
time with a defign to meet^ one travelling at the rate 
of ^ miles in two hourSy and the jother ,at the rate of 
5 miles in 4 hours : I demand how long and how far 
each travelled before they met. 
Anf As our travellers were fuppofed both to fet 
out at the fame time, and they muft both meet at the 
fame time, it follows, that each muft perform his 
journey in the fame time; I fay then, that each per- 
formed his journey in 56 hours : for if in 2 hours 
the firft travelled 3 miles, in 56 hours he muft trafcl 
84 miles, by the rule of proportion : in like.manncr, 
Jf in 4 hours the fecond travels 5 milesv in 56 hours 
be muft travel 70 miles j and 84-1-70 = 154 miles^ 
ihe whole diftance. 

So L U T I O N. 

Put X for the number of hours each ^ travelled ; 

then, to find- how many miles the firft travelled, fay, 

if in 2 hours he travelled 3 mi^es, how far did ho 

3 X 
travel ia x hours \ and the anfwer is r^\ then for 

.the 
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the other fay, if in 4 hours he travelled 5 miles, how- 
far did he travel in x hours? and the anfwcr is — , 

4 

therefore both their journies put together make — 

fy X 

4- —5 but they both travelled the whole diftance, 
4 

X fy X ' 

154 miles; therefore j = 154; therefore 3* 

\ox 
-ftv-: — = 308 : therefore 12 ^-j- ioa% that is^ %zx 

= 1232 ; therefore a:, the number of hours eacfc 

travelled, = 56; therefore — , the number of miles 

• • 

K X 

the firff travelled, = 84; ^nd — ^ the number of 

. . 4 

miles the fecond travelled, = 70, as above. 

Problem 31. ' 

5<J. One fits out from a certain place^ aud travels at the 
rate of 7 miles in 5 hours -y and 8^ hours after^ another 
Jits out from the fame place., and travels the Jc^mi 
road at the rat4 of 5 rniUs in 3 hours : I demand ho%tA 
long and how far thejirjl muji trawl before be is over^ 
taken by the fecond 

Anf The firft muft travel 56 hours, and confe- 
quently 70 miles; the fecond muft travel 50 — 8, o^ 
42 hours, and confeqyently alfo 70 miles : fincc 
then they both fet out frots the fame place, and rh<s 
fecond traveller has now travelled as tar as the firft, 
he muft have overtaken the firft. 

Solution. 

Put X for tbe number of hours the firft travelled, 
and confequently x — 8* for the number of hours 
wherein the fi^cond travelled : then^ to find the mites 

travelled 
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travelled by the firft, %, if in 5 hours he travels 
7 miles,' how far will hs travel in x hours? and the 

*7 X 

aafwer is — ; then for the other fay, if In 3 hours 

5 
he travelled 5 miles, how far will he travel in x—% 

hours, and the anfwer is - — j but as thefc two 

travellers both fct put from the fame place, and muft 
come together at the fame place, it follows, that they 
muft both travel the fame length of fpace 5 th^eforc 

5^: — 40 7^ 1 r 2ix . 

^ = — ; therefore sx — 40 = — 5 there* 

3 5 " ^ . 5 

fore i$x — 200= 2ix\ therefore 25:1: — 21a:— 200 
r=:o, that is, /^x — looi^o; therefore 4^:= 200;. and 
jr, the hours travelled by the firft,= 5o; whence 
X — 8, the hours travelled by the fccond, = 42 ; 

^, the miles travelled by the firft, =70; and 
5 

5 —^ the miles travelled by the fccond, = 70, ai 

above. 

Problem 36. 
61. AJbepberd driving afiock of Jbeep in time of war^ 
meets a company ofjpldiers who plunder him of half his 
flocks andbalf afheep over \ the fame treatment he meets 
with from a fecond^ a thirds and a fourth compartf^ 
every fucceejing company plundering him of half the 
flock the lafk had left ^ and half a fbeep over; injomuch 
that at lafi he had but jjheep left : I demand how mV 
hehadatjirfi. 

Anf His flock at firift confifted of 127 Iheepv 
and if the firft company had only robbed him of half 
his flock, they would have left him 63^ flieepj but 
as they plundered bini of half his flock, and half a 
ihcep over, they left him only 63 fheep-, in like . 
manner the fecond company left him 31, the third 
15, and the fourth 7, 
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N. 3. Before I enter upon the folution of thisr 
problem, t muft put the learner in mind of what he 
has been told before, (intrddudHon, art. 13.) to wit, 
that a fraiflion may be halved two ways, either by 
halving the numerator^ or doubling the denomi- 
nator. 

S O L tjr T I O IT. 

Put * for the number of his firft flock; then, had 
th^ firft company only taken half his flock, they 

X 

would have left him the other half, viz. — j but they 

took half his flock and half a fhccp oircr; therefore 

X i 
they left him juft fo much fcfs, 10 wit^ -7 ^— • — > 

X". — I 

or — — : again, had the fec6nd company only taken 
half what remained, they would have left him half^ 

to wit,- — 1. but by taking hab a flieepmore, they 

4 - . 

AT— I I .- 2ar— 2— 4 jtx — 6 

left him -^ , that is, — — - — 2^, or q - , or 

,42 a o 

— ^j in likd mariner the third company left 

X — 3 I 2x — 6 — 8 2x — 14. xr—7 , 

"t — 7. 0^ —16—' °'— 76-» ""-T' *°^ 

the laft Company left him — —^^•-- —, or — -^ ; but 
they left him 7 fiieep, by the fuppofition 5 therefore 
— ^ = 7 5 and X — 15=1.1 2 i and x his firft num- 
ber ss 127, as above. 

Problem 37^ 

^2. One buys a certain number of eggSj half wberea^ 

be buys in at 2 a fenny ^ and the other half at ^a 

K fenny j 
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fenny ; tbefe be afterwards fold out again at the rate 
4if 5 for twopence^ and^ eMtrdty to bis expeElation^ 
loft a penny ly tbe bargain : wbat was tbe number 
(if Us eggs ? 

Anf. The number of his eggs was 60 ; half 
whereof at two a penny coft him 1 5 pence^ and the 
other half at three a penny, ten pence v and the 
whole 25 pence: but 60 eggs fold out at 5 for two 
pence> would only bring him in 24 pence^ as appears 
by the rule of proportion \ therefore he loft a penny 
l:^. the bargain. 

SOLVTION. 

Put X for the number of eggs \ th«i fay, if 2 ^gs 
coft one penny, what will — one half of hw eggs 

coft? and th&anfwef will be — ;. and for the fame 

4 

reafon the other half at three a penny \^1 coft him 

:7-/fo that for the whole he muft pay -^ + -r» or — : 
*/ "^ ' 4 / 6' 12 

again fay, if five eggs were fold for two pence, what 

"2*t 

were x eggs fold for ? and the anfwer will be — j 

IX ' 

therefore-^ will be the number of pence he received 

for his eggs ^ fubtrad this from — , the pence he ] 

paid for them, and thfc remainder - — , or 

125 

X 

^ will be his lofs; but by the fuppofition, hfi Ipft 

^ne penny ; therefore —=15 and x the number oi 

eggs will be 60^ as above# 

Problem 



1 

\ 
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Problem 39. 

64. // is required to divide the number go into twofucb 
parts y that one part nuvf be to the other as x to ^. 
Anf. The numbers arc 36 and 54 : for in the firfl: 
place, 364-54=90-, aqd in the next place, if both 
36 and 54 be divided by 18, the quotients will be 2 
and 3 ; .whence I infer, that 36 is to 54 as 2 to 3 ; 
for a common divifion by the fame number cannoc 
alter the proportion of the numbers divided ; and 
therefore if, after this common divifion, the quotients 
be to one another as 2 to 3, the dividends muft be 
alfo in the fame proportion. 

Solution. 
Put X for the lefs part, and 90— :r for the other; 
then will X be to 90 — x as 2 to 3^ by the fuppoiition ; 
but by art. 15, whenever there are four proportionals, 
the produft of the extremes will be equal to the 
produd of the middle terms; here the extremes are 
X and 3, whofe produft is 3:1? i and the middle isrms 
are 90 — x and 2, whofe produ'ft is 180 — 2r; there-' 
fore 3:r;s=i8o — ix\ therefore 5flp=i8oi \^x^ the 
lefs part, = 36; and 90 — if, the greater, = 54, as 
above. 

P RO B L £ M 41. 

66. What number is thaty which^ being feveralfy addod 
to 36 and 52, will make the former fum to the latter 
as ^ to 4?, 
Anf. The number is 12 : for jfi-f-ii is to 524-12, 

as 48 is to 64, as 44 i^ ^o 44> ^^ i (o 4* 

Solution. 
Put X for the number fought, and you will have 
this proportion; 36+x is to 52-j-:t: as 3 to 4, Whence . 
by multiplying c3f:tremes and means you wiH have 
i44-|*4A:=si56-|-3ar; therefore i44-f-iv=:i56; tbeirc- 
fore K the number lought = 12, as above. 

K 2 PR0BI.£J»^ 
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Problem /^z. 

67, A bochbinder fells me two paper books, one contain* 
ing 48 fheets for ^ Jhillings and 4 pence^ and another 
containing ^sfl^^^^^ f^^ ^ ^tilings and 10 pence^ both 
bound at the fame price^ and both of the fame fart cf 
paper: I demand what he allows him f elf for bind- 
ing. 

Anf He reckoned 8 pence for binding ; fo that the 
price o^ the paper of the firft book was 32 pence, and 
the price of the paper of the latter 50 pence : now 
if this anfwer be juft, the two prices ought to bear 
the fame proportion to one another as the two quanti- 
ties of paper; and fo we (hall find them; for 32 pence 
arc to 50 pence as V are to V, that is, as 16 to 25; 
'jaind 48 ftitets are to 75 Iheets as V ^^^ ^^ W^ 'that is 
alfo, as 16 to 25. 

Solution, 
Put X for the number of pence reckoned for bind- 
ing ;. then we f;iall have 40 — ^ for the price of the 
paper in the firft book, and 58 — x for the price of the 

paper in the fecond book-, and 40 — x will be to 58 x 

as 48 t^755 multiply extremes and means, and you 
will have this equation, 2784 — 48;f=:3ooo — T^x-^ 
therefore « 784+2 7a:=30oo j therefore lyx^i 1 6 ; 
and X th« number of pence reckoned for binding 
s=8, as above. . . - 

P R o B L E M 43. 

68. What number is thaty wbich^ being federally added t§ 
15, 27, and 45, will give three numbers in continual 

proportion. 

J^. B. Three numbers^ are faid to be in continual 
proportion, when the firft is to the fecond as. the fe- 
cond is to the third. 

Jnf The number fought is 9 : for 1 5-1-9=24 ; and 
•27+9=3^ ; and 45+9=54 » and 24 is to 36 as 36 
i« to 54 : for 24 « to 36 as 4x is to J|^ that is, as 

2 to 
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2 to 3 ; and 36 is to 54 as 44 1^ to 4t> that is alfo^ as 
2 to 3. 

"^Solution. 

PutA^for the number fought; then we (hall have 
this proportion, ^-f"^5 ^^ ^^ ^"t"^7> ^s X'\'2^ is to 
x-l-45 ; where the two middle terms are x-^ij and 
07+27: multiply extremes and means, and you will 
have this equation, A:A:-j-6ojr-)-675=:f;c-j-54;c-{-729; 
therefore 6o;i:-{-675=54ii:-j-729i therefore 6X-I-675 
==729; therefore 6x'=:54 •, and ;r the number fought 
=s=9, as above. 

Of the metkod of refohing problems wherein more 
unknown quantities than one are concerned^ and 
reprefented by different letter s. 

70. Hitherto we have ufed but one fingle letter in 
every problem for feme one unknown quantity in it; 
and if there were more, the reft received their names 
fronm the conditions of the problem ; but in cafes of 
a more complicated nature, whcrci many unknown 
quantities are linked and entangled in one another, 
this method will be fpund very difficult -, and there- 
fore, in fuch cafes, the Algebraift is allowed to ufe as 
many different letters as he has unknown quantities, 
provided he finds out as many independent equations 
for difcovering their values ; fee art. 9^ : for though 
in every equation wherein more unknown quantities 
than one are concerned, they hinder one another from 
being found out, yet if as many fundamental equa- 
tions at firft be given as there are unknown quan- 
tities, it will not be difficult, in many cafes, from 
thefe to derive others that are more fimple, till at 
laft you come to an equation wherein but one only 
unknown quantity is concerned, in which cafe all the 
reft are faid to be exterminated. 

Whenever two or more equations are propofei| 

involving as many unknown quantities, thefe eqita-^ , 

, K 3 tiohsi^ 
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t'lons mufl; firft be prepared by freeing them from frac- 
tions where-evcr tnere are any, and by ordering every 
particular equation fo, that all the unknown quanti- 
ties may poflefs one fide of the equation, and fuch as 
are known the other ; or elfe, that all the quantities 
may pofTefs one fide of the equation, and a cypher 
the other ; it will be alfo convenient, that in every 
particular equation, the unknown quantities be placed 
in the fame order- 
In laying down rules for exterminating unknown 
quantities, I (hall begin with th^ fimpleft cafe firft, 
which is that of two equations, and two unknown 
quantities; and when I have given as many examples 
as (hall be thou]ght proper in this cafe, I (hall then 
proceed to others where more unknown quantities arc 
to be exterminated. 

But here 1 muft not forget to advertife the reader, 
that, as I am now treating of fimple equations, and 
problems producing fuch equations, I (hall hot med* 
die with any cafes of extermination which lead to 
equations of higher forms : when I come to treat of 
quadratic equations, I may then perhaps add fome- 
thing further upon this fubjed ; but to undertake to 
. explain'ail the various methods of exterminating un- 
known quantities would be an endlefs ta(k, and a 
moft intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet fuppofc 
to be fo far gone in Analytics, as to be willing to pur- 
chafe this (brt of knowledge at any rate. 

Let ^hen x and^ be two unknown quantities to be 
found out by the help of the two following equations, 
4Jf— 5^=2, and 6x— ^7ys=:4: or the quefl:ion may be 
(latcd thus : if 4^ — 5^=2, and 6x — 7J^==:4, what arc 
X and jr? Now as theie equations want no preparation, 
put thenri down one under another; then upon a bye 
piece of paper multiply the firft equation (4^ — 5^=2) 
by 6 the coefficient of x in the fecond equation, and 

«5 produA will give this equation, 24^ — 30^=12 % 
ain, multiply the fecond equation {6x — 7y=4) by 

4, 
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4, the coefficient of a; in the iirft liquation, and the 
produd gives %j^ — 28^=1 6 1 fubtradt now either of 
thefe two laft equations from the other, and x will be 
exterminated : 1 choofe in the preieht cafe to fubtraA 
the former equation from the latter, that the coeffi* 
cient of j^ after fubtraSion may be affirmative^ thus; 

24X— 28y=i6 

24Jg — 3Qjy=:i2 
^*+ 2jf^. 

From this fubtradion you have the following equa- 
tion, 2jt=4, which put down under the two firft equa- 
tions to make a third ; then reiblve this third equa- 
tion 2j'=4, and you will have y=2, which put down 
under the reft for a fourth equation. 

Having thus found the value of ^=2, put this ysi- 
hic inftead of jr in the more fimple of the two firft 
equations, fuppofe in the equation ^x — 5;f=;2, and 
you will have 4^ — 10=2; whence 40^2= 12, and xsrj, 
which put down for a fifth equation, and the work 
fs done; far x is now found equal to g, and ^ equal 
to 2, and thefe numbers three and two being fubfti* 
tuted for x and y refpcdively, will anfwer ooth the 
conditions of the queftion, that is, you will have 
4*— 57=12 — 10=2, and 6x — 77=18— *• 14=4. . 

iftEqu. 4a: — Sy=:i^ 

2d, 6x — 7J=:4^. 

3d> *4-2jfes:4'l 

4th, * 7=:2. 

5th, X *=3. 

The coefficients of x^ the quantity to be extermi^ 
xiated in the two 6rit equations, were 4 and 6: now, as 
thefe numbers admit of a common divifor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and 3; ufe now thefe 
numbers 2 and 3 inftead of 4 and 6, and the opera- 
tion, as welt as the equation refulting from it, will 

K 4 become 
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become more fimple: for the firft equation multiplied 
by 3 inftead of 6, gives i2Ar — 1 5^=1:6 •, and the fc- 
cond equation multiplied by 2 inftead of 4, gives 
12X — 14^=8 ; and the difference of thefe two equa- 
tions is ^=2. 

Another way of exterminating the unknown quan- 
tity X is as follows : find out the value of 9C in refpe6l 
of ^, in the more fimple of the two firft equations ; 
then, fubftituting this value inftead of x in the other 
equation, you will have an equation, wherein j alone 
15 cbpcerncd : thus in the foregoing example, the 
firft equation was 4X — 57=2, therefore j\x^=z^'\-7,^ 

and xz=z - \ fubftitute now this value f J 

. 4 V 4 / 

inftead of x in the fecond equation, 6x — 7jy^=4, by 

oqy-l- 1 2 
making 6d;s=: — •, and you will have this equa- 

tion, ^ 7J^=4> therefore 3oy-|-i2^ — 285^=:' 

4 
16 i therefore 2 j^-f- 1 2 = 16 j whence 2^=4, - and 

j^=2 5 and AT, or ^ =3^ as before. 

■• 4 ■ 

N. B. i^. What has here been faid concerning the ' 
extermination of the qyantity a;^ may as well be ap- 
plied to the other quantity j, except that its coeffi- 
cients 5 and 7 will not admit of a common divifor, 
ias did the numbers 4 and 6. ' ' 

2My^ Of the two yifferent w^ys of extermination 
here laid down, fometimes one will be found more 
expeditious, and fometimes the other, as will appear 
by the following problems. 

^dfyy In the cafe of two unknown quantities, if the; 
Talue of either of them can be had in integral terms 
in both equations, equate the two values one to the 
ptber, and you will have the other unknown quantity, 
by means whereof the firft will alfo be ^nown; and 
this makes a third way of extermination, whereof 

there 
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thereare fo many examples in the following problems, 
that nothing niorc needs here to be faid of it. 

Whenever two quantities, as x and jr, are multi- 
plied together to produce a third, arj^, the two multi- 
plicants x and y are called faftors, or efficients, in 
which cafe, each is faid to be the other's coefficient : 
thus, in the quantity xy^ x is faid to be the coefficient 
of y, and y the coefficient of x\ therefore, if in any 
quantity wherejn x is concerned as an efficient, its co- 
efficient be defired; divide that quantity by x^ and 
the quotient will be the coefficient: thus if the quan- 
tity i2x—yx be divided by :i:, the quotient is 12— ^; — 
therefore in the quantity iix—yxj the coefficient of 
PC is 12— y. ' 

Advertisement.. 

The reader muft now no longer expeft to have' all 
fimple equations refolved to his hand; as hitherto has 
been done. If, after fixteen. examples of fimple equa^i 
tions refolved, and the folution of forty-four Alge^ 
braic problems, he be fiill at a lofsi how to reduce a 
fin[iple equation, it muft proceed from a weakncft 
that either admits of no cure or deferves none. 

Problem 45. 

71. What two numbers are tbofe^ the produSt of whofe 
multiplication is . 1 44, and the quotient of the gteattr 
divided hy the lefs is 16? 

Solution* 

l^ut X for the gi-eater number, and jy for the lefs ;^ 
and the queftion when abftraAcd from words will 

ftand thus: if a:>=i44, and — = i6, what are x 

and y? 

The firft of thefe equations wants no preparation^ 
and therefore may be put down thus \ 
Equ. ift, xy *=I44. 

"The 
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The fecond equation, wheo prepared according to 
the laft arc. will ftand thus ; 
Equ. 2dn ^'— i^sso. 

Multiply the firfl: eauatiori by i, the fuppofed co^ 
efficient of ;^ in the (econd, and the quotient not 
being altered by fucb a muldplication, ^ ill be xy'^=z 
144; multiply alfo the fecond equation hy y, which 
according to the foregoing arc. is the coefficient of x 
in the firft, and you will have xy — i6jfjr=:o;*fub* 
traft this latter produ£): from the former, and you wil| 
have, Equ. 3d, * iSyyzizi^i whence 

Equ. 4th, » ^ j=3. . ^ ^ /; . 

Subftitt^te now 3 inftead of ji or ^x i^ca1Sto^^g2|f 
in the firft equation, and you will have gir^i^^f 
and confequently, \ ^^ ^ 

Equ. 5th, 9f *=48. 

jSo that the numbers at laft arc found to be 4$ and 
3^ and they will anfwer the conditions of fhe quef« 

Cion 



for 48x3=144, 


and~=: 16. 
3 


Equ. 


ift. 


xy 


* =»44- 




2d, 


X— 


- l6jf=;0. 




•3d, 


• 


i%=i44. 




.4th, 


» 


y=3' 




5th, 


X 


«=48. 



4n^ter fokticn ef the foregoing problem^ from the 
laft article. ' • 

Having found from the fecond equation that, x:=:z 
i6y 5 put i6y for ar, or i6yy for xy in the firft 
equation, and you will have 16 yy ==: 144 ; whence 
y and ^ may be found as before. 

Problem 46* 

yz. It is required to find two numbers with tbefolbno^ 
ing properties^ to wit^ that the firft with half the 
fecond may make 20 % and moreover^ that the Je^n4 
' with a third part of tbefirji may make 20. 

Solution. 
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S o I, U T I o N. 

Put X for the firft number, and y for the fecond, 

y 

and the fundamental equations will be x4^--^= 20, and 

X 

y^ — s: 20 ( which being prepared according to art; 

3- 
70^ willftand thus; 

Equ. ift, aAf+^=r4o. 
Equ. 2d, Af4-3J=6o- 
Subtca)4 the firft equation from twice the iecondj 
and. youJ^l have 

^ h J^» * 57= 80 J whence 

PHt i6jpftead of j^ in the firft equation, and you 
wiHthavew#4-'^6==40, whence 



5i(8i_5tb, y ^=12. 
refofc^j 



Therefore jhe numbers fought are 1 2 and 1 6y and 
not 16 and 12, though 16 was found jSrft; becaufe 
9c=ii2 Was put for the firft number. Thatthefe num- 
bers wilt aniwdfthe conditions of the queftion is plain : 
for 12 -^ V* or i2-}-8=20; and i6-|- t*^^ 1^+4 

2=20. 

Mother folution from art. 70, 
Having found from the fccond equiation that flte: 
60 — 3^, piit 60 — 3jf for ;if, or 1 20-— 6jf for ixin the 
firft equation, and you will have 120 — 67-|-^=:40 5 
whence ^= 1 6, as before. 

P n O B L £ M 47* 

73. Ow^ exchanges 6 jFr^rrA ^^tt;«/ «»</ /t^tf French ioW 
lars for 45 JbiUing$\ and at another time 9 crowns 
and 5 £&//tfrj ^ the fame coin for ^6 fhillings : J de- 
^mand the diftinS values of a crown and of a dollar. 

Solution. 

Put X and y for tht number of fliillings a crown and 
a dollar are refpe£kively worth, and the equatiohs will 
iUndthusi Equ. 
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Equ. I ft, 6^-{-2yi=45. 

Equ. 2d, ' 9;f4-5;f=76. 
Subtract; 3 time^ the nrit equation from twice the 
iecond, anc) you will have 

Equ. 3d, * 4^^=17 5 whence 

Equ. 4th, ^ J'=4t Shillings ; 
that is, 4 (hillings and 3 pence ; put now 44 for y 
or 8| for 2 y in'the firft equation, and you will have 
(Jx-|-8|=45, ^"d ^^=36$, and 

Equ. 5th, X *=:6tt; 
that is, 6 T-i (hillings, or 6 fliillings and a penny ^ 
therefore the value of a crown was 6 (hillings and a 
penny, and that of a dollar 4 (billings and 3' pence; 
and thefe values will anfwer the conditions of the quef- 
tion; for, at this rate, 6 crowns will amountto 36 
fliillings and 6 pence, 2 dollars tol 8. (hillings and 6 
pence, and the whole to 45 (hillings ; moreover, 9 
■crowns will amount to 54 (hillings and 9 penqe, 5 
dollars to 2 1 Ihillings and 3 pence, and the whole 
fum 1076 (hillings, 

P ^ O B L E M 48. 

74. // is required to find two fucb number Si^ that half 
ibefirfi together with a third part of the Jecond way 
wake' it ; and moreover^ that a fourth part of the firft 
together with a fifth part J)f the fecond may make 1 8, 

SotUTlOI^. 

Put X and j^ for the two numbers, and the fun^a- 

mental equations will be— 4-T=32>and-j + ~ =s 

.18; which equations, when duly prepared,. will ftahd 
thus;* Equ. ift, 3x-|-2;'=i9?. ^ 

Equ. 2d, 5x4-4)'=3^o. 
Subtraft 5 tim(js the firft equation from 3 times the 
fccond, and you will have 

Equ. 3d,' * 2;?= 1 20 J whcnc^ 

Equ. 4th, * y=:6oi 

whence^ 
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whence, and (torn the firft equation, you will, have 
3A:-f-2j^, or 3a:-1-i 20=192, which gives 
Equ. 5th, X '^=24. 
So the numbers are 24 and 60 5 arid they will an- 
fwer the conditions of the queftion: V+ V> ^^at 
is, i2-l-2o=;32i and moreover, y -j- ^^''j that is, 
6+12=18. 

. ^ P R O B L E M 49. 

75. Tw^ perfons A ^wi B w^r^ talking of their ages : 
fays A /<? B, 7 j^^^r j ^^^ / was juji three times as 
old as you were^ and 7 years hence I Jhatlbejuft twice 
4is old as you will be : I demand their prefent ages. 

S o L u T I OK. 

Let ^ and b reprefent the prefent ages of j4 and B 
refpeftively; then their ages 7 years ago were a — 7 
and ^—7, and their ages 7 years hence wilj be a^y 
and b-\-y ; whence, and from the conditions of the 
problem, may be derived the two following f^^ftda- 
mental equations : 

a — 7=^—7x3=3^ — 21, and 

From the former of thefetwo equations, to wit, ar— 7 
=^^—21, we have'tf=3^ — 14; from the fccond 
equation, to wit, tf+7=2^-|-i4, we havetf=2^-f-7 ; 
therefore 3^ — 14=2^-1-7, fince both are equal to a-^ 
whence ^=21, and 2^+7> or ^=49. 

A therefore was 49 years old, and B 2 1 years old 5 
which is true : for then, 7 years before, A's age ^ 
would be 42, and B's 14; and 42 is three times 14: 
on the other hand, 7 years after, A's age would be 
56, and jB's 28; and 56 is twice 28* 

P R o B t E M 50. 

76. A jockey has two horfes, A and B, whofe values are 
fought: he has alfo two faddles^ one valued at 12 
pounds^ the other at 2 ; now if he fets the better 

faddle 
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faddk upon A, and the worfefaddk upon B, A wilt 
then be worth twice ^s much as B ; hut on . the other 
handy if.hefets the better faddle upon B, and the 
worfe faddle^ upon A, B will then be worth three 
times as much as A: I demand the values of the horfes. 

SeLUTlON. 

L^t a and b reprefenc the prices of the two horfes 
A and B refpedively in pounds ; then if the better 
faddle be fet upon A^ and the worfe upoii B^ A will 
be worth a-i^iz^ and B will be worth ^4" 2^ an d the. 
firft fundamental equation will be tf-)~^^=^-f*2X2=: 
2^4*4 » ^^ ^^ other hand, if the better faddle be 
fet upon By and the worfe upon A^ then B will be 
worth ^-|-I2, andyfwill be worth »4-2^d the fecond 
fundamental equation will be i-f-i 2 ?=:^i-|-2X'3 =: 3 tf +6: 

in the firft fundamental equation>wherea-l- 12 =2*-|"4* 
wehavej=2^ — 8 j fubftitute therefore 2^ — 8 inftcad 
of ay or rather (ih — 24 inftcad o\ ^a^ in the fecond 
fundamental equation (which is 3a-\-6:=:b'\'i2)y and 
you will have 6^—244-6, that is, 6i — i8=:^--|-i2 ; 
whence i=6, and 2 J— 8, or ^=14: A then was va- 
lued at 4 pounds, and B at 6, and they will anfwer 
the conditions of the queftion, as any one may eafily 
try, ; 

Problem 51. 
7 7. There is a certainfra&ion, which if an unit be added ^ 
to the numerator^ will be equal to |; but if on the 
contrary an unit be added to the denominator^ the 
frailion will then be equivalent to \i I demand th$ 
numerator and denominator of thefrailion^ 



Solution. 



X 

Call the fra£lion — , and you will ha\rc thefe two^ 

fundamental equations, -2— ~i, and -j^ =st- the 

former 
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former of thefe equatioDS^ when redaced, ^vesy^sz^^ 
-f-3, and the latter givesj=4a:' — i ; therefore 4^^-*-! 
=:3x-4-3t becaufeboth arc equal tajr; whence x the 
numerator of the fraftion is 4; and 3H^^« wy^ the 
denominator is 15; and the fra£tion itfelf is^ ^; 
which if an unit be added to the numerator, will be 
-rr> or I ; but if an unit be added to the denomma** 
tor, it will be t4, or 4. 

P R o B L £ if 52. 

yS. There is a certain fifiing rod confifting of two parts , 
whereof the upper part is to the lower as 5 toj; and 
moreover 9 times the upper partj together with 13 
times the tower^ is equal to 1 1 times the whole rod and 
^6 inches over: I demand the length of the two parts. 

Solution. 

Put X for the length of the upper part in inches, 
and^ for the lower; then will «p-f^ be the length of 
the whole rod, and (ince ;i; is to > as 5 toy ex hypo* 
ihefi^ by multiplying extremes and means according 
to art. 15, you will have yn^s^^y for a fundamentu 
equation : again, as 9 timei( the upper part, together 
with 13 times the lower, is equal to ti times the 
whole rod, and 36 inches ovtr, you have 9X-|-i2jfc-: 
1 1 x-f^ 1 1^-1-36 forafecond fundamental equation : 
the latter of thefe two equations gives x=y — 18, and 
confequently 7^==7j^ — 126; fubftitute this value in- 
ftead of 7^, in the firll fundamental equation, where 
7x=5y, and you will have yy — 126=25^; whence 
^=63; andjy — 18, orxs=45* 

The upper part therefore was 45 inches, and the 
lower 63, as will appear upon trial. 

P R o BX £ M 53. 

79. One lays out i fhillin^s and fixpence in appUs and 

pears J bitfing hir apples at four^ and bis pears atfhe 

u penny ; and afterwards accommedates his neighbour 

With half his apples and one third part of his pears 

-3 /flr 
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; for thirteenpence^ which was the price be bought them 
at : I demand how many he bought of each fort. 

Solution, 
Pat X for the number of apples, and y for the r^umber 
of pears; then if 4 apples coft one penny, x will coft 

. — pence \ and for the fame reafonjr will coft — pence, 

X y 

and you will have j — =30 for a firft fundamen- 

X 

tal equation: again, the price of — ,halfof hisapplcs^ 

X y 

will be -r-and the price of—, a third part of his 

pears, will be — ; and you will have — -|- — = i j 

for a fecond fuadamental equation. Hence, 

Equ. I ft, 5^^4-4^=600. 

Equ. 2d, i^X'f'Sy=zii6o. 
Subtraft the fecond equation from three times the firft^ 
according to art. 70, apd you will have 

Equ. 3d, * 4^=240 ; whence 

Equ. 4th, * ^=60. 
-Subftitute now 60 for jy, that is, 240 for 4/ in the 
firft equation gX'\-4y:=:6ooy and you will have 5X'\- 
240=600; whence 

Equ. 5 th, X *=72. 
Therefore the number of apples was 72, and the 
number of pears 60, as will appear upon trial. 

P R o B L E M . 57. 

83* yi certain company at a tavern founds when they 
came to pay their reckonings that, if they had been 
' three more in company to the fame reckonings they 
, might have paid onejhilling apiece lefs than tbef did; 
and that, had they been two fewer in company ^ th^ 
ntuft have paid one Jhilling apiece more than they did; 
I demand the number of perjonsy and their quota.' 

S L U T I i^/ 



Art. ftSytS. ffmkuifig 8m^ EqnoBont. M^t 
Solution. 

Put X for the number of pcrfons, and y for the 
number of fhtlUngs every one adually p«d; Ae# if 
4 perfbnd §Tt to pzf 5 ffiHlings apkqe^'the whoii 
ft^tiifi^ mdk be 4 X 5 or ao ihiUings ; tfiferefilri if 
xperfofis tfe to< f ay jp fiufiings apiece, the ^ofe 
reckoning muft bejfX^ or xy (hillings: this being I^d 
down, fuppole fhem now to be three ' moi^ in com- 
pany ; then wilttke number of pfcribns be x^3 ; and 
to find what eveiy particular perfon ought to paf tti 
this cafe, the whole reckoning xy muft be cHvided 
by ^4*3) ^^^ dumber of perfons, and the quoti(blit 
xy 
--—will be every one's partkuljfr reckoning; but 

according to the problem, every ohe^s piarticular rec- 
koning in this cale would have be^n one billing lefs 

than it aAually was, thai is, jr-^i ; therefore — p- 

^=^y-^i y in like manner the feconddondttion of tlii 

xy 

{)r6bfcm furniflles tbfs equation, — ^ sr^-f-i : the 

xy 

firft of thcfe equations, to wit, —f^ =:jr — i, being 

tedueed, giv^s xvz^y^^y^ and the fecond eqOationt 

xy 
to wit, — =^;fj+i being reduced gives xzszyJ^zi 

therefore 2y-^3s=22jf*^2, zndy=!^5i whence 2^-sJ-a, 
or;r=i2. 

So there were 12 perfons in company, their reckon^ 
ing 5 ihillings apiece, and their whole reckoning j 
jiftundi, <»" 60 (hillings s which anfwtrs tlie cbiK%* 
tioos ^ the queftion : f0r4T»4> ftnd4^»^« 

Problb&t^i. 
^i. Wbitt two n$mba*s are tbofey wbofe fum is J^H^ 

^'ibi p^oixS^ wbofemidtipticatim is t'tvehfi 6^ 

their dijfem^^ 

• L Sotufioir. 
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S o L y T I o N, I 

Put X for tke greater number, and > for the lefsi 
then will their difference be x-^y^ their fum pc-^j^ 
and the produdt of their multiplication ajy or j^; and 
the equations will be x-i^y^^ix—zy^ and j^^=I2j»^ . 
j2yi whence 

. . Equ. I ft, a;--3J?=:;o. 

Equ. 2d, i2X—yx — i2)i=o, 
Multiply the firft equation by tz—y^ which, by art, 
70, is the coefficient of x in the fecond^ and the pro- ■ 
^uft will ht i2X'—y.x—i6y'\-'iyy=.o\ fujptradt thij 
equation from the fccond,* and you will have 
Equ.' 3d, 2^y^iyy^o, 5 whence 
^u. 4th^ \ j=8 5 and 
Equ. 5th, a:'=2^. 
ijind the numbets*24 and 8 will anfwcr the conditions, 
' Otherwife thus : by the firft equation x=^y and 
4X==:i2y •, fubftitute /\x for 12 y in the fecond equa- 
tion, and you will have i2x--yx — ^4x^=0; divide by ;i», 
and you will have 12—^^—4=0, and;^=i8, and x o( 
3jys=:24, as before. 

Pro b l e m 62. 

.^9. fP'ha^ two numbers are tb$fi^ wbofe differencCj Jm 
and produff are to each other as are the numbers twc^ 
three, and five refpeSiively ; that iSj wbofe difference 
is to their fum aj; two to three., and wbofe fum is /? 
their produS as three to five? 

S q t- y T I o N. 

Put X for the greater number, and y for the lefs^ 
then will their difference be x-^y^ their fum x-f/i 
and their produifljyji;; and we Ihall have thefe two 
prqportions pcodudive of two equations, ift, a?— j^is 
Xox-^-y as 2 to 3, whence 3^-— 3^=2^-4-25^; 2d, Xr^j 
is toj^Aras 3 to 5, whence ^'xzxc^xr^-^y: the r^folu- 
|ion foUo^vs^ ^ / / 
'■' ' ' Eqi?, 
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Equ, I ft, X — sy—o. 

Equ. 2d, syx'-r^^ — ^y ;=20. 
Multiply the firft equation by ^y — 5, the coefficient 
of X in the fecontl, and the prpduft will be ^yx — gx 
— i5Xy4"^5^=^o> fubtraft this from the fecond equa- 
^on, aJid you will have, 

Equ. 3d, 1 5jyjy— 30^=0 J whence 

Equ,*\}th, y:s229 and 
^ Equ. ^th, ATsrio. 
And the nqmbers 10 and z will anlwer the conditions, 
of the prdblcm. 

Ocherwife thus : by the firft equation x=:5y; fub- 
ftitute therefore x inftead of gy in the fecond, and 
you will have ^yx — ^5Ar-T-.r=o v^ divide by .v, and you 
will have 3y^ — 5 — 1=0, anujy=:2, as before. 

P R O B L E M 6 j. 

go. It is required Jo fnd two numbers fucb^ that if 
their difference be tnultiplied' into their fumy the pro- 
duil, will be five \ but if the difference qf their fquares 
be multiplied into the f urn of their Jquares^ the produS 
will befixty-five. 

Solution. 
Put X for the greate;- number, and y fqr the lefs ; 
then will their difference be x — y^ their fum '^r-j-J'f 
^nd the product of their Turn and ditfercne^ multiplied 
together will' be :f* — y^j by art. ii; then Villa;*— jy* 
=5 by the fuppofition, and x*=5-|-;5^; fquare both 
fides, and you will have ^*= 254-* ojy*-)-^'* : again, 
the difference of the fquares of the two numbers 
fought is x^—y*j and the fum of their fquares ^^-j-j^^, 
and the product of thefe two x^ — y^ ; therefore x^^—yi 
=S5.by the fuppofition, and ^*=65-f-J'^ 5 but x^ was 
before found equal to 25-|-ioy-j-jj4 ; therefore 25-]- 
ioyy\-y^::^6^^y^i whencejy*=:4,'andj^=r2 i fubfti- 
tute now 4 for jy"^ in the firft fundamental equation^ 
which was x^ — ■J*=5> and you will have ^^ — 4=f5> 
^nd a: =3 -, therefore the numbers fought are 3 an.d 2, 
which will -anfwcr the conditions. ^ 

^ L 2r Problem 
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^ P R b B t B M 65. 

^l.Thneperfonsy A,B andC vfere talking of their moneys 
fays A to B and C, Give me half of your money ^ and. 
Ifhall have d \ fays B to A and.Q^ Give me a tbki 
part of your money^ and tfball have d j fayi C to A 
and B, Give me a fourth part of your mmirfy andlfboJd 
have d • How much money had each f 
N. B* The letter i 19 here fuppofed to fuppty th« 
place of fome known quantity, which is left undeter- 
mined till the calculation is over* 

S O L p T I O K. 

Let a, h and c rcprefent the iponey of A^ B and C 
refpeftivrcly, and we fliall have thcfe three funda- 
mental equations ; 



'4 

Thcfe equations, after due preparations according 
tp art. 70, will (land thus ; 

Equ.* ift, za^h-^azzid. 

Equ. 2d, ^-|^3^-|-^=3rf. 

Equ. 3d, 4-f-*-|-4^?=:4</. 
Subtraft the firft equation from twice thpfeond, and 
you will have 

Equ. ^th, ' 9 ,5^4.^=4^. 
Subtraft the third equation from the fepond, and ypu 
will havf 

Equ. 5th, * 2b — 3^=— rrf. 
Subtra<a five times the fifth equation from twict ^ 
fouah, and ypq will have 

Equ. 6ih, f ^ 17^=13^. 

Equ. 7th, * * f=^^. 

Pu 



Art. 93* producifig Simple Eqtuitms. i6$ 

Put this value for c in the fourth equation, and you 

will have 5*+^5 that is, S^'h'^ ~ 4 ^i dicrcforc 
85*+i3^=68^,thcrcfore85^=55i/,and^= ^ ts 
^ — ; thcrcfops 

Equ. 6th» • * *a=— * 

Put now the two values of t and c already found, id- 
ftcad of k and c in the firft equation, and you will 

have 2tf+^4-r, that is, 2tf+ ' " ' ' "^ ^ , or 2^+ -^^ 

3=2^; whence ^^^24dz:s3^i and 341723:10^^ and 

s= — - = — : therefore ^ 

34 ' 17 ' 

^ " ad 

Equ. pth, tf * *2=2^* 
So that the numbers are ac laftfautidto.be 



xd 11 d 17 d 

' — , issi , and fs= -2— j whence it follows, that if 

»7 17 «7 

any number be put for d, that will admit of the num-. 
her 17 for a divifor, the quantities a, b and c will 
come out in whole numbers i as if ^ be made equal to 
17^ the quantities a^ b and c will be, j, 11 and 13 
refpeftively ; and the numbers will anfwcr the condi- 

tioiu of the problem; for 5-] ^— ,or5-|-i2tei7} 

II -f'"^-^jOril4-6=i7i 134" ' ^ S O" 3-4-4 

1=17. 

Mverii/i9Uni* I hope the reader does not need t^ 
be told, that the numbers a, b and ^ muft always be 
underftood.to be of the fame denomination ifith the 
numbtvdh a$, if the number i/fignifieafo many guineas^ 

L a the 
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tlie nurhbers d, b and d muft alfo fignifjr guineas ; if 
Ihilimgs, fliillings; if pence, pence-. 



Equ. ift, 2a'\'b'\'(;=ld. 
id, ^-f-3^4"^=3^. 

3d, a-i^h-^rj^czzz^td. 

4th, ^ 5^-frf=4^. 
5th,^2^ — 3^==: — ^. 



Equ. 6th, ** 1 7^=1 3/. 

7ih, * * ^ =-^ . 
• 17 

8th, * ^ * =— . 
'7 

*;^ 
oth, a * '^——. 

^ 17 



A Scholium. 

^ 94.. Of the foregoihg equations, the firft, fecond 
and third, wherein the quantity a is concerned, may 
be called equations ef the .firft rank; the fourth and 
fifth, wherein the quantity b is concerned, arid out 
of which the quantity a is excluded, may be called 
equations of the fecond rank j the fixth, wherein c is 
concerned, and out of which both a and b are exclu- 
ded, may be called aa equation of the third rank ; and 
fo on, were there ever fo many unknown quantitfes. 

Whenever the equations of any. particular rank arc 
given or found, in order to derive from thence equa- 
tions of an inferior rank, the Anaiyft is at liberty to 
combine thefe firft equations by pairs as he pleafes, 
provided he docs butobferve.tliefc two ihifigs; firft, 
that every equation of the given rank be fome time 
or other coupled with fome other equation of the fame 
let, f6 as that no equation be left out of the account; 
fecondly, that ii> every particular combination, one of 
ihfc equations be Rich as >Vas never made ufe of in any 
combination before, and the other fuch as hath bcca 
concerned in fome combination before, excepting the 
firft pair. It is not to be denied but that the artift 
may, if he pleafes, vary fometimes frqm this laft pre* 
cept; but it he always obierves it, it will be altoge^ 
ther as well. THE 
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Ofthecdinpojition and refolntwn of a fquare raifcd 
from a binomial root. 



H 



loi* jf "yiTHfiRtO we have been chiefly 
concerned in fimple cquarions: 
it is now high time to apply our- 
felvcs to the refolution of qua- 
dratics ; in order to which, fomething muft be faici 
concerning the nature of a binomial, upon which 
that refolution entirely depends. ' . 

Now a binomial (at leaft as it is here ufed) is a 
quantity confifting of two parts or members, con- 
, ncfif di together by the fign -|- or — , as x-^-a^ x — a^ 

b b 

' X-+- — 'f^— *— ; and a fquare raifcd frorti a binomial 

root is nothing elfe ^ut the fquare of fuch a quantity : 

thus the fquare of x-j — i%xx';\-bx^ , an3 thaf 

-f ^ • ■ I. t ^^ 



t... 



i68 Cmpofitim^mdrifolminofafy^ BqokIIL 
A.* * 



2 



^ . btc . bb . ^ . bx . bb 

^ a * 4 * 4 



^ , 2bx . bb . . ^ ibx , bb . 
•+•5-+-; that IS, ,,»_-- 4.- 5 that m. 

The difference betwixt thefe two fquares arifes from 
the different fign of b ; and that only aSeds the fe- 

GOftd meniber; for tho third member — will be the 

4 
fame, whether the quantity b be affirmative or nega- 
tive; therefore, if thofe care$ be thrown into one, it 

^ b hb 

will fiand tbtia: H^efquari ^ ^ Hh -r— «*» + *x-| — ; 

fa wit^ -j- bx when tbe not tsx'\ — , and — bx wkm 

b 

tbi root is X . Now of the three members thK 

2 

compofe this fquare, the firft xx is the fquare of x^ 

the lecond + bx is the root of that fquare multiplied 

into the codlcient ±b% for the iroot of xxv^x^ and 

bb 
xy.±bzz.'¥^bx% the third and laft member-^, is 

4 
b 
tl^c fquare of i — »'thati«, the (quare of half tbe 

coefficient of thefecond member; whence may be 
4?^!^^^^ I^^jf^ '7® M^!!^S obf^vatiojis* 

Obsesvatiok 
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Obsskvatiok X. 

Whinewr wi meet with pumtity c^fiing of tw§ 
smmiers^ as xx+hXj whereof ane^ asxx^ isafyuare, 
mnd the other fbx is the root of tbatfquare mukiplied . 
ituo Jm^ given coifficient ±h\ whenever I fay we meet 
w/hfueh a quantity^ it m^ kecofifideredasanimperfe^ 
fptare raifed from a Unomial root, and moy eafily be 

compkated by adding — , that is, by adding the fqudre 

4 
of half the coefficient of x in the fecond term: thus 
jrx-|- 6x when compleated becomes xx J^Sx-^-gi 
XM — ix when compleaced fa!ecomes jro?— 8»-|* 16; 
XX -|- 3;!? when compleated becomes xx'\^^x^ii for 
here the coefficient being 3» its half will be 4, and 

the (quare of this will be ^ : again, xx-] when 

compleattd becomes xx^ — ^ — i for here thq fc- 

cond term k' — , and cber«f<Mie the coefficient of x ia 

3 
f by art. 70$ but the half of f is f , and the fquarc 

pfthisis^: again, xar — ^ when compleated be- 

cofses XX — %"+ "^J fof ^c the coefficient la 

•f^i^ whofe half is -^ ^ and the fquare of this is 4* 

--*-: laftW, xX'^-^ when compkated* becomet 
144 ^ a ^ 

bx bb b 

J^*-^ -r 4- """^ 5 for licpe the coefficient is — r- ^ 

a 4.aa a 

tea half •— ~% ^ad die fquace of this is — ^ . 

OBaiHTATIOli 
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Observation 2. 

In tie fecond place // may be ohferved^ that the root 
effucb a. Square when contpUatedy that is^ the root of 

■ hh K 

xxj+ bx -f- "T ^^^' alwfffs be x± — that ii^ it will 

always be thefquare root of tbefirft member^ together 
with half the coefficient^ of the fecond : thus the fquarc 
root of ar^-f-6a?4-9 wiU be ^4-3; thatof x^— 8^-J-i(f 
will be ^—-45 that oi xx-^-^x^^ will be a; + 

3 2^1 I 

■J ; that of XX -| 1 will be x+— ; that of xx^ 

X+TTTwillbe*— ~; and laftly, that of «» 

— \ will be X . 

a * 44a la 

^e common form to which all quadratic equationi 
ought to be redticed in order to be refohed* 

102. Since an a(Fe£led quadratic equation, as we 
have elfewhere defined it (art. 23,) is an equation 
confining of three different forts of quantities; one 
ibrt wherein the fqOare of the unknown quantity is 
cpncerned, another fort wherein the unknown quan- 
tity is fimply concerned^ and a third fort wherein it 
is not concerned at all; it follows, that all quadratic 

\ equations whatever may be reduced to this form, 
mz. Axx=lB x-J^C] wherein i4, 5 and C denote 
known integral quantities Whether affirmative of 
negative, and .r thc^quantity unknown, the fign + 
on the latter fide of the equation Bx-^C^ fignifying * 
DO more than th^t the two quantities Bk and G are td 
be added together according to the common rules of 
addition, whether they be both affirmative or both M^ 
gative, or one affirmative and the other negative : this 

^-will eafily be allowed, if it be confidered^ that quadra^ 
. 5 titf 






Art. 102, 103. ^adrniic Equations,^ xYt 

tic equations, lik^ all others, may be freed from frac*^ 
tions after the fame manner as fimple equations; and' 
when that is done, there needs no more at mod, than 
a bare tranfpofition of the terms to reduce them to- 
the form above defcribed : we (hall however give fome 
examples of the redufflion of quadratic equations to 
this form, amongft thofe that follow. 



j4 general theorem for refohing all quadratic 
equations. 

103. This preparation being made, let now fome 
general quadratic equation be propofed to be refolved, 
with which all particular equations may afterwards be 
compared, and by » means whereof thofe equations 
may be more readily refolved •, as for example, \t% 
the general equation in the laft article be propofed> 
to wit, Axx:=£x'\'C ; and let it be propofed to find 
the value or values oix in this equation; here, tranfn 
poGng Bx^ I have ^.ro; — B!C=C; and then dividing 
by A in order to free xx the higheft power of :k' from 

Bx^ C 
its coefficient, I have itx T" ^^ "7' '^*^ done, I 

Bx * 

confider the firft fide xx -7 as an imperfeft fquare 

raifed from a binomial root; and accordingly I com- 
pleat that fquare by arc. loi, to wit, .by adding 
B B 
—Tip ^^^ *^> ^y adding the fquare of half the 

BB 

coefficient of the fccond term,; but if — —-, muft be 

added to the firft fide of the equation to compleac 
the fquare, it muft alfo be added to the other fide to 
prefer ve the equality ; otherwife, by an unequal addi- 
tion, the equation would be deftroyed ; thig equal" 
adijiition then being made, the equation will ftand 

thus. 



17«. Ttbt R^ohain ^ offeBtd Book Uf. 

thus, W- "i^ + :^ = :^^+ -7* but th« 

SB C 
twofiraftions— j^aod-^, when thrown into one,. 

^ve — -^j — ^1 which, dividing by J, gtires 
i?5+4ilC . - Bx , SB 

-W-' ''^^^^'^ '*-•:? + ;t2 = 

^^ — i therefore the fquarc root of one Ikk 

will iDe equal to the fquare root of the other; but the 

i^UATe ffOQCof the fradioa — jj^t *t J^** w it 

here ftabds in letters, cannot b^ extracted, becaofep 

though the denocninator ^A/i be a fquare, yet there 

is no literal quantity whatever which being multiplied 

into itfelf will produce BB-y-^ACi therefore, to put 

this numerator into the form of a fquare, let ms 

fuppofe£^-f-4«/fC=ii; and then the equati<Mi will 

Bx , BB ss 

ftandthus, ^or- ^+^^^=^35^., but the 

r Bx . BB . 5 • 
fquare root Qt xx — -^+ ~AA^^^ It ^ ^'^ 

10 1 ; and the fquare root of —jr is + --^ for a reafon 
formerly given, to wit, bccaufc ~i when n^ulti^ \ 

plied into itfelf will produce —tj as well as j^ ; and 

therefore, by the very definition of the fquare rooi^ 

the former quantity has as good a right to ^ililecl 

s s 
the fquarc root of 7^2 as the latter-, therefore th^ 

tquaeion will now be reduced to a fimii^t one, and 



I 



Arc. io^. $jfa£ratit ^qtathns^ tf } 

will ftand thus, x-^ — > = + — ji thcrcfoit m ss 

-^, that IS, ^=-7:^-, and^= -^. ^ «. A 

Thus we fee that every quadratic eqoation hoceiik- 
Hly admits of two numbers or rootis (as thiy att 
called) which will equally anfwcr the conditicm of the 
equation, that is, either of which being put ct^unl to 
j^, will make the two fides of the equatfon equa! onfc 
to the other ; and thefe two roots, in all am and fcl- 
tnces where quadratic equation^ arc conctrned) are ojf 
^qual eftimation, whether they be affirmative or Mga- 
tive, or one be affirmative and the other negative: lii 
for example, in Geometry, if a line drawn from anjr 
point towards the right hand be confidefed as aifirma- 
tive, a line drawn from the fame point to the Id); 
Band ought to be confidered as negative; for Itt AB 
be any line drawn from the fi)ct point yf to the piointt 
B ot\ the right hand, and then imagine the point j? to 
move towards Ai here then it is plain that the nearer 
B approaches towards J^ the lefs will be the affirma- 
tive line jiB ; when the point B coincides neith if, tte 
line JB muft be looked upon as nothing, and tbere^ 
fore, when the point B by a continuation of its mo* 
tion has pafied through ^, lb as to lie on the left 
Jband of ^, the line JB oughtnow to be looked upon 
^ negative, having pailed from fomething through 
nothing into negation; and yet a line (tf this nega^ 
five kind is as true a line as any of the affinnatiirc 
kind; and therefore the negative roots of quadratic 
4pquadons, which exhibit negative lines, ought to he 
eft equal dlimation with the affirmative roots that ex»- 
bibit affirmative lines; and the fame will be the c^ 
'(I fay) of ail other arts and fciences where quadratic 
(equations are concerned: but in common life, wheie 
.jpegattve^gantities have no place, the affirmative roots 
pf quadratic (equations are bnly allowed of in the refo- 

lution 
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lution of problems, the negative ones being for the 
moft part excluded. 

N. B. ift. The root of any quantity whether ia 
numbers or letters, that cannot be cxpre ffcd, is called 
a furd : thus s/^ is a furd, and fo alfo is ^/ BB-^-^JC-^ 
^nd it W4S for this reafon, that I made \/JS£+4^C7 
^j, or^.which is all dhe, J55-|-4-^C=ij, 

Sidlyj Thp quantity C and confcquently /^ACmll 
. fometimes be negative; in which cafe the quantity jj, 
or -85+4-^^ muft be looked upon as the fum of the 
affirmative quantity jB^ and the negative one ^ufC 
when added together according to thej common rules 
pf addition. 

^dfyi In inany of the follo>ying example^,' the 
learner muft be very careful to form a right eftima- 
tion of negative quantities: thus for inftance, if x, 
fhat is,+A:=— 3, he muft makc^Xy or-j-4X — 3=— 
12 ; but he muft make — 4^, or — 4X — 3=+i2 j 
fo likewifc — x^ or -r-i^, or — ij< — 3 muft be macje 
equal to-|- 3> ^^* 

^Jynthetkal demon/lration of the foregoing theorem^ 

104. In the laft article it was dcmonftrated analy- 
tically, that if A:)^x be equal to jBa^+C, then x muft 

BA-5 B—s 

neceffariiy be equal both to -^-j-, and to j fup^ 

pofing ss to. be equal to *jBJS+4^C, Now it may 
not be improbable but that the learner, cfpecially if 
he has any tafte or genius, may have a curiofity to 
fee the fame demonftrated again lynthetically, that is, 
to fee it demonftrated, that if x be made equal t© 

-Jt^, or --t; then Jxx muft neceflarily be equal to 
2 A 2A 

Bx-^-C: it is therefore to gratify the learner in this 

particular, that 1 have added ;hc following dcnM)n^ 

ftration. * • 

C AS? 
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Case ift. 

. Let i;s=. — T-; then you wjU have ^ a; ^ 

r ;. . . ; multiply both IJdcs by 4> and yot| 

will have Axx (or one fide of the general equation) 

equal to ■. . u.^: — ; for a fraction ixiay be multtr 

plied by dividing the denominator, as well as by 

piultiplying thp numerator : again;, fince x = -3-., 

BB-^rBs 
you will have Bx=: -\ — ; double both the numc- 

fator and denominator of this laft fraftjon, wRich 
will not affcft the value of the fradion, and you'will 

have5*=^±^^ thercfor.5.+C=iM+ilf 

'^i ~" 4yf ~ 4^ = 

BB-^zBs-X-ss ^ ^ „*,. .,, 

t r-^ — 7, becaufc 55-j-4vlC=:ix by thefuppofi- 

tion J therefore Axx=Bx-\-Cy fince each fide is equal 

. . BB-^2BsArts ■ ^^ 

to the fame quantity — — ——^ . 

Case 2d. 

, B—s 

Let now x =s -~> and you will have xx'ss 

BB — 2Bs-\-ss 

• ' - jj — ■* and Jxx (or the firft fide of the general 

f <|iiatipq) 5p . ' ■ : again, J5*= — -^ = 

2BB-~2Bs 
44 ^ 
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iBB'^iSs , ^ _ , ^ zBB—2Bs-\-4^ 
2 — J therefore Bx^ss -j-^-I — = 

- — ' ^ ^ ; therefore jfyx:s:Bx^f becaufc eacJi 

V^rkus exuft^ies if the refolutim of affiBfid'qu0^ 
dratic equatiom^ both with and without the 
general theorem. 

EXAIiPLBI. 

jp^. Let the equation propofed to be refolded ht 
€xXTr:z$x — I. This particular equation, as well as 
all thofe that follow, may be refolved after the fame 
manner as the general one in arL 103 : but as thefe 
referfutions are very often attended widi fraftions very 
titmblefenife to tW young ADalyft, afid ds thefe par- 
ticular equations are nothing elfe but particulaT caies 
of the general one, it follows, that the nefolutiDn of 
<tbefe equations mvift necellk'4ly be included in there- 
folucion of the general one ; and confequently, that 
rhefc equations will be much more eafily and rfcadify 
refolved by referring them to the general one : how* 
ever, for the fatisfadion of the learner^ I (hall refolve 
fome of thefe« equations both with and without the 
general theorem : and firft I ihall refolve the equa- 
tion propofed by the help of the^cneral theorem thus; 
in the general ^qpation, art. i<>3, we ha»« i^Ar*=*=5a? 
^C; in the particular one already propofed, we have 
6a:;c=:5!V— I ; therefore A in the general equadon an« 
iRvcrs to 6 in the particular one, J8 anfwersM ^ and 
C to — •! i therefore, if the particular equation be rc- 
^rnfd 1:0 the general one, its refolutioir will be as 
fellows : ,A=6, 5=5, C=— i , 55=25, 4^^= — 245 
tbcFelore^Ji or BB-^-^C^ will be the fum of 25 and 
3 ' . —24 
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— 24=1 5^ therefore /=ri, — L. = 2-V cr —, — r^ 

' 2-^ 12 2 ' 2^ 

= — -- =i— ; therefore the two roots of this eqaatioii 

6xxz^.5X — I are f and f . The refolution of this equa-. 
tion in numbers, without the general theorem, is as 
foUows: Equa^cion, 6;rA:=5Ar — i; therefore 6;^;^ — 5W 

= — I, and XX- — T" == f** where xx 1— ^ may 

be confidered as the two firft members of a fquare 
raifed from a binomial root 5 the coefficient of the fe* 

cond term is -— , its half — -^ and the fquare of this 
o i 12 * 

-4-2 C y ' 

^, which cxpreffion I choofc to make ufe of ra- 

12x12 

-X-2^ 

ther than-* — for a reafon that will prcfcntly be Jeen j 

add now ^'— to both fides, that is, to one 

12x12 

fide to compleat the fquare, and to the other to 

f^X 

prcferve the eqvality, and you will have xx — ^ -^ 

- — '— t-: -r- -4 ^— ; here now it is certam thafc 

12x12 6 v» 12x12 

the fraflions -7- and — — ^ muft be reduced to ths 
6 12x12 

fame denomination in order to be added together into 

one fum ; but if .this be done the common way, ic 

will be impoflible to obtain the fquare root of that 

fum without a further reduftion ; therefore, to avoid 

this, I enquire what number the denoniinator 6 muft 

be multiplied by to make it 12x12 the fame with the ' 

other denominator, and the anfwpr in this cafe^ as 

Well as in all others of this kind, will be very eafy ; for 

2)^6=12, and therefore i2j<25<<5, or 24X6=12X12; 

ilwjrcfore 1 multiply both the numerator and denami- 

M nator 
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naior of the fraftion ^ into 24, and fo have ^ ■ ^; 

+25 ' 
and this added to the other fraftion 7^— g^vcs 

-: \ and now the equation wiH be ka? — -g- -jf^ 

2 < r 

— -^ — = i cxtraft the root of both fides, ani 

i2,xi2 12x12' • ^ 

you will have ;c ~ -^ = + -;^, whence, a? = ^; 

f 5+1 I ,5-^^ ^ . r I r 

but^-i— cs— ,and =^-7-=—: therefore. ^as~, or -^. 
12 2 12 . 3 ' 2 3 

This may ^Ifo be proved fynthetically thus : let- 
a:r=f , then you will have ^x=4» and (iXx=L%^ or 1 J: 
again, 5^=4=21 -, therefore 5^ — 1=1 J;, therefore 
6;px=5i:-^i, fincc each equals if. 

Let us now fuppolex=|, and you will havcjrr 
srj-, and 6;if^=:4f or f : on the other hand y^u will 
have s^^^^ or if ; therefore 55? — i=f ; therefore * 
6a:a;=5y — i: thefe two fraftions therefore will an- 
fwer the condition of the equation \ and there are no 
other numbers befide thefe, whether whole numtos 
or fractions, that will do it. 

Example 2. 

Let the equation to be refolvcd be 24^? — 2xx:=zm 
-4-45. Here tranfpofing —2xx wc have 3XX']-^S^ 
24^, whence ^xx=i2^x — 45 j and thus we have r> 
duced the equation propofed to the form of the ge- 
neral one in art. 102 ; wherefore applying that gcn^ 
ral equation to this particular one, the refoludon, by 
^ ah. 103, will be as follows: /Issi^^ B=z2/^y Cm— 151 
BBz=:sj6y j^AC^^s^^y ji=576-— $40=36, s^t 

TZ" ^ ^*TT ~ ^ ' therefore X2=:5, or 3 ; and this 

will further eafily appear by fubllituting S or 3 for* ! 

in 
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in the original equation thus ; xzzz^ ; therefore 1^ 
s:=i 20 ; x;Kt=325 5 therefore 24^^- — 2^^=120 — 50=70 j 
SyHich is one fide of the equation : on the other fide 
•*c Haye>*-f-45 3C2 54"45=7 ^ ; therefore i^x — ixxzzi 
«'x-f-45. Again, let ^=3, then we (hall have 24x2=: 
^t^ ahd Atoriip, and 24^ — 2^=54: on the other 
hand, wr+45=54; therefore 24x—2Pfx=:va:-|^45. 

JVi jK This laft equation when reducc4 to the form 
df the general one in art, 102, flood thus 5 3x.v=a 
*4a^— ^45 : but this equation might haVe been re- 
cfuced to a' more fimple one of the fame form by di- 
viding the whole by 3,: and then the equation would 
have flood thtis, xxz=:9x — 15: in which cafe wo 
Atefefld hivfe had-yfci, J=&, G=— 15, BS—6^,\ 

^ ^ B4-S B—s 

4Sift:=:— (fei ^J=4» J=^» "TJ ^ 5y -JX — 3» a« 

before : the folution of the foregoing equation in the 
cbmtnpn way is this, xx-^Sicz=z — 15 ; thefefpre com- , 
pleating the fquare, xx — 8^-]- 1 6=11 t/iereforc ex- 
tra6trng^t1iff*fqiiarc robt^ ar-^4±:+i 5 therefore iv=: 
+4±i=;5» or3, 

.ExAMi^L^g* 

Lcf the equation to be refolved be jix-^iUx'^J^^ 
^^xx — 8a?4-444- Hence by tranrpofitions we have 
fix^r4.4:iii5xX'^SX'^44.4.,^nd8oX'{^^ 
.and5x;i:=8o5if-^3oo, and xxt=zi6x — -60-, which equa- 
tion being refolved like that in the laft example^ gives 
flfssio, or 6; whith may alfo be eafily feeri by fub^ 
ftituting 10 or 6 ifor itf in the original equation* 

Ex A M* PL E* 44 

Let the equation to be refolved be ^Sx-r-xxt3iii$; 
Here we have ^^-{-11522^ yjf, and a;x=2 8iv — 115; 
>'hich equaton being refolved like that in the fecond 
ttraihplei giV5V«s=z3y or 5 ; the pftfof whereof is 
«afy4 
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E X A M P L E 5, 

Let the equation to be refolved be 5= —r— ; 

' 120,^ 

therefore 120 — 5^= -jp- ; therefore 100* — S^rjc-f- 

480=120^; therefore ^xx -}- 126;? = loojc -f- 480; 
therefore 5xvt= — 2o:r+48o;thercfore(dividingby5) 
^y=:— 4:^-1-96 ; therefore in this cafe, ^=1, £= — ^ j 
C=96, £5= 1 6, 4^^0=384, Jjrri 6+384=400, j= ' 
^■-[-•^ — 4-4-20 J5-— J — 4 — 20 
2-4 22^ 2 * 

therefore in this equation, ;if=8, or — 12: the proof 

120 120 

is thus; let .r=+8v then — =15, and-- 5=10: 

X X 

, 120 , ^ 120 
again, A:-l-4=i2,and -^j- = 10; therefore 5 

120 * . , , 120 
= — r- . Again, let xz=z — 12, then = — 10; 

0:4-4 X 

120 
therefore, . 5= — 10—5=: — 15: on the other 

X 

hand, a;-}-4= — 12-|-4= — 85 therefore— r—=^ 

= — 15; therefore 5= —r-- The re(olutii)n , 

in the common way is this; xxim — 4;f-|-96; there- 
fore xx-\-4x=g6 ; therefore jrjc-|-4o:-|-4= 1 00 ; there- 
fore o:4-2=+io; therefore x=. — 2j:io=-^8, or ! 

12, 

E X A M P L E 6. ' 

Let the equation to be refolved be 2XX'\-ixz=i6yy 

therefore 2xxz=: — 3^+65 ; therefore in . this cafe, j 

A=2y 5= — 3, Cz=z6s, BB=i^y 4^0=520, 5^=529^ I 

_ ^+-y__ — 3+ ^3_ B—5 —i— i^ 
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f-: therefore in this equation, ^=-{-5, or — 6| : 



2. 

that a;=:4"5 '''^'''^ ^^^^7 '^^ ^c™ 5 .^l^ t'^^t ^= — 6| : 
pf that — 6i being fubftituted for x will make 2^^? 

I •—12 

-4- 3^=65, 1 thus demonftrate .\;ir=-~5 — =. ^; 

' .2 2, 

therefore a:jc= ; therefore 2xx^=z — ^;and + 

^^\2 CjO 

3x=:-J-3X— — ^^s=' — ^^-: therefore 20:0:+ 30:=: 

169—39 130 

— -^ — ^ = = 65. The refolution m numbers; 

22^ * 

'I X 9 6 c 

2^Ar-h3^==^5 = therefore xx A -| 3= -^ + 

' ^ ^ :^ ^-2 7* 4x4 2 ^ 

o ?20+9 529 , ^ ,3 ^22 

-^ = ■ ^^ = 2-? ; therefore at +4 = :i=-^i 
4x4 ^ 4x4 ^ 4X4 .4 :4 

— 2=i=22 I 

therefore x = -^— - — ^ z:=. + 5, or — 6—. 
. .: 4 . ^ -^ « 

Example 7. 

Let the equation to be refolved be gxx — a:=I40 ; 
therefore 9Araf=: I A:-f- 1 40. Here^=:9, j?=i, C=:i^o, 

BB=1, 4^^=5040, JJ=50^I, J=;:71,-i=:4, 

-S— J' 8 ■ ^ . 8 , , 

— T- = — 3 — ; therefore Ar=:+4, or — 2— rthelat- 

ter caie I thusdemonftrate; a; = — 3— = ^j 

V , 4-1225 , ^ I22C ^ / 

tnerercre A:A;i=— 77? — -; therefore 9^= : again, 

—lAT, that is, — IX — — = -^-^^^ therefore gxx — x 

1225-J-35 1260 , , 

~ ^— ^ — —-= - — ;= 140. In numbers thus; 
.9 9 

M 3 §xx 



»ea pfe P^/oiutipif of apffed ^ppk IIJ, 

9»fjj^»*=pi4Pi therefore #f>f—^ 55?--— i th^ce* 
■ ■ 9 9 

^ J 'f , I 140 J T _ 

fore^^-- -f ^-g^ =^ T "^ ^^«>^ ^ 

5?|^=:i£4i , extraft the root of both fid<5s, 

that is, pf XX ^ — ~'^ i8xi'8 ^" ^"^ ^^* ^"^ ^ 
' P"^' on the other, and you will have «-^7ir 

7 1 

===fc — } whence *=E-{-4, or — 3I, 

?p ■ ... 

B y A M P L S 8. 

Let the eq[aation to be refolved be ^JTT, ^ 

^^ = 71 therefore 45 +' V-f^ '^^ *4*+ 

2ijthercfore«8pj+2254-»3^^4-348?=S^**+'^54« 
4-io5f that is, 4i2«-|-573=^5<^**+'54*4-to5 5 
therefore 258x4-573== sfi^J'+tPS i tl»W<*of4 5'^=? 
?58Ar+468 ; therefore (divWin^b^,,^). y^v* h»XR«ft«» 
= 129*4-234; which equation being compared with 
the general one exhibited in art. 10*3 . givies ^3=28^ 
#=129, C=^234, 5^=16641, 4-4C5?262o8, «:5p 

B4-S ^ M-rS,' " II . 

42849, 5?=?07, TT = ^* 7T =^ "^' ^^ '^''' 
fore in this equation y=4-6,or — x^; both which 
i thus dcmpnftrate : firft y==6 •, therrfore ax4-3»'5 j 
therefore -4Er =^3 ' nioreover,u^ar4-5=29> there* 

2*T|^3 .. 
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=7 : fccondly^ x =: — i -« = — ^ ; therefore 2 x 

= ^T^i therefore 2x4-2 cr'^^ 4. J = !-• 
therefore , is the jquotient of — diviided by 
— ; but this quotient, according to the rules of frac- 
tional divifion, is—- =2ioj therefore 7—% 

r= 110 : again, 4 ^ =s — ^ 5 therefore 4^:+ 5 ==« 

—^9 • 5 — 4 , r 116 . , . 

— =^ -j =: — ; therefore j^ is the quouent 

of — r- divided by -^ ; but this quotient is ^ 

* 7 4 

or —203 ; therefore ~-;^=— 203 ; therefore ^^ 
, 11(5 

The refolution of this equation in the common 
Way is as follows-, ^()xx — 2$%x:=:^6Zi therefore 

XX ^ 5= ^-^ : ber6 the coefficient of the fecond 

56 56 ^ 

icrm is ^ ■% , its half — -^, and the Xquare of 

this -T — ^ ; add this fquare to both fides, and you 

258* , 16641 468 - i66At 
^ill have**- >^^-g- 4. -^^ = ^ + -_. 

.6zoS + x66 4t^4i849 ,,„,^ ^^c fquare 

56X56 56X56* ^ 

^ 1 t ^, • . /. 258^ , I664I 

root of both fides, that is, of a:A?— "7r'+~6x76 

M 4 oa 
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42849 
op one fide, and of -j — > on the other, and you 

• T20 207' 

w;ll have fc -^ — > = +. -^ } whence pc == -|-6, or 

IE X A M P L E 9. 

Let the equation be 15^— AAr=56; then this equa- 
tion being refolved by the general theorem gives 
x=8, or 7; and in the common way it is thus re- 
folved^ ic^x — xx^=s:s,6 ; change all the figns to make 
xic affirmacive, apd you will have xx — ic^x:==z^^56\ 

2 2 15 22 c I 
whence xx — 1 5.11; •) ^=; — 56-] ==— ; there- 

T T* 4 

frre X — — = +-— , and a? = 8, or 7 ; but what 

2 — 2 ^ 

1 chiefly intend by this example is, to (hew, that in 
refolving a quadratic equation by the genera) theorem 
there is no ncceffity of making any tranfpofition to 
exhibit XX affirmative wheh it would otherwife have 
been negative ; as for inftance, in the equation here 
propofcd we had i|x— xx=56 ; trapfpofe 15A:, and 
you will have — xx^ that is, — ixxz=z — 15^^-56 ; let 
this equation be referred to the general one in art. 102, 
and refolved by the general theorem in art. 103, and 
you will havc^£= — i, ji?=— 15, (7= 56, £-0=225, 

4yfC= — 2 2 4,JJ=:i,J=I — V= ^— = ^ 

How the learner is to proceed when the roots of a 
quadratic equation are inexprejjibk. • 

106. As there are but few fqu&rp nurpbers in 
cpmparifon of the reft, and as all quadratic equations 
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are refolved by extrafting the fquarc root, it follows, 
that there are but few quadratic equations capable of 
an exad numeral falution in compariron of thofe that 
are not: but ais the fquare root may be extrafted ta 
any degree of cxaftncfs. we pleafcj the refolution of a 
quadratic equation, which 'depends upon it, may 
alfo be performed to any degree of accuracy what- 
ever 5 as will appear by the following example, 

E X A M P L E lOr 

Let the equation be xx — 4Ar-{^ i ==0, or xx=/{x — t . 

Hcre^=i, 5=4, C=— i, 55= 16, 4/fC=-4, 

. 5+J 4+^/I2 J 5 — J 
xj=i2, is=vi2, — T- = , and 

2A 2 ' 




4—^12 4+^12 4- -•- . 

; therefore x ;= , or : but 

2 V ,2 2 

let us enquire in the next place, whethere thefe two 
fradions arc not capable of being reduced to more 

. 4. 

fimple terms ; firft then it is plain that — =2, and I 

fay further that — r- =\/3 ; for 1 2 = 3x4 ; there- 
fore V12 =V3XV4=\/3X2-, therefore 
=>/3 9 whence it follows, that ^=24-^^3* or 

2 — v/3 ; but \/3 extrafted to three decimal places 
gives 1.732 : therefore 2'4•^/3=3 *73'^9 ^^^ - — ^3 
=:r.263 ; therefore s^r;^ (nearly) 3 ,732, or .268, as 
will be further evident from the proof following : 
firft ^=3.732 J therefore jt;^=: 1 3.92 7 824 ; and4.rr=: 
14.92x8; therefore 4^ — Arxziri.000176 ; therefore 
XX — 4^= — 1.00CU76 ; therefore xx — ^ic-j-^^ — 
.000 1 7 6:=o very nearly ; fecondly, let^t::^ .268 and 
you will have.^A:=.07i824and4;f=:i.07'2, and ^x — 
xv= 1. 000176 i therefore at-v— 4^= — 1.000176 ; 
therefore xx — ^x^iz=: — ,000176=10 very nearly ; 

fherefofc 
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therefore in both cales^ the condition of the equation 
is anfwered to as many figures or cyphers^ as is equal 
to the number of decimal places to which the fquarc 
root of 3 was extra£ted. 

It may feem to Ibme perhaps a paradox to aflert^^ that 
^ugh the two furd values of the unknown quantity 
ibuod in this and the like cafes^ are not to be expreffi^ 
in numbers^ yet they nuiy be demonftrated to be 
juft : Thus I fhall demonftrate, that if either of the 
two yalues of x found in the laft, cafe^ to wit, 
2+^/3, or 2 — \/3, be fubftituted for x^ we fhall 
have thi^ equation 9cx — ^4j^-j-i=o, which was the 
equation . there propofed: in order to this^ make 
$Jizs:s\ and firft, let a:3=:2-|V3» or 2-{-^; and we 
fliall have jf:i:=4-|-4J-^Jj, and — 4a:=s — 8 — 4J ; and 
yx— 4:c=4+4r+JJ — 8 — 45=^ — 4 j but if J=^/3, 
jj=3, and ss — 4c= — i ; therefore, xx — 4X= — 1, and 
XX — 4:r-}-i=a: fecondly, let x:=:z2 — ^^3, or 2 — j, 
and we (hall havexr=4 — ^4j'4-'^/,and— 4*:=£ — ^^^3 
and jfx— 4a;=w — 4=— i, as before; whence ;tf;v<«^ 

Of impojfible roots in a quadratic equation^ and 
whence they arife. 

107. The roots of quadratic eqOafions" are not 
only very often ioexpreffibie, but ibmetimes cveii 
impofTible, as will appear by the following example, 

EXAIVfPLE ti^ 

Let the equation bcAra: — 4j;-4-6=o, or:ext=r4^— 5, 
Here ^=1,5=4, C=:— 6, 55=i^4^C==— 24* 

,,^-8, i_V~8, -^ _ ^^— , -_ - 

^p:^tzL\ but -f =2, and —85=- 2X+45 there- 

fore 



^t? y^ « V^>«v'r4^ 5^ ^-^zX^ s theirfori 

— — =is/— 25 therefore in this equation, ^=2+ 
2 

%/rr-2, or 2-rr\^^ { i>ut ds RO qutntky whatever, 
either a8}rio«.ciy;e or nes»w^ beiog multipUed into 
itfelf, vHl produce a negative, it follows, that V*^2 
U noit only An io^l^P^^i^fl^^l^ qo^ty, but alfo an im- 
poffibleone; and confequently, that thq two values 

of X in this equation 24"V— 2 and 2 — V — 2 will 
]l7Pth be impoffiWe. 

iV^ B. Though ;h? roots of this laft equation be 
impoffible in their own natures, yet they may be ab« 
firadlediy dcmonftrated to be juft, as in tlie lafl ar^ 
tifle, by making /=V — 2, and confequcntly ij=: — 2* 

From what has been faid concerning impoffible 
roots, it appears that one root of a quadratic equation 
fan w^^ be imipolfible alone, but that they muft 
either be both poflible or both impofiible : for it ap- 
pears &cun the peiblution of the lajl equation^ that 
the impoffibiljty of the roots Qows from the impofli^ 
bc}ity tof the quantity j, or of the fquare root of w 
ifflf^n it IS neg^ji^y^ ^ now when s is po(&ble, both the 

wott of the cc^uation ^ and ^'mll b« poffible, 

on the Other hand, when s is impolTible, both the 
roots muft nece^riiy be impoffible. 

.Singe the pofl^biJity or impofiibility of the two roots 
of a quadi;4tic equation depends upon the quantity s^ 
being affirmative or negative, it follows, that when 
fs and confequ^ntly s equals nothing, the roots wilt 
be in the limit between poITible and impofTible : now 

^r i:=o, we (haU have -—^ =s —.j and -— j- = — -,; 

therefore the tv^q uneqqa) roots of a quadratic equa* 
tioii grow nearer and nearer to a ftate of equality as 
they grow nearer an4 never to a date of impoffibility^ 



1 8 8 The Refilution of affeSlei Book III, 

but do not come to be equal till they come to the limit 
between poffibility and impoflibilitjr. * 

How to find the fum and produSl of two roots 

of a quadratic equation without refohing it : 

alfo how to generate a quadratic equation that 

,fhall have any two given numbers whatever /or 

its roots. 

io8. Tn a quadratic equation of this general form^ 
Uwity Axx=Bx-|-C, the fum of the roots will always 

he — , and the produH of their multiplication -^^ • f^r 

£ J-j 2 — s 
the roots of fuch an equation were — — and — j-^ 

the fum whereof is — -:, or — ; and if thefe two roots 

be multiplied together, their produd will amount to 

^B—ss ^ ^^ . .^ 

— -r-T- ; but jj=:jBjB-f-4/fC as was formerly fup- 

bofcd, art. 103 ; therefore ss — BBzzz^AC^ and 

BB — j/=: — ^{AC\ therefore 'j-r-, or the produft 

of the two roots, equals — tt-= -^-r*. 

Therefore if Azrzi^ that is, if the equation be 
xxz=:Bx'\'C, the fum of the roots will be 5, and their 
produft — C; that is, as the equation now ftands, 
the fum of the roots will be the coefficient of the 
unknown quantity on the fccond fide of the equation, 
and their produd, what we call the abiblute term, 
with its fign changed. 

Hence we have an eafy WGy to form a quadratic equa^ 
ticn wkofe roots Jhall be any two given numbers whatever: 
as for inftance, fuppoic I would have a quadratic 
equation whofe roots (hall be the two numbers 3 and 

4i 
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4; here it is plain that the fum of the two numbers 
3 and 4 is 7, and that the produfl: of their multipli- 
cation is 12 ; therefore I form an equation whereof 
one fide is xx^ and the other fide is yx—i 2, to wit, xx 
±=zTx — 12 ; and the roots of this equation will be the 
given nunibers 3 and 4, as will appear from the re- 
folution: if I intend the two roots to be 3 and — 4, 
their fum will be — i, and the produft of their mul- 
tiplication — 12, and the equation xx:=: — -'^ -j- 12 : 
if the roots are to be — 3 and -|-4, their fum will be 
-f-i, the produft of their, multiplication — 12, and 
the .equation ,;vy=j?--j-i,2 : laftly, . if the roots are to 
be —3 and — 4, their fum will be — 7, the prbduft 
of their multiplication 4-12, and the equation xx:=z 
—7^ — 12. I (hall demonftrate one general cafe ac- 
cording to the refolution given in art. 103, which will 
be fufficient to ftiew the way to all the reft : let then 
the roots propofed be p and y, whofc fum is p + ?, 
and the product of whofe multiplication is pq; and 

the equation will l>e xxz=:p'\-qx^'^pq> now if this 
equation be referred to the general one, we ihall have 

—4Pq.SS=pp-2pq+qq^-p—q,-^ =^ \ - 

= £^=^,^^=d:£zd:2=!£ = y, therefore 

the two roots of this equation are/> and q. ^ E. D. 

I think I ought not to omit here, that if any ona 
has a mind to torm a quadratic equation with any^ 
two given impOffible roots whatever (if I may be al- 
lowed the expreffion), it may be done by the forego- 
ing rule, provided that thefe impoQible roots be in 
fuch a form as is proper for a quadratic equation : 
as for example, fuppofe 1 would form a quadratic 
equation with thefe two impoffible roots, to wit, 
2-|-v' — j and 2 — V — 3, 1 put ss for— 3 ; for though 
nopofllble quantity multiplied into icftlr can produce 
I ^ a ne- 
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t negatirc, yet an impofliblc one may, that being A# 
very thing wherein the impoflibiliYy confifts; maMng 
then ss= — 3, I havej=:V — 3, an d fo t he two roots 
of the equation will now be 2-j-/i and a— jj the 
fum of thefc two roots is 4, and the produdt of their 
multiplication 4— jj ; but if ji=s— 3^ -^jjas-f-g, and 
4 — ^jj=£44-S=7 ; therefore the equation with thefo 
roots will be jws^r— -7 : and this will be further 
evident by the refolution; for if :^xszA^ — 7, that is^ 
if PCX — 4^= — 7, we ftiaU have x:^-- 4jr4*4g=' ^3x ^ "d 

a>— 2=+V— 3y and «==24-^/---3i or 2— \/-^j. 

How to determine tbejigns oftbepoff^le roofs df 
a quodkatic equation without ref6hing tt.^ 

109. If all the terms of a quladi^tifc cqiJatioh* be? 
thrown on one fide of the equation, fo as t6 be noadief 
equal to nothing; and if the term wherein- xx^ thef 
iqtHare of the unknown quantity i3 cbfic^ndS, btf 
made the firft^ that wherein x, the fimjile pov^^f i9 
concerned, be made the feeond^ and the abfokife 
term, as it is called, be made the third; tTie number 
of affirmative and negative roots in fuch aacqiiatioff 
may be found by the following rule, to wit, As often 
as the ftgns are changed in pajjing through alt the tertnt 
from the firfi to the UJl^ of fo many affirmative toots 
will the equation confi^\ but as often as the fipis arf 
the fam€y *fo many negative roots' will* he font5 in the 
equation. This is true in all equations what^^fciri 
though at prefent we (hall only dcmonftrate it in the* 
cafe of a quadratic equation : but firft wfe fhall givtf 
the following explication of the rule. 

Case i. 

Let the equation be axx — hx^c:=zo. Here there 
are two changes in palling through the terms from 
the firil to the taft, to wit, (rotn^axx to •— *x, and' 

from 
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from *— Ar to +< y therefore the roots of this equa- 
tion are both ftfih-mative. 

Cases. 

Let the equation be axx'—bx — r=o# Here from 
^\^xx to — bx is one change, an^ from — ^^^ to — c 
is none; therefore this equation confifts of an affir« 
raative and a negative root. 

Case 3. 

Let the equation be axx^bx — rcso. Here in pafr 
jGng from J^axx to-f-^^« tiicre is no change of fign, 
but in pafliog from -|-^a? to — -r there is a change^ 
there&ce^ this equation alfo. confifta of aa affirmative, 
and a negative root. 

Case 4. 

Laftly, let the equation be axx'\'hx'^c:=?iO. Here 
there are no changes,, and confeqiiently the roots of 
this equation are both negative. All thefe cafes t 
ibalL dpmos&xzxs^3^ the foHgwing manneft; 

G A s. E !• 

Let the equation, htaxx — hx-\-c'=x>^<ixaxx'=:::.bx — c. 

c 
Here the produfi of the two roots is — by the laft 

article, that is^cthe produft of the two roots is an 
affirmative quantity, and thei:eforcthofe( roots m*ift 
cither be both affirmative or both negative; but they 

cawiot.be.hoth.nogative*b«caufe»thaiF funais --^j by^ 

thcfame^actidc; therefore they muii both be afHr- 
mativc. 

Case ^* 
Let the equation bo axx^ — ^x~f sro, tysraxKT=zhx>\<^ 

c 
Hfiretht|>rodu(3rof the tworoots.is-^ , and con- 

fequently 
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, fequcntly thofe roots muftbc of different kinds, one 
' affirmative and the other negative; and becaufe their 

fum, -{ — 9 is an affirmative quantity, ic is an argu- 
ment that the greater root is affirmative* 
Case: 3. 

Let fhe equation be axx^bx — ^=0, or axx^=:> — hx 
4-f. Here again the produd: of the two roots is 

-J—, vi^hich argues one root to be affirmative and the 

a ^ 

other negative; and becaufe their fum is a nega« 

tive quantity, it is an indication that of thefe two 
roots, the greater is the negative one, 

C A s E 4. 

Laftly, let the equation be axx-^-hx-^-czri.Oj or ax^ 
= — bx — c* Here the produft of the two roots is 

'\ an affirmative quantity 5 therefore the roots arc- 

cither both affirmative or both negative; but they 

cannot be both affirmative, becaufe their fum — is 

negative 5 therefore they muft both b-^ negative. 

Impoffible roots excluded out of the foregoing rule. 

The rule here given for determining the number 
of affirmative and negative roots relates only to pof* 
. fible roots *, for impoffible ones cannot be faid to be* 
long to any clafs, either of affirmatives or negatives j 
nay, fo capricious are they in this refped, that in one 
and the fame equation, the very fame impoffible roots 
{hall fonietiBies appear under one form, and fome- 
times under the other: as for example, this equation 
i\v-|-3=o may be filled up two ways without affeft- 
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ing cirfior the cquatioo or its roots j to wit, either 
thus, ;v,r— 70a:4-3=o, the roots of which equation 
^ccordiag to the foregoing rule are both affirmative ; 
or thus, ^;f-f-G^tv{-3=o, the roots of which equation, 
though it be the facnc with the other, and differs oniy 
in form, arc both negative : the reafon of this abfur- 
dity is, that the. two roots of the equation ^^0:4-3=0 
are impoffible, and occafioned this confufion by put- 
ting on one fliapein one equation, and another fhape 
iQ the.otber : ohis will further appear from thercfp- 
J ution ; for if af^3=o,wehaveyj«=s— 3,and;tf==:4- 
V — 3, or — V-^3, which are both impoflSble quanti- 
ties. Again, the equation a?^— ^=0 may be filled up 
various ways ; as t-hus, x^ — ox^-i-ox- — 3=0, in which 
equatiprtj according to the foregoing rule, there arc 
three affirmative roots; or thus^x^ — ox* — ox — 3=0, 
in which equation, there is but one affirmative root 
and -two negative .one3: hence an experienced Analyft 
would immediately conclude (as is really the cafe) 
•that two of the roots of the equation at^— 3=0 were 
jmpaffilple, and that they ftood for affirmative quan- 
tises in the former way of putting the equation, and 
for negative ones in the latter. This will further ap- . 
pear, when .we come to treat of cubic equations. 

0/ Biquadratics^ and other equations in the form of 
quadratics. 

110. Thus much for the refolut ion, nature, and 
properties of a quadratic equation : I (hall only add 
an example or two more of other equations that fome- 
times ppt on the form of quadratics, and have done* 

Example 12. 

Let the equation to be refolved be, ^ |-^x== 

I \6 ; therefore 1 600+^4— 1 1 6xx ; therefore x^±sr 
1 1 6xx«-i 600. This equation is, properly fpeaking> 

N abi- 
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a biquadratic, that is, an equatioo wherein the fourth 
power of the unknown quantity is concerned : now 
as every poflible quadratic equation has two roots, 
which will equally anfwer the condition thereof, {o 
z cubic equation, that is, an equatipn that rifes to the 
third power of the unknown quantity, may havetbree 
fuch roots^ a biquadratic four, (^c. : but the equa- 
tion x^zBzii6xx — 1600, though it be a biquadratic, 
and admits of four roots, yet it is in the form of a 
quadratic, if we conHder xx as the unknown quan- 
tity ) in which cafe x^ muft be looked upon as the 
fquare of the unknown quantity, and the equation 
muft be referred to the general one in art. 103, thus ; 
^=1, B=ii6, C=— 1600, i9J5=i3456, 4^C=— 

6400, ^=7056, J=84, -jj- =3 100 —J = 16; 

therefore in this equation, a:x=ioo, or 16 : now if 
?fx=ioo, we (hall havey=:-f"Or — 10; if x*=r6, 
we fliall have x=-j- or — 4 5 therefore the four roots 
of this biquadratic equation are, -|- 10, — ^^10, -|-4 
and — 4 : but though in this equation x has four 
fjgnifications, xx has but two, viz. lob and 16, 
either of which being fubftituted inftead of a:;^ in the 
original equation, will anfwer that equality, as may 
cafily be tried. 

N. B. Whenever of the four roors of a biquadratic 
equation any two are equal and contrary to the other 
' two, the equation will be in form of a quadratic, and 
may be rcfolvcd accordingly. ' 

£ X A MP L £ 13. 

576 
, Let the equation be ^'^=55 • ^^rc we have 

576 — x''=:55;^A'5and*4-j-55jfx=576,and*'*= — 5$x* 
~h57^ ' therefore, according to the general equation 
in art. 103.^=1,5= — 55, 0=576, JS5=30Z5, 

B+s B—s 
4^^0=2304, w=:5329, j=73, -^-='5>.-7J- =— 

<54i 
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64 ; therefore in this equation, d^=-]-9 or — 64 : if 
ara7=-| "9, Afs s-)-* ^r ~3 ; i f Afx= — 64, a; will be equal 
to-f-V— -64, or — V — 64, both which values are im- 
poffible ; fo that in this equation ^ has but two values^ 
•+- or — 3, the other two being impoffible ; and x^ 
has two values, to wit, -j-9 ^^^ •'—64^ which are 
bpth polfible, and which, being fubfticuted infiead of 
XX into the original equation, will anfwer chat equa- 
lity. - From this example it is eafy to fee, that a bi- 
quadratic equation may have four roots, and never 
can have more; yet it may fomctimes haVe fewer, 
upon the account of ibme of its roots becoming im- 
poffible ; nay inftances might eafily be given wherein 
all the roots of a biquadratic equation are impoffible. 
If any one difapproves of the refolu tions here given, 
he may perhaps relifh the following better : let the 
equation be Ax^^=:Bx^:'\-C \ here putting z far xx^ 
and confequently zz for x\ the equation will be 
changed into this common quadratic, AzzzziBz-^C'^ 
which being refolved, z or xxj and confequently x it- 
felf will be known : fuppofe the equation to be Axfizr: 
Bx^'^'C ; here putting 2 for ^S the equation will be 
changed into a quadratic, as before^ to wit, Azzznz 
jBz+C, the refolution wheteof willgivc zfor^r', and 
confequently ^.by an extraction of the cube root: 
laftly, let the equation be Jx=JffxN/^+C ; here put- 
ting zz for x^ and z for Vz, the equation will be 
jiKz=:iBz-^C^ as before j whence z, and confequently 
zz or x will be known* 

y2^ folution offome problems producing quadratic ' 
equations. 

V K o ^ L E M 6g. 

III, // is required to divide the numbir 60 into two 
fucb parts^ that the podua of their nmltiflication 

nug^ amount to 864. 

N a SoLUTiOK^ 
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• Solution. 
Put X for one of the parts; then will the other 
pan be 60 — x^ and the produA of thcif muldplica^ 
tion will be 6ox — xx ; turhencc the equation wiU be 
6ox—xx^S6^ : thcrcft)rc xx*\-S6^:sz6oXy and ^xas 
6ox-— 864 : this equation, compared with the genenl 
one iti art. 103, gives ^=i| 5==:6o, C= — 864, 

jBJ5=s36oo, 4/C=— 3456, «=I44> ^»"»T4 

t=: 36, — -7= 24; therefore the partt fought are 

24 and 36 ; which upon trial wilianfwer the condi- 
tions of the problem. 

Obfervations upon the foregoing pr<^btem. 

Observation ift. 

In this problem we may clearly fee the neccffity of 
the unknown quantity's having fometimes twotlifttaft 
values in one and the fame equation : for hei%, if I 
put X for the greater part of 6o« the leis will be 6a 
— ^, and the equation will be 6ox—xxx=z%6^ r iiyp- 
pofe now I put :r for the lets part^ then the greater 
will be 60 — Xj and the equation will ftill be 60a:— « 
=sS64 i therefore, whether x be put for the greater 
pr the lefs part^ we ftill fall into the fame equation 
60X — a:a:=864; whence I infer, that .this equatioo 
muft either give us both the parts fought, or neither ^ 
fidce no realbn can be (hewn why it ihould^give ^ 
one part rather than the other. 

Observati on 2d. 

Hence alfo we fee the neceffity fometimes of im- 
poflible roots, to wit, when the cafes of problems ta 
be fol ved by diem become impoffible : as for inftance, 
if any number, as 6*0, be divided into two parts, the 
nearer the two parts approach towards an equality, 

7 the 
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the greater will be the produA of their multiplica- 
tion; and therefore, if the parts be equal,, the produft 
wftt be the greateft poflibte : thus if the par^s be 24 
zn6 36* the produA vriil be 864 ; if they be 25 and 
35, the produ6k will be 875 V if 30 and 30, the 
f>rodud; will be 900, which will be the greateft pof- 
fible : let us naw for once put an impoifible cafe, and 
\tx it be required tp divide the number 60 into two 
fuch parts that the produd: of their multiplication may 
amount to 901 ; here the-equation will be 6ox — xx 
=901 ; which being reiblvcd accor ding to art. 103, 

^4-^/— 4 60 — v^— 4 , ^ . f , 
givesflf= , or ; but thefe values 

of X may be reduced to more fimple terms thus; 

— 4 =— . I X+4; theref ore \/—4=V^— i xV+4= 

^"-^4 ■ 60 

V — 1X2 ; therefore rrV — ijbut — =3o;therc- 

z 2 ' 

forethc two parts fought arc 30 4"^— 7, and 30 — 
V— ^i, both which ar e im poffiblc upon the account of 
the impoffibiiity of\/— i; and yet thefe two parts 
abftraftediy confidcred will anfwer the conditions of 
the problem; for if ^/ — i be made equal to j, the 
two parts will be 30-4-^ and 30— -^ whofe fum is <Jo, 
and the produdt of whofc multiplication is 900 — ss ; 
but if s:i^\/ — 1," we fhall have /i= — i, and — ss^z 
4-1, and 900 — i^:±:90i •, therefore the produdt of 

the two parts, 30'-|-V— ii and 30 — V~i, amount to 
901, as was required. 

Observation 3d. 

Laftly, we here alfo fee the neceffity of both the 
roots of a quadrstttc equation becoming impodible at 
once. Two impoffiblc quantities added together, 
may fometimes mkke a poffible one, becaufe one 
quantity may be as much impoffible one way as the 

N3 other* 
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other is the cont rary w ay : thus the two impoflible 
quantities go-j-i/^ — i and 3P— -V — i bein g add ed to- 
gether make 60, the impoflible furds -J-^/ — i and 
r^^J — I deftroying one another; but a poflible and 
dn ixD poflible quantity when added together can never 
make a poflible one ; and therefore the two parts of 
60 in this problem tpuft either be both poflible, or 
both impoflible. 

Problem 70. 

112. ^here are three numbers in continual proporiicn% 
whereof the middle term is fixty^ and the fum ofjbe 
extremes one bun4red twenty five : What are the ex- 
. tr ernes? 

Solution, 

For the extremes put x and 125 — x^ and you will 

have this proportion ; ar is to 60 as 60 is to 125 — x^ 

whence^ by multiplying extremes and means, you 

have this equation, 12$x—tXX^=^'i6oo^ oxxxr^^^Boo 

r=i25^, or x*^ I ^5x^7-3 600; here thep^= !,£==; 

I25>C=— 3600, fiB= 15625, 4y/C=—i440Q,jj= 

5+ J B—s 

1225,51=35,^-^=80,^=45, therefore in this 

^equation, x=45,. or 80; but x reprcfcnts cither ex-r 
treme, becaufe, which efctreme fpever x js put for, 
the other will be 125 — x^ and the fame equation will 
arife, to wit, 125^: — xx=36oo-, therefore the two ex- 
tremes are 45 and 80; and they will anfwer the con^ 
ditions of the problem •, for 45 is to 60 as 44 is to 4ti 
?hat is, as 3 to 4 5 and do is to 80 as |4 is to 4|, 
^hich is alfo ^s 3 to 4. 

P R O B L E in 71. 

J 13. // is required^ having given the fum or tf)e differ* 
ence of two number Sy together zvith the fum ofikci( 
fk^areSy to find the numbers.^ ■ 

Solution, 



i 
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S L y T I X) N. 

Cafe ift. Let the fum of 'the numbers fought be 
28, and the fum of their fquares 400 ; then putting 
X and 28 — X for the two numbers fought, the fquare 
of the former will be xx^ the fquare of the latter 
784 — ^6x^xx^ and the fum of their fquares ixx-^ 
56a?-|-784==:40o; and the fame equation willarife, 
whether x be made to ftand for one number or the 
other ; therefore the two values of x in this equation, 
will be thQ two numbers fought -, but if 2xx — s^xJ^ 
784=400, we Ihall have 2xx — 56;^= — 584; divide 
thQ whole by 2 for a more fimple equation, and you 
will have xx — 28^= — 192 ; and xx:=::2%x — 192 ; 
which equation being rcfolved according to art. 103, 
gives ^=12, or 16; therefore 12 and 16 are the tw9 
numbers fought. 

Cafe 2d. Let now the difference of two numbers 
be given, fuppofe 4, and let the fum of their fquares 
be 400, as before; then, puttings for thelefs num- 
ber, and ^+4 for the greater, the fum of their fquares 
will be 2Ar^-f-8A:-pi6=400; whence 2a:^4"8^=3*4> 
a:^-|-4^=i92, 5;;t .4-4^+4= ^9^» ^4*2 =+14,^=4" 
12 or — 16; now'it cannot be fuppofed that-j-i 2 and 
— 16 are the two numbers required in the problenf], 
for their difference is 30, not 4 ; neither ought it to. 
be expcfted ; for when x was put for the lefs num- 
ber, and ;^-|^4 for the greater, the equation was ixxJf* 
iX'\-i6z=:z^oo\ but if X be put for the greater num- 
ber, and confequently x — 4 for the lefs, the equation 
will be 2A:fl?— 8a;-)-i6=:40q, different from the for- 
mer; fince then a different equation arifes according 
a^ ^ is put for the greater or lefs number, it cannot 
be expedled that one and the fame equation ihould 
give both : the true ftate of the cafe is this ; there are 
two, pairs of numbers which will equally lolve this 
queftion, and the equation 2A;;r4-8A;-f- 16=400 gives 
ibe Jcffcr number of eaph pair > for if vvemakc x:=i 12, 

N 4 and 
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and x-^4=i6, the numbers 12 and 16 will folve 
the problem \ on the other hind, if we makeA:=: — 16, 
we Iball bave ^^•{-4?=: — 12, and the numbers — i6atid 
—12 will equally folve the problem ; for tbeir dif- 
ference is -I-4, and the futn of their fquarcs -f-4^® • 
here then we may oblerve, that affirmative ami nega- 
tive folutions of problems arc of equal eftimation 
in the nature of things, thoogh perhaps not amongft 
Aien, the narrownefs of our niinds contrading oor 
views ; but truth does juftice alike to all : certainly * 
negative numbers differ no more from aiHrmatiye ones, 
than a^irmative ones do from one another, which i^ 
in degree, not in kind \ and therefore, in the nature 
of jthings, negative quantities ought no more to be 
Excluded out of the fcale of number than fiffirmative 
bnes, though in common life chey are fet afide. 

Problem 72, 

11^, What two numbers art tbofe^ wbofe fum is /even- 
ieenj and the Jum of their cubes one thoufand three 
hundred forty- three? 

S O L.U T I O N. 

For the two numbers fought put ;i; and 17-—^, and 
<he cube of the former will be Ar;v;c, and thexubc of 
tlie latter 4913— 867x-}-5ix^— xj^at, as appears from 
the following computation : 

*•; ^ ^ 17— X 

17 — y. . " 
289 — i^jx-^-xx 

— iTx 
2%% — 2^x^xx 



49^3— 57^^'^i7**— ^* 
—289x4-34^^ 

Therefore 
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Therefore the funft of thcfc two cubes will be 5 1 atx-m 
867;^-|-'4^r53=:i343,> and the equations will be the 
&me, whichfoevier of the two numbers fought » n 
m^de toftand for 5 but if 5 1 jt:^^— ^-6 7JC+49 1 3 = 1 343t 
we Ihall have $^xx — 867jp=— .3570 ; divide the^ 
whole by 51, which, though not neceflary, ishaw^ 
ever convenient, to render the equation more fimple, 
iince it may be done without fraftions, and you will 
have, ;tfx— 17;!?=— 70; which, being reduced as in 
3rt. 103, gives a?=7, or 10 5 therefore 7 and 10 arc 
the two numbers fought. 

Problem 73. 

115. Let there be a fquare whofejide is a hundred and 

ten inches ; // is required to affign the length and\ 

breadth of a reSfangkd parallelogram or longfquari^ 

whofe perimeter Jhall be greater than that of the fquare 

hy four inches^ but whofe areafhaU be lefs than the 

area of the fquare by four fquare inches. 

N. B. By the perimeter of a plain figure is meant 

the length of a line that will encompafs it round ; fo 

that the perimeter of a fquare is equal to four times 

its fide ; and the perimeter of a reftangled paralle* 

logram is equal to twice its length alnd twice its 

breadth added together. 

Solution* 

Since the fide of the given fquare is 1 ro inches, 
its arca^ will be 12 100 fquare inches -, therefore the 
area of the parellelogram fought will be 1209^6 fquare 
inches : again, the perimeter of the given fquare is 
440 inches ; therefore the perimeter of the parallelo- ^ 
gram fought muft be 444 inches ; therefore half its 
perimeter, or its length and breadth added together, 
muft be 222 inches ; therefore, if either the length 
or breadth be called x^ the or her will be 22*2-r^, and 
the area will be 222X — ;^x=:i2096 ; which equation 
rcfolved according to art. 103, will give ^=96, or 
126} therefore the breadth of the parallelogram 

fought 
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fought mu ft be 96 inches, and the length 126 inches: 
and thefe numbers will anfwer the conditions of the 
queftion ; for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444 $ more- 
over 126x96, or the ared, will be 12096, as the 
problem requires. 

Scholium. 

This problem (hews how grofsly they are miftaken 
who think to eftimatetheareasor magnitudes of plain 
figures by their perimeters, as if fuch figures were 
greater or lefs in proportion as their perimeters were 
fo y whereas here we fee, that the perimeter of one 
figure may be greater than that of another by four 
.inches, and at the fanie time its area may be lefs than 
the area of that other by four fquare inches. This 
error, it is true, does not obtain but in low and vul- 
gar minds, nor-there neither any longer than whilft 
it continues to be a matter of mere fpeculation, and 
truth and falfhood are equally indifferent to them : 
for whenever men come to apply their notions, and 
find it their intereft not to be miftaken, then it is, and 
frequently not till then, that they begin to look about 
them, corrcft their errors, and entertain more juft 
and accurate notions of things. The greateft part of 
mankind have a natural averfion to abftraA think* 
ingf and, where their intereft is not cpncerned, will 
rather fubmit their opinions to humoufr, caprice, and 
cuftom, or be content to be without any opinions at 
^11, than (hey will examine ftridlly into the nature of 
.things. , 

P R O B L E M 74. 

1 1 6. One buys a certain number of oxen for eighty 
guineas ; where it muft be obferved^ that if be had 
bought four more for the fame money ^ they would have 
come to him a guinea ^piw cheaper : U^bat wai the 
wmb^r of oxen ? 

4 Solution; 



i 
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Solution. 

For the number of bxeii put x ; then to find the' 

price of a fingle oir^ fay, if x oxen coft So guineas^ 

80 
what will one ox coft? and the anfwer is — ; and for 

X 

the fame reafon^ if he had bought 4 more, that is^ 
i»-f-4 for the lame money, the price of an ox would 

Jiavebeen-T^; but, according to the problem, the 

*"i 4 
lirtter price ^s lefs than the former by one guinea 5 

80 8b 

whence we have this equation — — i ^ — r- , there- 

X *T**4 

fore 8 o-^Afss^-rj- J therefore 80 — xY./^-^x or 320 

^-76^ — xx=^iox\ therefore xX'\'ioxz=z^6x'\'llO ; 
therefore ^x==— r-4>r-|-3 20, Here then -4=i , £= — ^4, 
/7=;320, J?jBx=:id, 44C;=I28o, jjxslilpiS, ^5=36, 

— ^=i6," — 7-;^;:-^20; therefore ^ = -j- 16, or 

f— 20 ; therefore the number of oxen was 16, the ne- 
gative root— 20 having no place in this problem^ 
and this number 16 anfwers the condition of the pro- 
blem -, for if 16 oxen coft 80 guineas, one will coft 
5 guineas : but if 20 oxen coft 80 guineas, one will 
coft 4 guineas. 

80 80 ' 

j^. B. The equation— '—I =;: ^^^, gave ^ == + 

16 or — 20, not becayfe the number— 20 would ' 
folve the problem, but becaufe it would fblve the 
equation ; for if we make xz^i-^iOj we ftiall have 

80 j8o • , n^ 

. : — =z — 4, and — — iw;— 5^ on the other fide, we 

X X ■ ' ■ ■ 

80 
fliall h^vc *f-}-455-r'i6, and ^T^=5 -^ $ i therefore 

Jf 
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80 
if X be made equal to— 20, we (hall have i =s 

—9-, becaufc both Gdca arc equal to— 5 j and fo in 

all other cafes we fhall always find, that the ftvcral 
roots of an equaion will be fucb as will equally folve 
that equation, though perhaps they may not be 
equally proper to folve the problem from whence the 
equatioa was deduced : but of this more in another 
place. 

P R^O B L E M ^5. 

1 1 7. if certain company at a tavern bad a reckoning of 
Jiven pounds four Jhillings to pay ; upon whicb two of 
the company fneaking ^, obliged the reft to pay one 
ftfilting apiece more than they ^ould have done : H^bat 
was the number of perfons ? 

Solution. 

For the number of perfons put u ; then to find the 
number of (billings every man (hould have paid, fay, 
if X perfons were to have paid 144 (hillings, what mttft 

one man have paid? and the anfwer is ; therefore | 

144 

--^ is the number of (hillings every man (hould 

144 
have paid; and for the fame reafon ^isthenumbcr 

of fhillings every man did pay ; but, according to 
the prqblem, this latter reckoning is greater than the 
former by one (hilling ; whence the equation will be 

144 • 144 . /. • 144^ , 

--^H-i= ; therefore i44-4-Ar="--^*^-*; therefore 

X— 2X1 44+^> or;^^-4''42^ — ;288=i44^; therefc^rc 
XAT— 288=2;^; therefore ^x=2^-|"288. Here. then 
yj=I,fi:i:2,C=S:288,££=4,4iiC=II52,/i=:ii5*, 



I 
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54.J o ^—^ r 1. ^ . « 

/= 34,--^c=i8, — -jsc — 10 5 therdore «a=+i8, 

or — 1 6 ; 1>ut negadvje roots hare no place in this fort 

of problems ; therefore the number of perfons was 

^ 144 

i€, which anfwers^theconditbn^ for— ^ =7:8. and 

lo • 

144 ^ 

P ROf L £ M 76. 

118. What number is that, which being added to Us 
fquare root will make two hundred and ten I 

S O L U T I O K. 

For the number fought put xx\ then wiH its fquare 
root be x^ and the equation will be ^flf-}-:r=2io, or 
^d?— — ;i:-f-2jo ; where -rf=:i, jB=— i, C=:2io, 

BBszi^ 4JCsc:840, jj=:84i, ^=29,-^ = 14, 

— ]7'= — 15; therefore 5^=+i4, or— 15 ; there* 

foK xn iOr the number fought equals 196 or 225, 
fuppofing die fquare root of 225 to be ««.i5 ; and 
citiier of theie two numbers will anfwer the condition;^ 
for 196-1714=210, and 225 — 15=210. 

P R o B L E M 77. 

119* What two numbers are tbofe^ the produSi ofwbofe 
multiplication is one hundred ninety twoj and theftm 
of wbofe Squares is fix hundred and forty ? 

Solution* 

IQ2 

For the two numbers fought put;^ and -^; then will 

X 

•the fquare of the former htxx^ and that of the latter 

* , and the fumof their fquarcs will be ;r;c-}— — *- 

. =640; 
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=640; which equation will be the fame^ whichfoever 
of the two numbers fought x is made to ftand for \ 

but if xx^c^ i =640, wcfhall have ar4-f ^6864= 

XX 

6^oxx% and x*=640^*^-36864 : here then -Ai^i, 
J5=:64o, C= — 36864, 55=2409600, aACziz^* 

147456,^=2621441 ^=512* ^/" = 576, -jj 

=64 1 therefore xx^zz^yS^ or 64 ; therefore «te=+ 
or — 24, or -f* or ■ — 8 ; therefore the two numbers 
fought are 8 and 24. 

Problem 78. 

120. One lays out a certain fum of money in goods, 
which be fold again for twenty-four pounds, and 
gained as much per cent, as the goods coft him : I de- 
mand what thiy coft him. 

N. B. One's gain per cent, b fo much as he gains, 
every hundred pounds he lays out ; or if he does not 
lay out fo much as a hundred pounds, his gain per 
cent, however, is fo much as he would have gained if 
he had laid out a hundred pounds with the fame ad- 
vsTntage: thus if he lays out 20 pounds and gains 2 
pounds, he is faid to make 10 per cent, of his money, 
becaufe 20 pounds is to 2 pounds as 100 pounds is 
to xo pounds. 

Solution. 

Put X for the money laid our, and the gain will be 

. 24 — X ; fay then, by the golden rule, if in laying out 

X he gained 24-r-A;, what would he have gained if he 

h^d laid out too pounds to the fame advantage? and 

, ^ .„ , 2400 — ^loo^f _ ^ 2400 — ioo;r 

the anlwer will be ^; therefore --^^ \ ^ 

X ^ X 

w 11 be his gain^^ cent.\ but, according to the pro- 

tltm, this gain is equal to x, the money laid out} 

tbirefore x=- , and xx =24oa — loox : 

X 

here 
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here ^hcn yf=i, 5= — 100, C=:240o, 5£=ioooo, 

-4^C=9000,Ji=:i9600,J=:l40, — -J = 20, — -J- 

= — 1 20; therefore the money laid out was 20 pounds; 
therefore his gzin per 20 was 4 pouhds; therefore his 
g^zinper cent, was 20 pounds, equal to the money laid 
our. 

P R O B L E M 79. 

I i I . One lays out thirty' three pounds fifteen Jhillings in 
cloth^ which he fold again for forty-eight Jhillings per 
pieccy and gained as much in the whole a^ aJingU 
piece cofi: I demand bow he bought in his cloth per 
piece. 

Solution. 

Put X for the number of (hillings every fingle piece 
was bought for, and the gzxnper piece will be 48 — x^ 
fay then, by the rule of proportion, if in laying out x 
he gained 48 — x^ what did he gain in laying out 33 
pounds 15 {hillings, or 675 fhillings ? and the anfwcr 

• ^iu bc2^42£lZ^', thcrcforcl^^2e=6^* will be 

X X 

his whole gain; but, according to the problem, the 
whole gain was equal to;c,the money given for a firigle 

r 32400— 675:^? . , ^ 

piece i therefore x = "^ ; therefore xx^=: 

3 2 400 — 67 §:t!i^thereforey^i=: i ,5= — ^75, C=3 2400, 
^5=455625, 4/fC=i 29600, ^^=585225,^=^765, 

-^=45»7J=— 7205 therefore a:=-f45, or— 

72 o; therefore the money every fingle piece was bought 
for was 45 (hillings, and the gain ^^ piece was 3 
(hillings \ but if 45 (hillings gains 3 (hillings, 3^ 
pounds 15 (hillings, or 675 (hillings, will^ain45 
(hillings; therefore the whole gain was 45 (hillings, 
equal to the money given for a (ingle piece. 
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N. S. It is na( impoflibJe but tbait fomedmes two 
different problems may produce one and the jfamb 
cc)uatiGin; and then the equation muft provide equally 
for both : therefore, in fuch axafe^ though the equa- 
tion has two roots^ and both affirmative, yet it cnuft 
xu)t be expected that both roots fhould equally ferve 
for the folution of one problem, and that there fhogj^ 
be no folution left for the other ; we ought rather to 
conclude^ whenever an equation gives two roots, and 
both affirmative, whereof pnf onjiy will folve th/s 
problem that produced the equation, we Qught^ I 
fay, rather to conclude^ that the other root is for the 
folution of fome other problem producing the fame 
equation ; a curious inftance whereof we hav^ in the 
two following problems. 

Problem Bo. 

ij22. 7wo iraveilers^ A and B^/ef out f rem txm fUm 
C and D at tj^faimt time^ A from C bound for D, 
and B from D bound for C ; wbfu ib^ met and bad 
computed their travels y it was founds that A had 
travelled thirty miles more than B, and that, at their 
rate of travellings A expeiled to reach D in four da^s^ 
and B tp reach C in nine days : I demand the dijiance 
between the two places C and D. 

SOLUTION, 

Put X for the nuniber of miles between C and Z7, 
then it is plain that ^ and j5 both together had travel- 
led X iniles when they met i therefore as much as the 

miles tra veiled by^exceeded — , juft fo much did the 

X 

milestravv^lled byjBcomefhortof— ; but, by the fup- 
pofition, A's miles Mcceded thofe ofB by 30 ; there* 
fore JmuA have travelled —4- 1 5 or — -— miles ; 

and 
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and B muft have travelled -^^ — 15 ot* — ^^ miles ; 

therefore the remaining part of A^s joorney is 

' miles, which he expefts to perform in four ' 

days, akid the remaining part of h^s journey is 

miles, which he expe'dls to perform in 9 

days : thefe things being allowed, let us now enquifp^ 
into tbenumberof days each hath travelled already ; 

and firft for yf fay, if -^ experts to travel — ^ 

miles in 4 days, in how many days did he travel 

# ^ Jl^ " 

^"r3Q miles? and the anfwcris — =;^ --=. 

« . ^ — 3P X — 20 i 

^ — 7" 

2 



then for 5 lay, if B experts to travel ?nil^ ^iics^ in 

'2 

^——20 

9 days, in how many days did he travel - — — 

- 2 

miles ? and the anfwer is 9X^—3^ . therefore A 

hath travelled ^X^+^o , ^^^ 5 9><f^ 

days from the time of their firft fettingout : but as 
they both fet out at the fame time, and are now met, 
they muft both have travelled the fame number of 

days,, therefore ^ii?=::^^<^ • "^'^'^P'^ 
both fides of the cquatipn into x — 30, and you will 
have 4 ^^Hl^ =-9X*^><Eiei again tnul- 

tiply by x + so, and you will have 4 X x 4 ^ 30 X 

O 'vr-^30 
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x<4-30:^9X^ — 30*X^— 30; cxtraft th e fquare 
root of both fid es, and you will have jh 2 x Af-f-^o 

=±3X*' — 30: this general eqoatioit leiblves itfdf 
into four particular ones, viz. 

2d, + 2 XJg + 3o =— 3X Jg— 30,4 |> 

^ 3d, ~2Xfjf3£=+3X^^32^ 
4th, — 2XA? + 30=— 33<*-^3o* 

j^ut as the two laft of thefe equations give but 
th^ fame values, as the twoiformer, I (halt only make 
ufe of the two former , thus; 

ift; Suppofc + ^ X a: -j- 3^ =4"3 X* -— 3<S tltett 
we (hall have 2Jt-|-6o=3^— 90, and ^==150. 

2dly, Suppofe-}-2X^4-3^="*"5X^ — 30, tbcii 
we (halt have 2Af-|-'6o=— 3a;-|-9P> and x:£z6\ there- 
fore tt^e diftance between the two places Cand i>muft 
either be 150 miles, or 6 miles ; but 6 miles k can'-' 
not b^, becau(e when A came up to J^, he had tra« 
veiled 30 miles more than£, and had not yet reached 
D ; therefore the diftance between the two places C 
and D muft be 150 miles*, which will fatisfy the 
profblem; for then A muft have travelled 75+^5* 
or fO mites, and B 75 — 15, or 6c mites, from the 
time of their (etting out; t4iefefore A has 60 miles, 
and j9 90 to travel ; but if A could travel 60 miles 
jn 4 days, he mufl^, at the fame rate, have travelled 
90 miles in 6 days; and if B could travel 90 miles is 
^ days, he muft have travelled 60 miles alfo in 6 
days; therefore they both travelled the fame number 
of days from the time of their firft fetting out to 
the time of their meeting, as the problem requires. 

Problem 8i. 

1233 TwP travdkrs A^and B fei out frtm twoplMcts 
CandXiaitbt fame Hm ; A from C vriib a dejign to 

pafs 
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p^afs tbrcugb D, and B /romp ,witi a defign $p 
ttavtt the fame way : after h. bad overtaken B, and 
ihrf bad computed tb&r travels^ it was fowfd^ 
that tbey badbotb together travelled thirty miles ^ thai 
A hadpaffed through D/eur days before^ and that J?» 
at bis rate of travellings was a uim days journey 
difias^ fr^ C 2 / demand the difian^e between tk( 
twofl^es C andD. 

S Q I. u T I o K. 

Put X for the number of miles from C to Z) ; then 
it is plain, that A mud have travelled 'more miles 
than B by a; ; but they both together travelled 30 
miles, by the fuppofition ; therefore as much as A*s 
miles exceeded i}, juft ib much B^s miles came (hort 
of 15: but the whole diSerence was ;r, as abave; 

therefore A muft have travelled 15 4- or ' " ■ ■ ' ' 



miles, and B muft have travelled 15 or 



X 30 X 

— or-^— — ^ 
2 2 

miles ; therefore Jts diftance from D, after he had 

overtaken JB, was milcsi which he had tra- 

veiled in 4 days, and B's diftance from C was 

^-; — ^ipiles, which by the problem he could travel 

in 9 days ; therefore^ to find how many days each 
bad travelled already^ fay, if A hach traTelled 

— — miles from B in 4 days^ in how many days 
^ he travel -r— naiks fince his departure fK4H 

p/ Wd the anfweris ^^ = — = » •S*'^ 

^Q — ^ ^ 30 — X 

a 

t 0% fty, 
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Uy^ if 5 could travel i^X^ miles, the whole diftancc 
from C, in 9 days, in how Imany days did he cmvcl 
■■ " ■ tpiles fincc his fctting out from D f and the 



% 



anf*er is-2^^— ^ ; but as they both fct out at the 

fame time, and A has new overtaken JB, they muft 
both have travelled the fame nu mber o f days ; therc> 

' , -. . 4X304^ 9x30— ^. 
fore we have this equation, — - — -- = ^^ . , > 
^ 3f— * 30+^ 

multiply both fides into zo—x^ and you will have 

4X50 4- A' = ^^.-il r 5 *8^*" multiply 

by 30+ar, and you will have 4 X 39+^ X go^ x 
=9 X 30^--^X 30—^ ; but the produft of go-— y x 
30—* diflFers nothing from the produft of x-^^o % 
;r— 30, as will appear upon tryal, and will be fur- 
ther evident from hence, that 30—^ and x — 30 dificr 
no more 1 from one another than ah affirmative 
'quantity does from an equal negative one, and there- 
fore each multiplied into itfelf muft give the fame 
produft, the refor e the equ ation as i t now (lands i$, 
4XH^30XHP"3^=9X^— 30XA:— 30; bucthis 
; equation is thefamc-with the equation deduced from 
the laft problem, which juftilies what I obferved be- 
fore, art. 121, that different problems may produce 
the fame equation ; therefore the two root&of this equa- 
tion will be 6 and ijo, as in the laft article ; therefore the 
Pittance between the two places C and D muft either 
be 6 miles, or 150 miles ; but 150 miles it cannot be, 
becaufe, after A had paffed^m C beyond D, and at 
laft had overtaken Bi they had both travelled but 30 

mifcs} 
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miles; therefore the diftancefromCtoZ)muftbe6milcs ; 
and this number will anfwerthe conditions ofthe pro- 
blem ; for then -i, when he had overtaken ^, had 
travelled 154-3 or 18 miles, and B 15 — 3 or 12 
miles ; therefore A had got 12 miles beyond D in 4 
days time^ and B was 18 miles diftant from C^^^hrch 
he could travel in 9 days ; but at the rate of 12 miles 
in 4 days, ii muft have performed his 18 miles jour- 
ney in 6 days ; and at the ra^e of 18 miles in 9 days^ 
B mud: have performed his 12 miles journey alfo in 
6 days ; therefore, from the time of their firft fetting 
out to the time of A's overtaking B% they had both 
' travelled the fame number of days, as the problem 
requires; therefore the fuppolicion whereupon this 
calculation was fouQded, to wit, that the diftance of 
Cftom 2>was 6 miles^ isjuft. 

N. -5. The folutions here given of the tiwo Uft 
problems are, in my opinion^ the moft natural, 
though fomewhat different frpm the reft. - 

A L E M M Av , 

1 24. *!the fum of a feries of quantities in arithmetical 
progrejfion may be bad by adding the great ejl and kaji 
terms together ^ and then multiplying either half that 
fum by the whole number of terms ^ or the whole fum by 
half the number of terms^ or laftly^ by multiplying the 
whole fum into^ the whole number of terms ^ and then 
taking half the produEt : thus in the feries 2, 4, 6^ 
8, 10, iZy where the lead term is 2, the greateft 12, 
their fum 14, and the number of terms 6^ the fum 
of all the terms taken together will be 7x6, or i4X3» 

or- 53: 42. This will beft appear by writing 

down the feries 2, 4, 6, 8, 10, 12, and then by 
Writing down over it the fame feries inverted, 12, 10, 
8, 6, 4, 2 : for, if this he done, 2, the firft term of 
the lower feries^ added to 1 2, the firft term ot the up* 

O} per 
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per feries (which is the fame as the greattft aod Icaft 
terms of the fame feries added together) wili make 
i4i in Uke manner, every term of the lower feries 
added to the next above it will make 14. ; therefore 
both the feriefes together will be equal to 14 as ofcea 
taken aa there are terms in either feries^ that is^ 6 
times 14, or 84 ; therefore either feries taken alone 
will be tqual to 42, 

12 10 8 6 42 
2. 4* 6. 8. io« 12* 



14. 14. i4« 14* 14. 14. 

The defign of this Jemma is, to add the terms c^ 
1 feries togetheft where only the greateft and k^ 
terms and the number of terms are known, or fup- 
poi^d to bt known ; the intermediate term) being 
eiitor not afligned^ ^r too many f?o be iummed up 
by a continual addition. 

P R B X £ H 82. 

125. J traveller y as K^fets out from a eertam placty 
. and irofveU one mile the Jirft day ^ tivo miles the fecond 
day^ three the thirds four the fourth^ &c; and fioe 
days after, another ^ as B, Jets out from the Jame 
place^ ana travels the fame road at the ratt of tweht 
miles every day: I demand bow long and how far A 
mufl travel before be is overtaken hjo. 

S O L U T I ON, 

i*ut » for the number of days A travelled before he 
was overtaken by B ; then, to find an ei^efllonfor 
the number of miles travelled by him in that <ime, 
I obferve (that in thi« days A tuavelled over 1+2-4^3 
miles, that is, be travels ewer a feritf« of miles ia 
arithmetical progreOion, 'Whem^tbe mtmber of lerois 
» 3, theigreaceS term j, md tbe ic«ft wtoa i>; » 

four 
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fburdsys he travels ov^r a feries whereof the number 
of terms is 4^ the greaieft term 4, and the kaft 1 % 
therefore, univerfallyt in any numbers of days, he 
muft travel over a feries of miles in arithtMcical pio« 
^refiion^ whereof the number of terms is. x^ the 
greateft term x^ and the lead term i \ but the fiim of 
che extremes of this fcne$ is ic-f-i, which, multiplied 
by X the number of terms, gives xx^f^^ Ae half 

whereof is — — ; therefore, by the lemma foregoing, 

icx^\^x 

'■ ^ will be thefum of this feries, and oonfequently 

the miles travelled by A before he was overtaken : 
again, if A travel x days, £ muft have travelled 
X — 5 days, which at the rate of 12 miles ^ day, gives 
12a: — 60 for the miles travelled by 5 when he over- 
toolc J ; but as they both fet out from the fame 
place, and are now got tOjp;ether, they muft have 
travelled the fame number of miles } whence we have 

jthis^ efjuation, — -3.-.— 1 2x — 60 ; therefore xx'\'Xssz 

44JV— lao; therefore jTo^js: 2 3;^ — 1204 compare this 
equation with the general one in art. 103, and you 
will have if?=i, 5=23, pc= — 120,55=529, 4^ 

" ' " B^s B~s ^ ^ 

:=—48p, «rT?49» ^frh "^j; = ^5»-^=8 ; there- 
fore a?=8, or 15 t now, for the better application of 
thefe roots to the foiution of this problem, it muft be 
bbferved, that the problem \% more limited than the 
equation deduced from it; juft as if, in tranflating 
oiit of one language into another, the terms of the 
latter, in^ad of being adequate tp t^iofe of the for- 
mer, fiiould be f9und to be of a mbfe extenfive figni- 
iicatic^ : in the problem it is oply fuppofed that B 
overtaken A^ whereas in the equadon it b fuppoled 
thati< and B are got both together by having travelled 
the fame number of miles from their firft letting out, 
' ' Q ^ wul^^'i^. 
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"without fpecifying whether this arifes from J?*/ over- 
t^ing J^ or from J'j overtaking B i both which 
in this cafe muft neceflfarily happen in the courfe of 
their travels, provided tlvejr be but continued long 
enough forihat purpofe: for fince at firftj? is the 
fwifter traveller, whcnev<[r they come together, it 
muft arife from B*s overtaking A^ which happens 
afr6r ^has travelled 8 days *, then, if we fuppofe them 
ftill to continue their travels, B pafles by A^ and con- 
tinues before him for fomc time ; but after la days, 
ji bccomesr the fwifter traveller, and muft neceflarily 
come. up to B again after he has travelled 15 days: 
therefore though the two roots, 8 ^nd 15, will both 
anlwcr the copdition.of the equation, yet but one of 
them, to wit, 8^ will anf^er the condition of the 
problem; and that bo^ii of them will anfwtr the con- 
dition ot'ihe equation, will be evident as follows. 

In 8 ciays ^travels oyei* a feries of rniles whereof 
the number of terms is ^, the greateft 8j ahd the 
lead I ; thefumof which fcries is 36 miles ; bqt 
;^whcn A has travelled 8 days, B muft have travelled 
3 days, during which time, at the rate of 12 miles a 
day, he z\(b muft have travelled 36 miles; therefore 
after^ hath travelled 8 days,^ and Jf inuft nectflarily 
fin.d theftifelves together : again, in 15 days^^ muft 
have travelled oyer a leries of miles, whereof the 
number of terms is 15, the greateft 15, the leaft i, and 
:the fum 120 miles ; but when ^ had travcflled 15 
days, B mutt have travelled 10 days, which at iz 
miles a day gives a!fo 1 20 miles; therefore now again 
J and B mult find themfe)ves 'together; and confc- 
quenrly 8 and 1 5 equally anfwer the fuppofition coa- 
tained in the equation. 

N. B. If we fuppofe B after 5 days to have b^Mn 
to foiiow A^ and to have trarvel led only 10 miles a 
day, he could never have <wtrcaken-^, nor A hltOf 
io that in this cale both the roots would have be- 
coiue impofliblc, as will be found by the reloiutiqn 
of inequation founded upon ihis fuppofition. 

Problem 
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Problem 83. 

1 26. It is required to divide the number ten into two 
fiich parts^ that the produSt of their mtdtiplication 
being added to the jum of tbiir fquares^ may tfiake 

" feveniyjix: 

S O L U. T TON.. 

Th€ two parts fought, ^and 10 — x. 
The produdfc of their multipjlicacion, ioa?*;— ;ap. 
The fum of their fquarcs, zxx^^xox^too. 
The produd: of their multi- "| ^ 

* pUcation added tp the fum >a?*— 1 ox^ i ob=± 7^. 
oi their fqu^res, J 

Whence af;s=4, or 6 ; but this equation will be the 
fame, which part foever x is put for ; therejfore the 
two parts ipught are 4 and 6. 

^ P R O B L E M 84. 

127. It is required to find two numbers ^txAth tht- follow* 
ing properties^ to wit^ that twice the firft with three 
times tbefecoiid may make fixty^ and moreover^ that 
twice thefquare of the firft with three times tbefquare 
of the fefimd fpey make eight hundred and forty. 

Solution. 

For the two numbers fought put x and j, and we 
(hall have 

Equ. ifl:^ 2X'\^^—60j and 

Equ. 2d, 2^*-{*"3/=84^- 
From the firft equation, 2x4-3jy=6o, we hav? 

60 — 2y 
Equ, 3d, ^i=- =^-, andby fquar- 

ing both fides we have 

• Equ.- 4th. ■ ^^ i^oo-^^y^^ ^ 

From the fccond equation, 2xx'\'3yy=d4.0y we have 

Equ. 



1 
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Equ. 5th, xx:=:i— ^ 

Compare the two values of xx in the fourth and 
fifth •equations) whkh imift neceflkrily be equal one 

to the other, and you will have ^ — Q~3 Q^T'9 g[^_, 

4 

-^i multiply both fides into^, byhalvingthe 

denominators, and you will havc^^ /^^ ^r ^ 

=2840 — 3[xy; therefore 3 doc — 3 6oj^f-9)ry= 1680-7^ 

4iyj therefoM 3600 — 36054-15^7=^^05 there^ 

fore 15)7 — 36cy=z — 19 20; therefore 15^^^=3607-^ 

1^204 divide by 15 for a more fimple equation^ and 

you wiilfeavcjytt=24y — ia8; whence jr=8, or 16: 

fuppofe j=8, then linoe by the third equation x = 

60— •2y 

— -; — , we ftiall have ar=:i8 ; fuppofe j=i6, then 

we fliall have x or -zs:6', therefore thercaretwo 

2 , • 

pair of Dumbers that will equally anfwer the condi* 
<ioM.of this problem, to wit, 18 and 8, and alfo ^ 
and 1^: for apcoof, fet us firft fuppofe the numbers 
to be 1 8 and 8 ; and we (hall have twice the firft 
number with three times the fecoad =36-1*24=60; 
aiid twice the fquare of the firfl: together with three 
times the fquare of the fecond equal to 648-17192=: 
8^40 : fecondly, let us fuppofe the oumbers to be 6 
^nd 16 ; and we (hall have twice the firft with three 
times the fecond equal to 1^2-^48=60; and twice 
the fquare of the fii^ with three times the fquare of 
the fecond equal to 72-fi768=dB4a 
. ' i' 

!P R O B L E M 85. 

128. To j^ndfour nundftrs in continual proportion^ and 
jucby that the Jum of the two middle terms nfojf be 
eighteen^ andtict of the extremes twenty feven. 
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Note^ Four numbers are faid to be in continual 
proportion, when the fir ft i^ co the fecond as the 
fecond is to the third, and the fecond is to the third as 
the third is to the fourth. 

S O L U T I O fl. 

For the two middle terms put k and jr, without 
intending which is to be the greater; then the ex- 
treme next to X may be found by faying, as 7 is to d? 

XX 

£;> is^rto— ^ and the extreme next CO y may be 

found by faying, as ^ is to ^, fo is ;? to "^ ; therefore 

the extremes are — and^, and their fum — ^^; 
y 9c xy 

therefore the fundamental equations are ift, ^-^^y^^^ 

a^^ + t* 
«8, or ATssifl— jrj and 2diy, ss 07^ or 

9fi^y^z=.2J9y ; inftead of ^in this equation put i8— y, 
its value in the laft, and you will have^^ =s 5832 -~ 
91V^$4y^^y^'^ therefore a?3+j^»=583£— 972;+ 
^433[s you will alfo have ^^9cy ox t7yx.i^--y=i^Z6y 
— ^yyy \ therefore 583^— 972H-S«yi==484y~27J5« 
tranlpcrfc 486_y~27 jrjr, and you will have 8*j^y-^ 
I45,8jh|-5832s=30; divide all by/8i, which may be 
done without afraftion, and you wHlhavejipr — ^^i8y4*7^ 
s=:o; which equation being refolved, either by the 
general theorem or ;any other way, gives js=:6, or 12 ; 
and finte the equation will be the fame, whicbfoever 
€/£ the two middle terms^ jtands for, it follows, that 
the two middle terms aie 4 and la % whence the ex- 
treme next to 6 is g^^^aod that next to 12 is 24 ; and 
the numbers are either 3, 6, 12, and 24, or 24, 12, 
tf, and 3, for either #3y ttey will anfwer the condi- 
tions of the|irobleflQU ' - 
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Problem 86. 

129. 7%ereare three numbers in continual proportioHj 
vjhofe Jum is nineteen^ and the fum of their fquares 
one hundred thirty ^ three : What are the numbers ? 

Solution. 

.. For the three numbers fought put x^y and z ; then 
Cncc, by the .firft conditioa, a: Is to jr as j^ is to %, by 
iriukiplying extremes and means we have j^ j^=:x 2: ; 
again, by the fecond condition of the problem, we 
have X'\'y^%^=^i^y and 19—^=^+2, and (fquaring 
both fides) iLi'-^^%y^yyz=;:xX'\'2XZ'\'Zz ; fubtrad 
yy from one fide of the equation, and its equal x z 
from the other, and you will have 361— .38 j=:a;*-|- 

^z4-2'=x'T4ry*-f-2^*/==^33 l^y ^^^ ^^>^ condition of 
the problem : having thus expunged both x and z at 
t)nce,Te&lve the equation 361 — jHy^^Jg^t and you 
will have y the middle term equal to 6, and J^-ry^ 
or the fum of the extremes,r= 1 3 ; therefore the pro- 
blem propofed is now reduced to this, viz. Of three 
lambers in continual proportion^ whereof fix the middle 
term y and thirteen the fum of the extremes^ aregiven^ 
to find the extremes : this problem is of the fame na- 
ture wkh that in art. 112, and, being refblved, gives 
'4 and 9 for the extremes; therefore the three num- 
bers fought are 4, 6, and 9, or 9» 6, and 4. 

P R o B L E M 87. 

130. To find two numbers fuch^ that their difference 
multiplied into the difference of their fquares fiyall make 
thirty-twoj but their fum multiplied into the fum of 
their fquares Jhall make two hundredfeventy-two. 

Solution. 

For the i^o numbers fought put y an dj>; and the 

firft fundamental e quation will be 9c—yxsF^y^^ or 

x—yyoc^y^ytoxx" — 20(y'\'y*Xx^=Z 2; therefore 

Equ. 
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Equ. ift, a?*— 2X^4-/=:^. 

The iecond fundamental equation is, x-j-^^^-f-^*^ 
272 5 therefore 

Equ. ad. ^'+/=;^. . 

From twice the fccond'equation v* t. « 544 

. fubtraaibcfirft,.thati$,from ^* +"^-'^ ^x^ 

fubtraft ;v*— 2x74-/=-^ 

and you will have ;^*4-2;ry4y»=:-^^ 

. ^ ? 

that is,x-hy= ^ . therefore 1+} ^ 512, apd • 

x-|-^=Vsi2, or the cube root of 512=8: dius ^« 
have got the fum of the two numbers Ibugfat, to wi^ 
8 ; whence their difference may be found by the fitft 

cijuation, thus ; x- — 2^-f"J!!y= "ZlT* ^^^^ ^5» ^- — J 

32 
=: ^=45 therefore x-^y^ or the difference of dhc 
■0 

'two numbers fought, equals 2 ; therefore the problem 
propofcd is now reduced to this; Having given tigii 
the fum^ and two the difference of the two number^ x And 

y% to find thofe numbers\ and by art. 26 we Ihall haw 

^ X^S^ andj^==:3; which numbers will anfwcr the 
conditions of the queRion. 

• JV. 5. After we had found x-^y^ the fum ojF the 

numbers equal to 8, we might have found the fum of 

their fquares by the fccond equation, which gave j:*-|- 

272 272 
^*=: -^^ =r*--=s345 and then the problem would 

' have been reduced to this ; What two numbers art thofe. 

'^bofe fum is eight, md tbejum of their fqmres thirty- 
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f(Hir t which would have produced a quadratic equa* 
tion, as in art. 1139 whofe two roots'woul^ have been 
5 and 3t as before^ 

P a o B L B M 88. 

131. To find tw$ mmiers fucb^ that thir difference 
added to the difference rf their fqaans may fmktfoeerr 
teen^ and their fiem added ta tbefimef their /fuares 
may make twenty 'fix. 

Solution. 

For the two numbers fought put x and jf, and you 
will have the two following equations ; 
Equ. I ft, x—y-^-x^—y^^iA* 
Equ. 2d, x-f:j^-f"**4^*=2^* 
Add thefe two equations together, and you will have 
± XM-\^2xs=i4,0jXX'\'X^s: 20, and^=-f-4» w ~- 5 ; 
again, i)ibtrad the firft equation fh>m the feoond, 
and you will have 2)y-f-2ys±i2, jy4:y=rft, and je: 
-|-2, or —3 ; and as thefe two values of ;^ were ob- 
tained without any manner of dependence upon thofe 
of x^ it is plain that either of the values of x may 
be jdned with either of the values of y i and fo we 
have no fewer than four pairs of numbers which will 
equally fatisfy the conditions of the equations, to wir, 
-|-4 and-f-2, +4 and — 3, — 5and 4"2* — 5 and— 3 5 
but it is thefirft pair only, which, confifting of af- 
firmative numbers, is proper for the folutipn of the 
problem, thus ; the difference of 4 and 2 is 2, the 
difference of their fquares 12, and 2-4-12 SI4 } again, 
the fum of 4 and 2 is 6, the fum or their fquares ao^ 
and ^4-20=26 : kt us fee however how the other 
pairs will fatisfy the conditions of the equations ; make 
then X equal I04,;r, that is, 4*J=^ — 3f ^d youwiU 
have — :y:=+3 ; whence x—y=z4-\'^z=:jj x^^^y^z^z 
16—9=7, and 74-7=14 ; again, ;r+j=:4— j=?:r, 
and if ^4j ^ ^^^ i64-^g=:25, and i-4-2fi=r26: ift the 
awct place, makex=— 5, and ^^s-J"^, then we (hall 
6 have 
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hiye K^^yssi^^s — «s2»--~7r^*--^Hss25-— 43=^1, aod 
— 74-2^ = ^45 agaiHp>4-J^=r— s4-2=— 3, and 
af'-f^*=r254-4=^^^ and— 3+2^=:26 : laftly, maks 
*= — 5, and jraa — j^ and yew will have *'— jrrr — 5 
-^== — 2, and;**— j*=25 — 9=16^ and — »-|-*^ 
= 14; again, ^4^)^—5—3=— 8, and Af»4ty*=:25 
4.9=34, and— 84-34=:26. 

Pr O B L B M 89. 

132. What two numbers are tbofsj wbofe fumy when 
added together^ is equal to their produS when fnulti* 
plied together ; and this fum or produSly when added 
to the fum of tkeir fquares^ makes twelve? 

Solution, 

For the two numbers fought putxand jr> and the 
fundamental equations will be ift» a?4">c=:xyv and 
fccondly, x4:y-f"^*-f:y*=:i2 : in the firftof thefe fun- 
damental equations^ whegey4:y3=jwr, r we ha.vcjfy — 
x^% but yx-^ is the produd of jr-*r x^ or of 

eexy — II therefore ayy — J=J^> and ;r =-;^^; but 

if infteadof 3p> this value be fiAftitutcd into the ftcond 
fundamental equation, the equation will rife to a bi- 
quadratic, for the rcfolution whereof no rules have 
hitherto been given ; therefore, to extricate ourfelves 
out of this difEculty, it will be proper to have re- 
courfe to fome other artifice^ by trying other pofitions, 
as thus s for th^ fum of the two numbers fought put 
;k; then will z be alfo the product of their multipli- 
cation, by the fuppoTition ; and (ince this produdb z 
added to the fum of their fquares gives 12, the fum of 
their fquares will be 12 — z ; but every one knows, 
that if to the fum of the fquares of any two numbers 
be adde4 their double produ<5t, there will arife the 
fquare of their fum j therefore 12 — Z'\-2Zy or 12-I-3 
:=iz^i which equation teing rcfolvcd, gives x=+4> 
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&^.; and therefore the queftion is now reduced to 
this ; IVbat two numbers are tJKfe, wbofe fim is four^ 
emd tbe froiuS of wbofe nudtiplicatian isfoi$r? for the 
numbers fought, put x and a — x, and you will have 
4x-*-xjr=s:4 ; and changing tne figns, xx — 4^= — 4; 
^nd compleating the Iquare, xx — ^4X-{-4=o ; and 
extra£^ing tbe fquare root, x — 2=:+o*, whence x^=z2^ 
or 2, for the roots of this equation are equal ; there- 
fore 2 and 2 are the numbers deGre(| in the queftion ; 
and they willanfwer the conditions; for in the firft 
place, 2-{-2=4=2X2 ; and in the next place, 4 the 
fum of 2 and 2, being added to 8, the fum of their 
fquarcs, gives 12. 

Corollary. 

From our firft attempt to folve this problem we 
may learn thus much however, that if any number 
whatever be made equal to^, then thefe two num- 

y 

bers^and*-^^ will always have this property, that 

their fum when added together will be equal to their 
produdt when multiplied together $ thus if 3=)^, and 

confcquently •=-= --^, we fhall have 3+1=41, 

and 3XTor|=4|5 whence it follows, that this 
problem cannot be folved in whole numbers in any 
other cafe than that we have here put. 

Problem 90. 

I J3. What two numbers are thofe^ whofe fum added to 
tbe produ^ of their multiplication makes thirty four ^ 
and the fame fum Jubtraded from the fum of their 
Jquares leaves forty -two. 

Solution. 

Here, to avoid all difficulties that would othcrwifc 

arife, put % for the fum of the two numbers fought; 

then, fince this fum added t6 the prod ufl of their 

7 S muitiplicntion 
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multiplication makes 34, the produSb of their multi* 
plication will be 34-r-s: ; but this fum z fubtraded 
from the fum of their fquares, leaves 42 ; therefore 
l^e fum of their fquares is 42-{-z ; to this add their 
double produf): 68-^22, and you will have no — z 
r=%* 5 whence z2=:-{-io, ^c. and 34 — ^^=24; there- 
fore now the queftion is^ What two numbers aretbofe^ 
^M)hofefum is ten^ and tbeproduSl of their multiplication 
twenty 'four? and by art. 1 1 1, the two numbers fought 
are 4 and ^« 

Whoever would fee more queftions of this nature; 
may cdnfult Sachet's comment upon the 33d queftion 
of the firft book of Diophantus*s Arithmetics. * 

iV. B. Having now done with quadratic equations^* 
at leafl: for a time, it may perhaps be expelled that, 
according to order of rnethod I ftiould proceed on to ^ 
eqpations of higher forms : but I (hall take the liberty 
for once to difpcnfe with that method ; not but that I 
intend (God willing) to treat fully arid diftindly of 
thefe equations. hereafter; but in the mean time I ; 
think it more advifeable to employ the reader's 
thoughts in ibme other things, which 1 take be of 
much greater importance, and ipore proper for hU 
information. 
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THSk 

ELEMENTS of ALGEBRA. 

B O O K I V. 

Of genfral problems^ ^nd genera! theprtms JkJkttd 
pom tbem\ together with themanrmrofa^hin^ 
md demon/lri^ling thefe tbeorems^ntbeticaUy,^ 

^e d0gn <f this fourth hook tnikefuffy^ i^amed. 

4rt.i34. TT TJpiTHERTO my young Analyft 
■ i I I has been indulged for die moft 

JL JL ^^ ^^ ^ ^^^ ^^ ^^^ Algebr^ 
where letters were put only ft» 
unknown quantities r but if he would reafon ab(ba&- 
edly upon his problems, and draw general conclufions 
from them, he muft put letters not only for his un- 
known quantities, but alfo for fifch as are l^nown ; 
and fo propofeand folve hif problems indefinitely. 1^ 
this means, in the firft place, he will obtain indefinite 
anfwers, which in many cafes are much preferable to 
more particular on^s,^ as they fuit and iblve all parti* 
cular cafes to which they are applicable V and in the 
next place he wiHbc able to prove his work fynthetr- 
€ally ; which wiU nbtonly confirm his former analyfis$ 
^ . bot 



Art. 134,135. dnd ^Jbeormi JeJuieJ from iheiji. 12 j 
but will ajfo further JBUre 9nc| reconcile him xo ihi 
operations of fymbolicai of fpecious Arithmetic i dnd 
. fo render him entire matter of this fore of compuia^i 
tipn. A fufflcient fpecimen of this fort of reafoninff^ 
both in tjie analytical and fynthetical w^y, lias ^i 
^ feady been given ifl our general theorem for th^ rcfo- 
]ution of a quadratic ei^uatton, fo that no mor^ needs 
he fidd ,by way of preparjition s It ren^ains therefore 
now, ttiat we look black upon fbriie of the problem^ 
alreajdv folved^ and Oiew how to folve them ove^ 
again in general terms^ as follows : 

P R 6 i L E aI 1. (&e art. 26.) 

t^5i What two nu}Hl>^s are thofe^ 'wbofefum is a, ifnd 
diferencf hF 

S b Lis 1 1 ov. 
Put si for the kfs number; then will the greater be 
a:-j-*, and their fum 2x4-^=^ ; whence 2iifa=.tf— »*, 

and X (the Icfs dUifiber) will be — -j w^ience sc-f-h 

a — b h a — b-irib 
,(th(! greater ntimber) will b c^ - '* { - = — ^— ' ' 

ihi — i-^ } fo the greatcf tiumfacr is found to be '^ 

^nd the kfs - — j where a and b afe left undcter- , 

mined till fomc particular cafe of this problem is pro- 

pofed to be compared with the general one; and . 

tjten the (quantities eiand^.will not only be determined 

in that cafe, but the problem may be folvcd by the 

general tbgorem without any further analyfu. As for 

example, let it be propofed^ as in art. 2^, to find 

two numbers wbofe fum is 48, and differcncefi4 5 

here it is plain that a in the general problem anfwers 

tp 48 in. the parncular cafe, and b to 14; whence 

a-^i , . ' !_ N 48+14 62 

-7-^ (or the greater number) ?=■■ '■' ■ ssl ---- »r 3 i^. 

Pa A^d 
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and -^^(or the Icfs number) c= — ^— ^ = ^ s=r 

17; fo that the numbers fought are 31 and 17; 
whkh will anfwer the conditions of the queftion» , 
Again, fuppofe we were to find two numbers whofe 
fum is 35, and whofe difference is 9 : in this cafe it is 
plain that a and b have other (ignifications; for here. 

tf=35, and ^=9, and therefore—^ (or the greater 

number) will be 22, and — — (or the lefs number) 

wrll be 13. 

Thefe theorems are capabfe of being tranflated out 
of Algebraic language into any other ; though to no * 
great purpofe that 1 know of» to fuch as underftand 
any thing pf fymbolical Arithmetic; for, in my opi- 
nion, they appear much more diftin£l; as they are, 
and lefs liable to ambiguity. The foregoing problem^ 
together with the anfwer belonging to it, being tranf- 
lated itito common Englifli, will Hand thus : 

Problem. 

It is required^ having given the fum and difference of 
any iwt ntmhets^ to find the numbers themfelves. 

Anf. I ft. 4^d the difference to the fum^ and half 
the aggregate will be the greater number. 2dly, Sub' 
traSl the difference from the fum ^ and half the remainder 
will be the lefs number. 

That this is a true tranflation, is plain r for what is 

— • — but half the aggregate of the fum ^nd difference 

' a—b 
added together ? and what is but half the re-, 

maindcr,* after the difference is fubtrafled from the 
fum ? 

We come now, in the laft place, to examine this 
theorem as it ftands in general terms^ and to try whe-' 

2. - ther 



Art. 1 3 5* and Tbeorem deduced from them. 2tg 
ther it will anfwer the conditions of the problem in rfie 
letters tbemfelves. It was propofecf to find two num- 
bers^ whofe fum is i?^ and whofe difference is t", and 

the anfwer was, that the greaternumber was— -^t 
and the lefs : now that this is a true anfwer, 

' 2 ' 

will l^ evident from a bare addition and fubtra&ioa 
of the numbers themfdvcs, without any other prin- 

ciples 5 for if—*— be added to , their fum will 

be — ova, which anfwcrs the firft condition of the 

a •^- b a *^ b 

problem ; and if — ^ — be fubtraded from — — , 

the remainder will be — ; or J, which anfwers the fc- 

cond condition. , 

This is that which is called a fynthetical demon* 
ftration, and doubtlefs Ihews the truth of the theo- 
rem to which it belongs, as well as the dnalyfis whereby 
that theorem was inveftigated ; but not fo much to the 
fatisfacjlionofthemind : for a fynthetical demonftra- 
tion only (hews that a propofition is true ; whereas ant 
analytical one ftiews horonly that a propofition is true, 
but why it is fo \ places you in th£ condition of the 
inventor himfclf, and unveils the wholemyftery. Syn- 
-thetical dcmonftrationsufually require fewer principles 
than analytical pncs, as will evidently appear, by com^ 
paring both, in this very example ; and this I take to 
be the reafon why the ancients, generally fpcaking, 
« chofe to demonftrate their prapofitions thi^ way; not 
with a defign to conceal their anahfis^ as fome have, 
unjuftly enough, imagined ; 'but^ becaufe this fort of 
demonstration required fevver principles to proceed 
ppon^ and thofe too, fuch as were commonly known* 
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?J* Of g^fi^^ Problem Qook IV, 

136. What, three numbers are thofe^ whereof the fum ef 
the fir fl and Jecond is a, that oftbefirfiand{hir4h^ 
and (pat (ftbe fe^ond afid third c ? 

S O L U T f O Ny 

Put X for the firft number fought ; then wiH the 
fecortd nprtibcr be a — Xy beCiUfe thfc fittt and ftcdn4 
nbrribers together make a 5 for a like rcafpfj the thircf 
number will be p—x^ bccaufe the firft and third to- 
gether, make b : add now the fecond and third nufh- 
pers together, and you will havetf-}-^— -2jr=:f; thercn 
fore 2X'\-czis±a^b*y therefdre lArct^rj-^-r-^-, aftd;^ (or 

|he i^j^ number) = rtrr^i fubifaft now the firft 
pumbcr -^^ — ' fropi «, or, whicji is 4II one, ad4 

i wH (o a^ and you will haye the fectirtd num- 

I —/I — bA-c , a — d-^^bA-cA-ta 
ber equal to -7 — ^-^ h "T = ■ ' ^ .■■"■\^ ■ '.- ■ =: 

a — i4-r ... ^ . ^^ f a-A-b — £ 
^■ ". ■ . . . ■ ; ~ ; agam, fubtr^cl ^he firft number ^*^ r* 

■ 2' ■ # , ' '■ z 

from b, and you will have the thjrd number equal to 

- — a-^b'i'C b — a-A-hr^c 

r— -^^ — r-'t^'^— — ^— ^ 5 wd tbia? ^e have ^I| 

fhc three numbers fought, to wit. 

The firft, ^ ^±^. 

The fecond, ^ ►— , 

^e third, 4=f±*±f. 

To apply this general folution to fome J>articol5f 
cafe^ I ihaU make ufe of that if^ aft. 42; where it wa^ 

required 



Aft. I |C and Tiei^em i^diH^Jrm them. a^x 
fM|oired to find ibite fvi^ numbers, t)m fhe;%n of 
tJie &t& 4h>4 fecond may make 6(jlj chat Qft^n Sx^v^i 
tbUrd 80, and ibat of the fecood afi4 thir<} 921 ; w 
tbH cde it is plwi that 00260^ ^^80, and r^q^i » 

therefore ■ - or the firft number will W 44 j 
^^-^Y^ or tko fecood iwmber will jbc ^^1 and 

^"^^"^ 61- tk third hutober Wit! bl^ JIS j tfrhic* 

numbers upon tryai will be found to b^ fuch as th6 
ptoblem i)eq<iiiir«a. ^ Bitt thu the theorems here given 
are not only true in this particular cafe, but are uni- 
Ver&lly lb, will beft appkr from the fyndietical de^ 
ftofiftrattM folio^ijQg. 

I ft. The firft number- — ~ — , ihd the ftcond rium- 

bet — — -^-btltig added together make — or a^ w> 

cording to the firft conditiDn, the other quaiiiities de^^ 
ftroying one another. 

adly. The firft qiwnber — ^ — , and the third 

number —^ -^ being added together make -^ or 

^, according to the fecond condition. ' • 

JLaftly, The fe^rond number — -~ and the third 

pumbcr ' — *- being added together make ~ Qif 

(^ according to the third condition. 

This problem may ^Ifo be folved fomewhat inoit 
elefgantly thus ; put s for the unknown fum of alt 
the three numbers foi^ht : then if r, the fxtm of tb« 
feeondand third numters, be Aibtrafted fratn /, the 
fum of all three, there will reoiaia the firft number 
P 4 equal 
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equal to s-^ % in like manner b^ the funi of the firft 
and'third numbers, fubtrafted from x, the fum of all 
t{iree, leaves the fecond number equal to s—bi and 
a^ the fum of the firft and fecond numbers, fubtra<%^ i 
from 5, the fum of all three, leaves the third nutpber i 
equal to s — a \ add nov/ all thefe three numbers to- 
jgether, to wit, J — r, s — b and s — ^a^ and the fum j 
will be y — a — b — €% but the fum is \f , by the fup- | 

pofition J therefore, y-^a — ^r= j; and J= — , | 

whence we have the following theorem : 

a-l-b-4-c 
Make: *— sc s \ then if the numbers a, b and c 

h taken f^ackwar ds^ a n d fubir aStedfe verall y from s, the 

three remainders s — c, s— b, ^nrf s-^a will be tbi 

three numbers fought^ in order as they are Ji^ppofed in the 

problem. Thus if ^ = 60, b = 80, and ^ ;=92, jas 

a'X^b'^c 
brfore, we (hall h^vc . orj=ii6; whence the 

firft number will be 1 16— 5? or 24, the fecond 1 16 
V-80 or 36, and the third 116—60 or 5^. 

SpHOLIUM. 

JVhai three numbers are thofe^ whereof the produS of 
• tbj firjt and fecond is 21^ thai of the firjl and third h^ 
^ fnti that of the fecond and third c ? 

S O L U T I p N, 

Put p for the produft of all the three numbers ; 
fhcnfince Q is ihe prpdudl of .the two laft, we (ha|l 

have'the firft number caual to — 'j for a lij^e rpafon the 

' p p 

(econd cqyah ^j* ^"^^ thp.fhirci ecjuals — ^, an^ th^ 

tr . ft ■ 

.-■■.:■■ pi . 

prodpft of all three cqua|s—T'~^j tjierefprc^'fi 
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PSMOMSTRATION* 
p p 

— X -yj or the produft of the firft and tecood num- 

^ ah c 
bcrs, iS.-T"=-T~=^: and foot the reft. 

P R o 5 I- j; M-. 3. 

J 3 7. // is required to find two numbers wbofe difference 
is b, and the difference of wbofe fquares is a. 

S o L u T I o N. 

Put a: for the Icfs number, and confequcntly %\h , 
for the greater ; then will the fquare of the Icfs num- 
ber be xx^ that of the greater xj;-|-2ix-j-^^» and the 
diflference of their fquares 2^x4-^^=^; therefbre 

a—hb 
2ffpc:=ia — ffi^ andflf (the lefs number)==:—T^i whence 

. , , . . ■ a — bh , b a — bbA^iib 

if+3 (th9 greater) «-^+ 7^ -^ — ^j— ^ 

a-^-bb 

To apply this general folutjon, let it be required to 
find two numbers whofe difference is 4, and the dif- 
ference of whofe fquares is 112; here 4g= n 2, ^=24, 

bb=ii6y — T— =5 12, V . . ■ = 16 5 therefore the 

numbers are 12 and 16. The general demonftration 

a~bb 
is as follo^vs ; if the Icfs number? — y- befubtrafted 

aA^b^ ibh 

from the greiater '•'^7— » their difference will be —^ 

or ^, according to the firft condition of the pro- 

Weoi i agaip^ the fcju^rp of fh? Icfs pymljcr • — -r^ is 
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fia .i... 2 abb *4- b^ 

—^ , and ihc fquarc of the greater 

a*\-bb aU'^zab^'^b^ 

^'"^^f w ' ' ' \kt " — '" * fwbtra£l Ac iquare of the 

lefs from that of the greater, and )rou wiU have the 

difference of their fquares = -^-^ :=:^a^ a$ the feoMid 

condition requires^ 

pR o 6 t E M 4. 

138. Let r ia«ii s be two given multiplicatcrs, whereof 
r is the greater s it is reqtiired to divide a given num* 
ber as 2L intjo two fuch farts ^ that the greater fart 
when multiplied into the lefs multipiicator inny be i^ual 
td the lefs pio-t *ooktiH multiplied by the grtaiter mu/ti- 
piic4tor. 

Solution. 

Put X for the greater part, and a-^^x for the lefi j 
then Will the greater part multiplied into the lefs 
multipiicator be sx^ and the lefi fiart fnultifs^fied ihtb 
the greater multipiicator ^\\\htar--^rx ; but accord, 
ing to the problem, thefe products are to be equal; 
there fore sxzizgr — rx, and rx'\'sx^=iar^ but rx'\-sx is 

X X r-^-Si therefore ^ -f" ^ + ^ ^ ^^ 5 and * (the 

ar 
greater of the two pirts ftaight) 5= — tt" 5 wfaeace 

r "IT" J 

a or ar4~aS'i'^at 
a — x^ (the lefs part) equal — p-r=:-^ — -j-^ ' 

==—£-- -, fo the greater part fought k rrrr^ ^^^ 

-the lefs — i--. 

r-f-s ' 

The Application. 
To apply this carion^ let it be required to divi^ 
84 into two fuch parts, thkt fiyt time^ one part may 

be 



^t. I gS. and Tbewem ieducid fr^m thm^ ti f 
be equal to feven times the other : here az=z%j[^ r the 

* .*. t. ^^ 7x84 

gftater multipUc4tor ^^, ^=5, jj^±iU— — ^^^ 

r^=^— ^= 35 ; theWfortt the greatef fart ii 

49^ and the leis 95 ; and they will ftnf\¥er the con« 
fticiotis^ for firfti £{^^%izaii^\ and ieoQndly4 49X 
5ac>i45;;s7^3K7/ i^galn^ let it be required tedivide 
99 into two fuch parts, that f of one part may be equal 
t§4bf thcothe^: hcfe 4:^^99, rtii^\^ j=|, r-^i—x^* 

~ 54> TZ}^ 99 X t4^ ==45 ; fo the two parts are 54 

^nd 45; vthich is true; for Brft^ 544^45^:991 and 
*fec6ndly, f of 54^36=4. of 45. 
' As to the demonft ration of thi^ general foliation;, 
it mu(t be obferved that in this prd3lem there are two 
conditions ; fir(t, that the two parts^ when added 
together, muft niake a\ and fecondly, that the 
greater part nvahiplied into the lefstnulti^icator muft 
be equal to the lefs ^art multiplied into the greater 
multiplicator : tas to the firft of the conditions^ it is 

CT MS 

certain that thfe parrs -^ and --r- when added to* 

gether will make ' •, but ar-\'asszax H-7, . 

therefore — \ — zszan—r- ^ axi:=s:a: tis to the fc- 

a>nd condition, if the greater part — r— be inulti* 
plied intoV, the lefs multiplicator, the produftwill 
be -jp ; and again, if the , lefs part --7- be multi- 
plied into r^ the greater ipultiplicatpr^ the product 

win 
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will alfo be -qrj- ;' therefore the two produds arc 

equal, as the problem requires; and fo the conditions 
are both fatisfied. ^ E. D. 

N. B. If any one has a mind to throw the forego- 
ing theorem into words, it may eafily be done, and 
in fuch a manner as almoft to carry its own evidence 
along with it ; for by the rule of proportion, r^s is 

ar J , . as 

to r as ^a to -nr" ; ^^^ ''+J >s to j as ^ to --i— : there- 

fore. As the fuih of the two muUipUcators is to the 
greater or lefs tnultiplicator^ fo is the fum of the two 
parts fought to the greater or lefs pa rt > and this, I fay, 
is pretty evident •, for had r-j-j been the number to 
be divided, the parts would certainly have been 
r an d s ; therefore if a greater or lefs number tlun 
r^s is to be divided, the parts ought to be greater 
or lefs than r and s in the fame proportion. 

P R O B L E M. 5, 

139. Let r and s be two given multiplicators^ whereof t 
is the greater \ it is required to divide a given numBer 
as a into two fuCh parts^ that r times one part being 
added to s times the other may make fome other give^ 
number, as h. 

Solution. 

Put X for the part that is :o he oiultiplied by r, 
and confequently a-^x for the other part that is to be 
multiplied by j, and the produfts will be rx and 
as — sxj and their fum mil ht rxr]^as-^sxz=:i ; thcrcr 
fore ro: — sx:=zb — as, that is, xxr — sz=:b — as ; there- 
fore X (the part to be multiplied by r) =— ^— j 

therefore a-r-x (the part to be multiplied by s) =; 
'a b-]'as ar — as: — b'-]-as ar-r-b 

Tb4 
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The Application. 
Let it be required to divide 20 into two fuch partsr 
that three times one part being added to five times 
the other may make 84 : here 4=20, ^=184, r=is^ 

^ = 3, tfi = 60, ^— tfi =s 24, — — (or the part tm 

be multi{ilied by 5) = V= i2,tfrs=:ioo, ar — i=l6 5 

(or the part to be multiplied by 3) = V?=8; 

therefore the parts fought are 8 and 12; for firft» 
8+i2=:20 ; and fecondly, three times S-f-five times 
12=84. 

Again, let it be required to divide 100 into two 
fuch parts, that | of one pirt being fubtrafted from 
4. of the other, may leave 39 : here it muft be obfcr- 
ved, that to fubtraft |. of any one quantity from 

another, is the fame as to add — ^of it; therefore 

4 
this problem when reduced to the form of tKe general 
one, will Hand thus : To divide a hundred into two 

, jueh partSy that — - of one pari being added /^ + -;r 
4 ^ , 

of the other may make thirty nine. Here n == 100, " 

— 300 , b—as 114 

iz 

500 2/;o , 250 39 

123 ar — b 3 o r 1 o 

— ^, =-2^ = 285 fo the tjvo parts are 28 

3 r-5 19 /^ 

12 
and 72 : for 284-72?=ioo \ and moreover 1^ of 28, 

that 



zai 
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that is, 21, fubti-aAed from \ of 7^, &«t hi front 
60, leavti 39. 

The osir^AA^ Bbm eir$tRATtajr; 

The two part» -^^t--- and-- — - when added to- 

, tff *— i X^«-^j tff — as r — s 
aether, malie ^_;^ =;-_«^---, 

again, the part-j^:;^ bcmg multiplied kito r, ks 

- ^.^^afs • 

proper multipligitoi'i ^vc$--^— ^ — r», and the other 

part -r-T* w^ipMed ioto Uut pthcr multipBcatpr 

I, gires =-i add thcfc two produfts together^ - 

J !_ ni 1 h'—0's^ars^s hrr^bs _ 
Md they will intke i ^ M i i-i ' H jii-ni— ra-» — ^ps*. 

^ £. D. 

If any ono hereafter flifill ihink nne too condfe m 

the folutions of thefe geners^l problems, h$ mufl: have ' 
recourfe to the particular ones in the articles I fhall 
tefer him to^ which he will find explained more at 
large : and as to the application of thefe general 
folutions to thoie particular cafes, it is to be prefumed 
thaf by this^ time the learner will be able in fo(pe 
me^fure to perform that part himfelf ; and therefort 
Lfball for the future leave it to him, except where I 
Ikall chink my afliftaflte niay ht of any uie. . 

Problem 6. (Sec art. 35.) 

140. One meeting a company efbe^ars^ gives Jo efisb p 
pence^ and has a pence ever ; but if be would have 

\ given them q pence apiece^ be would have found bt 
bad wanted b pence for that purpo/e: WbtU taaf lAe 
number of per^fons ? 

7 So&t^TiOK* 



1 



S o L U T I o w. 
The number of perfonst «« 

Pence in all, |r ^+tf. 

The pence ^c v^/ouldf have been given trpon the 
other fuppofition, qx. 

Apotherex^fflan ibr the number of pence io all^ 

£qu. fa? — Iss p^-f-^t therefore q^^^pKr^b^st^ ^ 
thercforp f» — pxzscg^b j therefore x (the nunibcr 

tof perfons) 2= — *-- . 

DETitf ONSTR ATION- 
If the nirmbcr of perfons be — 4:> then thepenccr 

i—p ^ 

given will be -xZl^^ jm^ the pepce in all will be 

j-rr^ * I 9—? q—p ^ ^ 

thiti ,nvm^^r of pence^th»c would have been given^ 

opon the fepond fttppofition is -^-— -r; and therefore 

the <M;hfr exprc^en &r the number of pence in all 

wijl b^ r^^ -- -^ --- as ^ ^^' I aad ti^e pcrfciSt agree-' 

metre between this account and the former is an in- 
falKble argument thajE the number of pcribns wasr 
rightly affigned. 

F a o 9 L £ li^ 7. (See ^t. 64.) 

14 1« lit is required to divide a g^en number as a imu 
' Wa fucb farp,^ that one (art may be te the qtber as 

I UfS. 

Solution. 
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Solution. 
Thq two parts fought^ x and a — x. 
Proportion^ x is to a^^x as r to J* 
Equation, sx=:ar — rx ^ therefore rx^sx^ssar } 

therefore x (or the firft number) :=: --r-- ; therefore 
'a — X (or the (ecoiid number) = — ^——7-= — r-; 
therefore the two numbers arc -t — and — r-» 

DbMON ST RATION. 

ift. The two numbers —7- and —7— when added 

together make -tt~^=^ ^* 

or 

2dly, The firft number -j^ is to the fecond 

as , ^ 

number -^ as ar is to ^j ; becaufe throwing away 

the common denominator is no more in reality than 
multiplying botn fraftions by it; and every one 
knows, that the multiplication of two quantities by 
the fame number, makes no alteration in the propor- 
tion they bore one to the other : again, ar is to. a; 
(dividing both by a) as r to j; for it is well knowa 
that a common divifion affefts proportion np more^ 
than a common multiplicatipn : fmce then the firft 
number is to the fecond as ar to as, and ar is to as 
as r to s, it follows, that the firft number is to the 
fecond asr to ^. ^ E. D. 

Problem ,8. (See art. ^6.) 
142. What number js that, which being feveralfym&i^ 
to two given numbers^ a a greater number^ and b *' 
lefs, will make' the former fum to the latter as r JTtf s'? 
therefore r mujl • be greater than s ? . 

Solution* 
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The number foughti ^•. 

proportion, a^x is to b-^tn as r to jr. 

Equation, ^'4*'**—^^+^^^ therefore *r+^jf—j4:sit 

M I therefore rj>—4if«ft4i—ir } thcrtfore x txz — — . 
Dbmohstratioit* 
The number —■ — being added to iff gtws -*-*— 
tind the fame number being added to bp gives *-^^^ 



now — —IS to—— as ar^>mpr is to «— «, that 
r— J r — s 

IS, as rxa-— ^ is to iX^— ^> that is, as rto/« 

Scholium. 

This pioblem was to 6nd a number, which^ being 
feveraUy added to a and ^, will make the former fum 
to the latter as r to 5 •, let us now change the nam* 
bers a and b one for another, as alfo the numbers r 
and s one for another, add then the problem will 
ftand thus : TV ^nd a number^ wbicb^ beitig feverat^ 
4dded to b and a, will make the farmer fum to the latter- 
as % tor I but the condition of this problem is eXaf^Ijr 
die fame with that of the former, gnd therefore thd' 
anfwer ought ftill to. be the fame ; that i$, as chang* 
iitg# and b one for another, and r and s one for ana» 
ther, had no effeft upon the problem^ but left ft en-^ 
tireljrthe fame as at firft 1 fo if the expreffion of the 
ftiimber fought be juft, the changing of ir and i^one 
for another, and of r and s one for another, ought 
to make no alteration in that expreffion, and the nunn<^ 
ber fought ought ftill to be the faine} for truth wiU 
always be coofiftent with herfelf. Let as try thir 
^eyer, and ftr wbat^will be thcctfeft of fuch a 
Q;^ changes 



n 
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change: now the mjmber'fooghtlwas-,ir-*--j--; but 

upon this change, as becomes br^ and bf becomes 
tfj, and r—s becomes j—r, and the whole exprcflion 

Will . be turned into this, ; but •. — is the 

^ — '^ ■^-^^* " ... 

fame as ; for changing the figo of both the 

numerator and denominator of apy fraiflion, no more 
affeds the value of that fradioti, than in.divtiioo the 
changing of the fign both of the divifor and dividend 
affefts the value of the quotient : thus then we find, 
that the changing of a and b one for another, and ot 
r and s one for another, no more affcfts the theorem 
for determining the number fought, than it did the 
problem from whence it was derived. 

P R O B L E M 9. 

142. Il is required to divide a giDen number as a into 
Jwi fuch f art s\ that the excefs of one part abevi 

. another given number as b, may be to tidbat the others 
wants of b, as rto s i fuppofing r greater tbans. ^ 

S O. h V.T I:0 N.. 

Put X for the greater part, and a—x for the lefs ; 
thien the excefs of x abo ve b will be x — b ; and the 
excefs of b above a — x will be x — a^b, as appears 
by fubtrasjling ar^x from b 5 . but by the problcVn, .the 
fornner excefs is to the latter as r to j; therefore Xr^li. 
i$ to X— ftfrf-^ as r to si multiply cKtrcmcs and means,, 
and you will have sxT-bs:=irx — ^r-|^^; . therefore . 
rx — sx^=;iar — br-^bsj w^ a?.(;he greater, part)-; =5:. 

^Y-'-^br — 'bs «^ ' # 
% therefore a—x (the lcf§ part) =;: — 

'A^br^bs brA-bs-^as - , 

-^— ^ — = — ~— — - i to the , greater . part js , 



ar^^br—bs , , , ^ brA-bs-^ai 
' — , and the Icfs part -r-*— t ^< 

Example. 

Let It be required (as in art. 41,) to divide thfi 
number ^48 into two fucfi parts, that one part may 
b^ three times as much above 20 as the othe/ wants 
of 20 : here ^ir:=48, ^2Si2o, r=:3,.Ji=:i j for to fay 
that the excefs muft be three tinKs the defc6l,4S.no 
other than to fay, that the excefs mu^ be to the de-^ 
fca as 3 to I J the reft is eafy. 

ThecENEitAL Demonstration, 

'n ^. ^^ — br—^bs ■ , , / ' 

lit. The greater part --- — -r — ^ and the lefs 

part ^ being added together make '■• ^^__ '•* 

=:tf : again, th? excefs of the greater part above ^, is 
ar^^br-^bs b ar — br — bs^^br^bs ar — abr 

r — J 1. r — s r — s 

and tlie ei^cefs of ^^ ^bove . the Icfs part,- which is. 

. 1 r r L • * br^bsA^as 
what the Icfs part wants of ^, is ^ ' "- ' • • ^ — 223 

br — bs — br — bs^as - as — ibs . ^ , ^ . . 

■ ' =2 -*i therefore the excefs of 

one part above ^ is to what the other wants of b, as 

ar-^zbr . as — ibs 

-- — ■■ — IS tO" ' ■■'■ ' , that 19, as i^r-^a^r is to as'-^absi , 
r — s r — s * 

that is, as fx^— 2^ is to sXa^^^bi or as r to /<^ 
^ E, D. , 

Problem ,10. (See aft. 5$.)- 
144. Then are two places y whbfe difiance from each ' 
other is a, and from whence two perfcns fet out at . 
the fame time with a defign to meet^ one travelling at ' 
the rate ofp miles in q bours^ and the other at the rate 
of X miles in s hours : Jt demand bow long and bow far 
each travelled before they met. 

C^a SotuTiow. 
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S O L,U T I o w. 
The number of hours travelled by each, ;c«. 

Miles traveUed by the firll^^. 
By the fecond, — • 
By them both, — -{- —• 

Equation, ^ -| — 2=4 ; therefore /x+— = ^ j ; 

therefore /ix4-jr;rs=:tff j ; therefore x (or the number 

of hours travelled by each) =r ■' ^ ' i now to find 

how many miles the firft travelled^ fay, if m^ hours 
he travelled p miles, bow many will he travel in a 

number of hours equal to — -j^ — ? for a fourth num- 
ber, I mukipty the third number ■■ J^ by the fc- 

dPos 
« cond p^ and the produo: is J 1 this again I di- 
vide by the firft number j, and the quotieiit is " Y^ > 

for dividing the numerator divides the whole fradion : 
by the fame way of reafoning, the number of miles 

travelled by the other will be found to be — ? — : 

therefore the whdle number of miles travelled by them 

cpS'^aqt 
both is -T-Tf -" = ^9 which demonftratea the fiJu- 
ps-Yqr 

tion* 

E X A MP L t. 

Let the diftance of the two places be 154 miles ; 
let the firft travel at the rate of 3 miles in % hours* 

and 
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and the fecond after the race of 5 miles in 4 hours ; 
then we Ihall have ii:^i54» ^=3, j=2, r=s5, j=4, 

_ , tf^j 154X2x4 
ps^z 1 2 , f r= I o, ps+gr =22, — r — =: — ^^^ 

5— 5^ ^^^ ^ ^54X3X4 _ g tfgr _ 154X2x5 

= 70 : therefore each travelled 56 hours i the fin^ 
travelled 84 miles, and tht other 70. 

SCHOIIUM. 

If in the foregoing problem We change j^ioco rand 
g into s^ and vice verfa^ xht coofequence will be, that 
the firft traveller will now travel at the fame rate as 
the fecond did before, an^ the fecond at the fame rate 
as the firft did before :6ut the motion whereby thefe 
two travellers approacn towards each other will ftilt be 
the fame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muft 
ilill be the fanoe : let us then make the changes above- 
mentioned, firft in the expreffion of the time, and fee 
" whether that exprefiion will ftill continue the fame i 
then let us make the fame changes in the twoexpref- 
iionsofthe miles, and fee whether by this means 
thefe exprefllons will not be converted each into the 
Other: firft then, the expreffion of the time, which ia 

— -r~» by. changing p into r, and j into x, and vice 

ver/a, becomes — f- — * which is the fame as *-r — » 

therefore the ^preffion of the time fuffers no altera* 
tion bj thefe thanges : fecondly, the number of miles 

travelled by the firft was — ? — , which, after the 

changes abovementioned» becomes ^J ■, which is 

the lame as— f~, the miles travelled by the fecond ; >- 

Q3 «d 
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jtnd therefore^ e converfoy the e*preflion. ^^ will 

be changed into the cxprcflion ---p — ; and thus will 

•the cafe of the firft travjcjler be changed into that of 
jhjj fecond^ 2in& vife verfa. 

» .p. R. o ]^ !:« £ M 15. (See art^ 38.) 
.149. What fwc numbers are thofe^ whereof the greater 
is to the lefs as p'to q, and the product of their muf" 
* « fiplicfttion is to their fum as r to^ ? 

S p L y T I P N, 

, Put n for the lefs nunriber, and the greater will be 

found by fajing, as q is to ^, fo is x the lefs number to 

p X P ^ 9 * 
*— t.he greater j whenc6 their fum will' be f--^ 

= -T-- — --: on the other hand, if the greater number 

fx 
' y--- be pf)uhipliod into x^ the produft will be 

"^— •, therefore the produft of theft two numbers will 

be to their fum as — is to — ^-^, that rs, as' fix to 

^4'j i but accc^rding to the- problem, the produft 
isv to the fum as r to j; therefore px is to p-f-f as r 
rtojj whence we have this equation, />jAr==^-f-jr; 

and PC (the lefs number fought) =i: ^ — ^ ; thenefofc 

■ ; ... \ f^ 

pr^qr 
:/>a?= "^--y-^i for dividing the denominator multiplies 

. the whole fraftion 5 -therefore v- (or the greater num- 

pr-^qr 
.j!H5r}=c.t — V^. 

D£!i«0!t- 



Art. 149-/ 151* dnithe&rms diduced frmtUm. ^47 

D r MX) N S T k A T I O N. 

ift. The greater number is to the Icfs as - - X 

-. .•.,:•,; •. . .:..;■■ : .,;. .. qs 

is to ; divide /^r-j-yr by itfclf, and the quoricnt 

, will be 1 5 fo that we may now fay, that the greater 

'' I ' I I 

, .number is to tb* lefsas— is to — , that is, as — 

, ?^ -ps q 

\.' is tQr-*;that ifc as — is to i, that is, as p is to 7. 

1 . ' 2dly/f he greater numbcr^^^'" anc} the lefs^i^ 

--being, adjied idgethtr m.kc PP:':^f!r^+Pr''\'W^ 
_ ''- • pqss ' 

therefore the furt'ot the two numbers fought \% 

fqss 

3dl)r, The greater number^ — ^^^ multiplied ioso 

^helefs^producesII^S; .- ^ 

. P^ . PV^ 

4thly, TheVcfbfe the prod u<5l of the two numbers 

— *a ' % 

r L ' • ' 1 • /• "-rrxp^q . nxp+y 
fought is to their fum as — - — ^ is to ^-^, 

that is, as rr is to rj, or as r to j. :^£. D. 

P R o. B L.E M 17. 

151. fFbat two nuthbersare tbc^Je^ the produ8 ofwbofi 
, muUiplication^s ^^,'andtb(! quotUpt of the greater 
4ivided iy tbe llefs is qi 
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Put If for the greater number* and confcquendy 
^ for the \tb\ then will the quotient of the greater 

MX 

divided by the lefs be •--; but, tccoKliag to the pro<^ 

blem, this quocmt ought to be f i therefore -^-^ 

«:7 1 and Mmpq^ and x (the greater number fought) 

p p pp ^ 
feV/j: agaift, fince xx^f^^ we have j^ss^j^s-i-j 

ijnd^ (or the lefs number fought) tczs/^i h that 
the greater of the two numbers Ibught is V/f i ami 
thfeJcfsA/—. 

£ X A M F L K« 

Let the produA of the two numbei^ foi^t be 
144^ and the quotient of the greater divided by the 
lefs 16 \ then we (ball have ^^144, ?^i6, f^:szi^ 

K16, V^;;piax4«4* i f = 1^« ^^4 ^~ » 3 » 

? 10 J 4 

therefore the numbers are 48 and 3. 

Pemonstratioh* 
I ft, ff multiplied into ^ gi vcs^^ ss // ; thew* 

fore ^pf multiplied into v ^^ve$|^, 

adly, pq^ being divided by t gives ^ = f J I 
iherefbre -w'/>f being diTidcd by V-^ ^im f. 



Art. X55. md Tbmems Mmidjromtbm. 049 

pR^BtBM It X. (Set art. X 30.) 

155. Wbai iw^ nnmbers are tbofe^ wbofi dijgpgreM^ 
Mtig muHiplied int9 tbi differmci of their fqiums 
will msie ^^ ami vfkofejim ieie^ netdtipUed iH$^ tke 
Jfim of their fqmres zvill make b ? 

S ti V T I o K. 

For die two numbera feoght p ot ecMdyi t hen 
accordi ng to t he firft - fu ppofition, ^—y X x^—y* ^ or 

dMfefore 

Equ. xft, $t^^2xy^y*^ ^. 

Agai n^ acco rding to the fccond fappofition^ 
«f-f^Xi*4^*=^; therefore 

Equ. *d,tf»+/=jq-j. 

From twice the iecond equation fubtmfl; the firft, 

that it, from m^ *+^>*s= ---j^ 

. fubtrad #^~a3H:;*=^» 

and there wiU rtmtinx^J^z^y^^ss, --j— , 

• ' '•■» 2b '"^ a I } 

that is, ar-f-jr = — jrr J therefore of 40^ 5=: 2* — f; , 

make 2^--^;=;:;^% that is, put f for the cube root of 
tb-^a^ and you will have 
Equ, jdt 4P-f:jw=:r. 
Again, in the firft equation we had ^*-^2«y4'J'* ==* 

j^5=— ,thati$, ^^-;y5s~Inakc— 5=Af, that 
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is, put 1 for the fquiarc root of — > and. you will 

have 

Equ. 4th, ;i:— j^rri.^ » 
Add the third and fourth equations together^ and 

you will have 2x=:r+/, and ^=: --i- ; fubtra6t the 

fourth equation from the third, and you will have 

'2j=±f'-J^/,*arid fttz > ' ■■ J whcpce we have thefoU 

lowing canon : 

a 
Afoi^ 2b — a=rS and — = s% and the nuf$^^s 

fought will be , and-^--.. j ... • , . -. ... 

D £ MON ST R. ATI Olf. 7 ""* ~" 

The difference oF the numbers --^ and is/, 

and the difference of their fquares is r/, as is erffiljr 
tried ; therefore, the dificrence of the* numbers q)u1- 
tiplicd into the difference of their fquares , is rssz=, 

— =ia: 'again, the fum of the numbers^— ~ and 
r P ' 2 

^ ^ ^ , ft JLs* ' 

is'T, and the fuixi of their fquares is - — — ; 

2 * 2 

.thcrefojQ.. the fum of the numbers multiplied into 

the futn of their fquares is r; but r^=2b — a 

by the canon, and rsszzia by the fame ; therefore the 
(urn of the numbers mukiplied into the fum of their 

fquares is *— sx ^. • ^ £. i?. 



Problem 



/Art. 156. and theorems dedactdffsm item. •'^54 

iF ROB L E»M '22. 

'156. Out of a common pack of fifty two cards^^ttt fart 
be diftributed into fever al dijiind parcels or heaps in 
the manner following : upon the loweft card of every 
heap let as many others he laid as are fufficient to make 
up its number twelve \ asj if four be the number of 
. the lomefi card^ let eight others be laid iipon it ; if 
. Jive, let feven -, if a, let twelve — a, &6. : // is re- 
quired, having given the number of heaps, which we 
jhall call D, as alfo'tbe number of cards Jiill remain- 
ing'ln the dealer^ s hand, which wefhall call r, to find 
the fum of the numbers of alt the bottom cards put 
. together. . ■ ' 

So L^i; m o N. 

Let^,'^, r, &c. expfefsrthenumber of the bottom/ 

card in the feveral heaps: then will 12— ^^ exprefs 

the number of all the cards lying upon the bottom 

card of the.firft heap, that is, the number of all the 

cards of the firft heap except the loweft, will be.iz — a; 

therefore 13 — a will be the number of all the cards 

" in the firft heap ; for the fame reafon, 13—^ will be 

r the number of all the cards in the fecond heap ; and 

ig-^f the number of all thole in the third, and foon; 

therefore the number of all th<? cards in all the heaps 

will be I3X« — ^— ^ — ^ &c. : make tf-f-A-j-^ &c. (or 

the fum of the number of all the bottom cards) zsa:, 

and then we (hall have the numbers of all the cards 

drawn out into heaps = i^tf-^—x; but thefe, together 

with r, the number of cards undrawn out, make up 

the whole pack 52 ; therefore wc have this equatioo, 

I3» — ;if-|-r=:52 ; therefore x4-5 2= i3«-|-^> there* 

; fore x=i 3«— 52-J-r *; but 52=13x4 ; therefore 

*3» — 52=i3X«— 45 therefore a:=I3X«— 4-f ^i m 
words thus; From the number of heaps fu^^tra^ four *, 
multiply the reft by thirteen ; ana this froduii^ added to 
the number of cards Jtill remaining in the dealer* s hand, 
' . wil) 



»0i Of £Mral Pr$bkm Book VI« 

vnllgivi the fumcftbi mtmhers of all the botttmcards 
pui togetbir : u for example, lee there be three heaps^ 
aod thirty tards remaining ; now 4 fubtraded from 3 
leaves— x; this multiplied by 13 gives -^13, and 
this produffc added to 30^ the number of cards rc^ 
mainingi gives 1 7 for the furm of the numbers oi all 
the bottom cards. 

A more univerfal theorem is as follows ; 

Lei n be the number of heaps as before^ p the number of 

eards in a pack % lei as mauf cards be laid upon ibehwefi 

" of every heap as are fn^ent to make up its number q } 

and laftfy^ let r bo the number of remaining cards as before ; 

and tbefu mofib e num bers of all the bottom cards toiUbe 

foundtobeq-\'iXti-\-x — ^p. ^ 

P a o a t B If 24. (See art. ixi.) 

15S. ^^bai two numbers aretbefe^ wbofefum is a, and 
theproduSofwbofe multiplication is h ? 

Solution. 

The two numbers fought, x and a — x. 

The produft of their multiplication, ^jp— ;rx=* ; 

whence, changing the figns, xx*^ax=i^^ and com* 

1 • L r . ad aa . aa — ^ 
pletmg the fquare, xx — ax^] = •^— — i= -^ 

44 4 

s s 
=:: — ; eztraA the fquare root of both fides, that is, 
4 

of «*— tf«-r — ^ ^^^ fide, and of — on thcothcr, 
4 4 

and you will have^^r = Hh — , and x = -==-} 

whence the following canon : 

Make Si si-^^h=&s, and the greater mtmber will be 

a*)-s a— — s 

— ^, and the left number . 

a "^ . 2 . 



Ait. 158, 1 S9* atutntormsMKed/rtm tim. a^f 
The Symthbtical DsMbMSTR avion. 
ift, --— wwa to ---- gives — or «. 

2 • * 2 



adiy, ~-r mulriplied into gives * 



« ^ 4 

(by fubftituting— tf^4* inftead of^ss) ^^—^+4^ 

4 ^ 

-^« exampk to tbefangoin^ canon. 

What two numbers are thofc,whofcfum istwenty- 
five, and the produft of whoie multiplication is 144 ? 

Here 41=25,^=144, aa^j^ or ^^=49, tes;, ^^ 
2=si6, — — = 9 i fo the numbers are 9 and 16. 

Problem 25. (Seftvt- U3O 

159. What two numbers an tboji^ wbofe fim ir a, and 
tbefum of their Jquares b f 

Solution. 

The two numbers fought, x and a^^xl 
The fquare of the former, atx. 
The fcpiare of the lactcr^ 4»H^2M-f*^« 
The fum of their fquares oa— 24ix+2jMf=* j there- 
fore 2xX'^2ax:=^i'^aa^ and xxr^-^x;^ "■^~*^» and 

the fquare roots, that is^ the root of xx-^x-h ^ 

^ 4 
' « on 
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on one Hcjc^^and of ~on the other, , and you will 

4 
a , J ' , tf+j , , /. • 

have x—, — fc H , iind.;i:=-==-; whence theral' 

2 — -2 -2 

lowing canon : 

Make 2 b — zz=issj ana you will have for the 

a — s 
greater' number y and for the lefs. 



Demonstration. 

ijEt, — i— added to gives a^ 

2dly, The fquare of -^ is — ■ ^ — ; the 

fquare of is ' — - — ; and therefore the uim 

V. . ^ 4 

2 fl^z-f- 2 ss da^^'Ss 

of their fduares is = = (by the 

4 2 



)^2±^*=:^ = ^/^£.D. 



canon 



jin example to the foregoing canon. 

What two numbers are thofe, whofe fum is 28, 

and the funi of their fquares 400 ? Here /?=28, 

a^s a — s 
^=400, 2b^^aa or jj=::i6, j=:4. -^ — =^i6, 

==12 J therefore the numbiers are 12 and 16. 
Problem 26. (See art. 1 14.) * 
160. What two numbers are thofe ^ whofe fum is a, and 
the fum of their cubes b ? 

Solution. 

TTic two numbers foughtyic and a — x* 
The cube of the former, ^', 

The 



..^rt.afa* and nmems deduced frfifntbem. ass 
^The cube of the latter, .a^ — ^a^pcJ^-^ax^ — x\ 
i The fum-of their cubes, a' — ^a^^J^^ax^^i?; there- 
fore $dx* — ^a^x—b^a^i divide by 3^, and you will 

have xx—axz=L— — , and xx—axA =t= — 4- 

3^ ~ 4 4 ~ 

h — g} 4^—^' I ^^ — a^ J. J 

~~"lir=7^>«-^=-:^J «traa the 

fquare root of both fides, that is, of xx—ax^ — 

4 

on one fide, and of — on the oth^r, and yoU will 

. as tf+f 

have *— - = +-and*=-^=^j whence the 

following caaon : 

- . 4 b — a' a -I- s 

iW/3^^ -~^ — ^ = ss, andyouw'tllbave — !— for the 

X^^tf/^r number^ aiid —for the lefs. ' ■ • - 

Demonstration.. 

"I. —^ added to gives a. 

2dly, The cube of±. is ^±3^^^pf!C±i\^^^ 
the cube of ^ is -^--3^'^-f3^--^^ . ,,^^^^^^ 

the fum of their cubes is Hf+iffl^ fL±ifif 



tfM-4^— <2« 



8 4 



4 



by thecsnoni =5:^.^. £. Z)., 



^« example to the foregoing canon. 

^ r 

What two numbers are thofe^, whbfc fum 15 7, and 
^th^^ fum of their cubes 133 ? Here ^=^7, ^=133, 

4^ — tfi 



tt^w ^js=9, js=:3,^=5 s, -^ €K * ; fe the 
numbers ^rc 5 and 2, 

Problem 27. 

\6\. b Is required t^ find ip^mmbmfniofiJij^ 
is dt andwbicb^ dividing a given fhmber as a^ mil 
have MQ quotients Vfboje difference is h. 

Solution, 

The two numbers fought, x and xJ(^. 
The two quotients — and jjjTj* 

^ a tf ad 

Their differcncet — — jjnp = J^qi^r^^ » *^^ 

ad 
fore bxx+idxs::adj and w-Mc= yi thcrcftirc«r 

dd ad . dd I 4^4 , .. J/ 

eztraft the fquare rootof 4Kr4-^+- — ' on one fide, 

ss d 

and of- — oft Ac other, and you will bav« a-)- -— =: 
4 * 

± — , whence ^« -j- or ""^ \ fct afidc the nega- 
tive root, and you will have x (the lefs divilbr) r= 
J J S'^d. d 5 ^d 

^^, and x+d (the greater)=:-— + — = — — j 
2 ^ * ^ 

and we fiiaU hofc the fUlowi^ouiDiK 
Maii^-r^ 4- d d s= s s, a*/ w« ««// ifr^or -^ 

D * 2 



S~— d 
/#r ikgriOtr dmfirt and -t-/<w" /** ^» 



if. 5. 



Art. itfi . and l^imnms de^bcfii/rom them. ' Si^y 

s—4 
N. B. That •— is. an affiraigtixe quantity, n 

evident from hence, that jj=: -t — [- dd ; therefore 
ss is greater than^i/, and s greater than^; therefore 

7he demmftration of the ^amm^ 
ift. If the le(s divifor — — he fubtradcd from the 

2 

greater ,^ the remainder will be J ; therefore the 

difference di the divifcrs \% d. 

2udly, If the dividend a be fcvcrally divided by the 

, J-— ^ S'X^d • 
two divifors and -^,the two quotients will be 

—J and -j-j refpeftively, whereof the former will 
he the gr^jater^ gs having a ^efs denominator; there- 

247 2 a 

fore the difference of the quotients is ■— ^ -j-^ 

h 
sib. ^ E. D. 

An example to ike foregoing sanon. 

Let it be required to find two divifors whofe 

. difference is i, and which, dividing a given number 

^s 144, will have two. quotients whofe difference is 2, 

4^ d 
Here azszij^^ ^=2, <?=!, — r— -\^ddQxss = 28,^ 
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/=:I7, — ^ =9f =s 8 5 therefore the divifors 

• 2 2 

su:e 8 and 9, and^e quotients 18 and 16. 

S c H o L I u If»< 

If in this laft problem we had put x for the greater 

quantity^ and x — d for the lefs, the equation would 

a a ad 
have been j ss ^, or -r 7- = h^ which 

is diflferent from the former ; and therefore it could 
not be expefted that, in that equation» the two roots 
Ihould be the numbers fought, but r^th^r the two 
diffeicot values of ^, the lefTer of them, 

P R o B L E M 28. (See art. 118.) 

162. fVhat numher is that ^ wbicb^ being added to Us 
fjuare roof, will make a? 

Solution* 

Put 9CX for the number fought, and you will have 

this equation, ar^-J- ixzzzd'y therefore xx^ix-^ 

1 i 4^4.1 ss \ - ,1 , i 

— :zzaA — =:^= = — therefore x A = -1 i 

4 ^4 4 4 •2—2 

' therefore x :=z — — or — : If Jt: be madess.-^ — , 

z 2 2 

you will have xxzs. -^; if ^ be made equal to 

4 

— ^~ I .„ f ss-^is-^i , , 

-^— , you will have xx = ^—5 whence the 

2 '^ 4 

following canon : 

Make 4a4-i=ss, and the number fougbt will be 

SS 2S+I ss4-2S+i ,. , ^ 

•* — or — — — ' — y according as the fquare root 

.4 4 , 

to he added is taken affirmatively or negatively. 

Demon- 
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DbMOKST RATION. 

Cafi lA If to the number ^'^'^^'^X f be added its 



4^ 



affirmative fquare root — — , or — ^, the fum will 



ss — I 



be — ^ — =5: a, by the canon. 

. Cafe id, If to the number ^^dlHfXi be added its 

4 

negative fquare root ^—^ or ^^^~^ the fum 

* 4 

wU again be ;^^=itf, as before. ^E.D. 
4 ^^ 

Problem 31. 

155. Whaf two numbers are thofe^ whofefum added 4a 

the fum of their fquares is a, and wbofe difference 

adde4 ^0 the difference of their fquares is b ? 

Solution. 
Put X and jr for the two numbers fought, and the 
fundamental equations will be ift,;c4:y+;r»-j^*=a; 
2dly, ^-^-+-^»— 7^=* i which equations when re- 
duced to order will ftand thus j 

Equ. I ft, icx-^x-^-yy-^-y^ia. 
Equ. 2d, 9C»^ ^x^y-^zzzb. 
Add thefe two laft equations togetheri * and you 
will have ixx^ixcza^bi Whence w+iAr=; 

* ^ ^ 4 2 ^T 4 

5= --- ; extrad the iwt of jt* 4. i* + ~ on one 



rr 



fide, and of — on the other, and you will hav<$ 
4 

f i- y = -J and X c=s -J- : again^ fubtraft the 

Jfe^ a fecon4 
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Tccond equation from the firft, and you will have 

2y^'^2yz=za — i 5 andj*-|:y= , and fJ^iyJ^ 

I 2a — 2^+1 ss ^ , I s 
— = 5=— ; whence y -I = — , and j 

J— I 
5= —5 whence the following canon: ] 

Make 2a4-2l>i-i==:rr, and 2a — 2b-j-i=^s, end 

r— •! 
you mU ham 4he p'eattr TiuM&r equd to-'-^^mitbt 

kfs nttmber «= 

Demonstration. 

The fum of and - — ; — is ' ' > or 

2 2 2 

af-4-^2i— -4 

The Iquarcof iS —, 

2 4 

Tbciquareot is———, i 

^ 4 

r*-l— J*— *'2r— IJ-ri ! 

therefore the fum of their fquares is ---J -^ ; 

add to this the fum. of xhe numbers above found, to 

wit, — '^ 3 and you will have the fum of the , 

numbers added to the fum of their fquares eqi^il to 

*-^ :; but r*+r-=4tf+2 by the canon ; there- 

r*-4-j*— 2 f 

ibre rr-J-jj— 2=4^7, and — • — — , or the fumot 

•'-... -. • 4 

' the numbers added to the fum of their fquares, 

r •— I s — I . 
'. tquils t? .; ag^rn, the difiewnc-e of ~-r — ^w^ •^ ^ 
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— — or r ; and tie ^iflfercncc of their fauarei 

•2 4 

. r*— j*-4-2J — ir \ -,,.«. ^ , 

jg J — ,- — . therefore the diflcrcncc of the num» 

bers added to the difference of their fqu^res is 

f» J* Ab 

= — by the canon, = ^. ^ E. D. ^ 

An example to the foregoing canon., 

Let the fgm of the numbers added to the fum of 

€hdr fquaie^ be 26^ and their ^flfcrence added to the 

difference of their fquares 14 ^ and we (hall have 

tf SB 26, i^ 3=: 14, 2^ 4*^^*4*' or rr=8r, rssjr, 

— 2s:4i 2ifr~244-i oriis:25, ^=5,-— :c:2iaMl 
ib the oifinbera fought if»n be 4 and 2. 

Fr e BL E M 32. 

166. Jl^^/ /w^ numbers are tbofe^ the fum ofwbofe 
fyuares is ^ and the froduSi of their muUifUiatim 
b ? . 

Solution. 

b 
For the two numbers fought put x and — , and the 

fum of their fquares will be x^A j =^; therefore^* 

'. .* * * . X 

• 4^*ssafx-i therefore ^1^4.^^;^'=; — ^^, and x^^'^xx-\- 

a a a a ,. aa — ^hh ss n. 1 r 

— ;=; — — bbz=z-^ — ^^— = — ; extract the fquarc 

4 4 4 4 

a s s 

root of x4 — tf^* J ^ on one fide, and of "-^ on the 

^4 4 

a s 

other, and you will have /v* =+ — , and ;t? * = 

2 ""^ 2 

•i^-j and fincc this equation will be the fame, 
2 



Rj ,' Tyhic". 
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which foever of the unknown quantities x is made to 
fiand for^ you will have the following canon : 

M^ke at — 4bb=ss» and you will bave the fquare ef 

a*l*s 
the greater number equal to --^f and tbe fquare cftbe 

lefs equal to-^. 

Deiionstratiok. 
If the fquare of the greater nuntbcr, which is 

—5-, be added to the fquare of the lefs number, 

iwhichis --^^ the fumof their fquares will be -— 
or a: again,* if the fquare of the greater number, 
which i^^^, be multiplied into the fquare of the 

lefs number, which is -^, the produft of thefctwo 

.« . ^^ — ^^ ^^ — tf^+4^^ . L 

fquares will be =ss— — , - ' by the canon, 

^ 4 4' 

Ahb 
s=: — == ^^ i but if the.fquare of the greater num- 

4 
ber multiplied into the fquare of the lefs gives W, 
th^n the greater number multiplied into the lefs will 
give*. |.^-JD. 

Jn example to the foregoing canon. 
Let the fum of the fquares of the two numbers 
fought be 400, arid the produft of their multiplicatioa 
192-5 then you will have ^=40o> *=i92f a*— 4^ 

orj*s=i2544,/=:ii2,'-f- or the fquare of th* 



greater number = 25^, — or the fquare of the left 

number =i44j therefore the greater number is itf, 
and the lefs u. ^^^ 



1263J 
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BOOK V. 



i» wbatcafa aprpblem may admit ofman^dnjwers. 



I 



^/»i68,^T has dready been obferved, tbftcif 
in any problem the number of inde- 
pendent conditions be equal to the 
number of unknown quantities, fuch 
problem will admit but of one foludon ; or if it 
admits of more, they will however be fo determined 
as «> leave no room for arbitrary pofitions: but if 
the conditions be fewer in number than are the uh* 
known quantities, thofe that are wanting may then be 
fupplied by the Analyft himfelf at pleafure; and as 
there is infinite choice, it is no wonder if in fuch a 
cafe a problem admits of an infinite number of anfwers* 
dpecially where fractions are taken into that number 1 
but if the problem relates to whole numbers only, 
then the number of anfwers will fometimes be finite 
and fometimes infinite^ as the nature of the problem 
will bear. This will be fufficiently Uluftrated by the 
two followbg examples : 

R4 Ex 
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EXAMPtE I. 

Let H he required t$ find two nttmbers wBofi Jum h 
equal t$ ten times their difference. 

Here putting x and j^ for the two numbers fought. 
It is plain that in this cafe we have but one condi^ 
tion, and confequently but one equation, to wit, 
if-f-J'=ioi — io>, which equation being reduced^ 

gives ^ = ', and this is all the problem requires. 

Here then it is plain that the Analyft is entirely at 
liberty to fubftitutc whatever whole number, mixt 
number, or proper fraftion,hepleafes forj^, provided 

he does but make at = ; and the two quantities 

«p and y will folve the problem. As for inftance, let 

— be put forjf j then will x or — ^ be -gs sknd * tbofe 

two fraftions 44. and | or -rf- will folve the problem ; 
for their difftrisnce is 4, and their fum V*. BUl if ic 
be iniended that or and jr (hail both be whdt numbers, 
then ftich a whole number muft be ftQbftttuted for jr 
as will admit of 9 for a divifor withidUt a remainder : 
but of fuch whoi^ numbers there it infinite eh^iet, as 
^, 18, 27i 36, &?r. J therefore ihisqucftion is capa- 
ble of an infinite number of aitfwers, bdth in n^hdd 
numbers and fratftions. 

EXAMPLE2. * 

Idt it now be required to find two numbers % and y, th 
,, produ3i of wh$fe muhiflicaiign is eiptal to tenHme$ 
their difference. 

•Here the equation will be ^.t =: iOa: — loj, which 
being reduced, gives x = ■ _ . Hcrq it isplaiii - 
. that jy nnuft be Icfs than 10 5 for if j was pqual to 10, 
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ihe fraiSion — — would be infinite, as will be (hewn 

in another place; and ify be greater than xo, thda 

lo-^y^ and confeqoently-- — ^ will be. a negative' 

4)usintity» whereas the problem may be fuppofed to 
relate to affirmative quantities Only : however, as 
there is infinite -choice of fra^ions between o and>t>, 
irtd as any of thefe may be fubftituted forjv, thepro- 
biam will ftill be capable of an infinite number of for 
lutjons, if fraflionsmay be admitted ; but if it be rc- 
4^ired that h and y be both whole nUitnbdrs, thtil 
there cannot be above nine fuch numbers* that can be 
pulibx y-y hot" perhaps all thefe neither, as remains 
hi thfr next place to be fliewri. Now to* finti what 
^^hole number being put for j^ will bring out x a Whole 



oamb^r alfo, 1 tedbc^ the quantity -^^SJL ^^ a ^^^^ 

finople pnc^ by dividing \oy by io--y, w tatber by 
ir-^-|-io, beginning with — jy thus : iqy ^divided by 
— ^ quotes —.lo, which I put down in the quotient ; 
then multiplying the divifor — y -j- lo by — lo the 
quotient, I find the produft to be +iOjy — loo, which 
being fubtradted from lojy the dividend, leaves loo 
for ajemainder; but not intending to carry on th« 
divifion an]^ farther, I reprefent the reft of the quo- 

r i: r TV' I op . ICO 

tient by the fraaion ; fo ^ =: lo : 

^ ^ 10— y lo—j 

therefore, that x may be a whole number, it is ne- ^ 

ceflary that ■ be a vfhole number i but this will 

10—;^ 

' be impofTible, unlefs lo— jy be fome one of the divi- 

fors of xoo, 1 mean fuch a number as will divide loo 

without remainder : I enquire therefore in the next 

place, how many fuch divifors lOO will admit of that 

^re under lo 5 for fo long as y is any thing, 10 — y 

ffJSft bf |e(3 than \Q) §I)4 } find four fuch divifors, 

(9 



t66 Problems wbicb admi tfmany anfwirs^ Book V» 
to wit, I, 2, 4 and 5 5 therefore if 10— y be put 

equal to any of thefey xox — — 10 muft come 

out a whole number; and it mull: alfo come out affir- 
mative; for fo long as lo^-y is greater than nothing 

and lefs than 10, will always be greater than 

, that is, than 10, and confequently 10 

or X will be affirmative. Let us then fuppofe firit, 

>o— j^=i, and we fliall have ^=9, and — -^ or 

arzspo. 2dly, if 10 — ;y=:2, we (hall have jr=8, 
and x=40. jdly, if 10—^=4, we (hall have ^=6, 
and x=:iSp Laftly, if 10 — ;y=5, we (hall have 
^=5, and a;=:io : therefore this queftion admits of 
4 folutions in whole numbers, to wit, 90 and 9, 
40 and 8, 15 and 6, and 10 and 5 ; all which equally 
anfwer the condition o{ the problem, as will appear 
upon trial. 
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Art. 264. ^jp" N the 15th and i6th articles of this 
treacife I have laid down as clear]/, 
and yet as fuccinAly^ as I was able, 

the doftrine of proportion fo far as it 

relates to numbers and commenfurable quantities, 
whereof any one may be conGdered as fome multiple 
pare or parts of another of the fame kind ; and it 
ferved well enough all the purpofes it was defigned 
for^ But being in the next book to apply Algebra 
to Geometry, and fo to cpnfider proportion as it re- 
lates to magnitudes in general whether commenfurable 
or incommenfurable, I fliould come (hort of the 
4xfl6ucx> geemetricay was I not to refume this fgb* 
jed, and to confider it now in its full extent as it is 
Mid down in the fifth book of the elements of Geo- 

WCtry^ 



268 Of Troportion. Book VII. 

metry. I might indeed have excufcd myfclf from 
this part of my talk, and (hould have been very glad 
to have done it, by referrtng the reader at once to the 
elements themfelves without any further affiftance ; 
'but I could not withftand fome reafons drawn from 
experience, which to vm feemed to plead very power* 
fully to the contrary, 

I frequently obferve, that moft of thofe who fet 
thcn>felvcs to read Euclid^ when they come at the 
fifth "^book, which treats of proportion, either entirety 
pafs it by as containing fomething too fubtii tO" be 
comprehended by young beginners, or elfe touch fo 
very (lightly uponj't as to be little the better for it; 
and thus the dodrine of proportion (which is certainly 
the moft extcnfive, and confcquently the moft ufeful, 
' part of the Mathematics) is either taken for granted, 
or at beft but partially underftood by them. The 
'fchemes there made ufe of are fcarce bold enough, I 
had almoft.faid, fcarce cpmplicated enough, to affed 
the imagination fo itrongly as is nece0ary to fix the 
attention. 

The firft, fecond, third^ fifth and fixth propofidons 
are felf-evident, as well as fome others, and upon 
tb^t very account create an impatient reader nnich 
greater uncafinefs than if they were farther removed 
from coaimon fenfe 5 becaufc the truthsfrom whence 
thefe propofitions are deduced are not fo diftin£i from 
th6 propolitions themfelves a^ in many other cafes. 
But it ought to be confidcred, that the perfedion of 
all arts and fciences in general^ and of Geometry in 
particular, is* to fubfift upon a& few firft. principles or 
axioms as is poflible ; and therefore, whenever a pro«» 
pofiticM), how evident foever k may appear in itfelf, 
can be deduced from any that is gone before, it 
ought. by all means to be fo deduced, and not to be 
mafie a firft principle, and fo uuncceflarily to ingreafe 
theirnumber. 

The defagn of a geometrical demonftration is not 

fo much to illuftratc the propofilion to whicli it is 

% annexed. 
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annexed^ ^r-lo render k vofxxt evident than it would 
have been wkhout it (chough this ought certarnif to 
be dooe wbere^ever the o^ure of things wiil permit) ^ 
as k is to fliew the neceiTAry cbnneftioa the propofition 
to be dernonftratcd has with focne previous truth ai- 
Rady adnutted or proved, lb as tq (land and fall to- 
gether, wiiether fuch previous truths be more or fefs 
evident than the propoQcion to be demonftrated : I £iy 
more or lefs evident ; for it is not uncoismoQ in the 
courfe of EucUfs geometry to meet ivith propofiiioos 
^iemonftrated from others that ane lefs evident than 
thrafifelves. For an inftance of this we need go no 
farther than. the twentieth propofition c^thefirft book, 
where it is demonftrated that in every iriangk any two 
fiifs t^km ^gtthtr artgrtcAtr tbqn the third: now it 
is certain that this propofitioa is more evident thmi. 
. that the exteroal angle is greater than either of the in- 
ternal and oppofkeones ; and yet the former^ by the 
help of the .19th propofition, is demonftrated from* 
the latter. ' 

But there is another reafon to be given for dcaion- 

ftratiag fclf-cvidfent propofiticms in many ca£:S) and 

particularly in this fifth book of the elements. A 

propofition may fometimes be taken to be felf-evident 

according to odr narrow andfcanty notions of things, 

which, when better underftood, will be found to fee 

othcrwife. Thefc proppfitions, to wit, that e^al 

qiuMiti^s will hanae the fame proportion to a thirds 

that of two unequal quantities the greater will have a 

greater prufportion to a ' third than the Uf^y and focne 

others of the fame ftamp in the fifth book, are fuch 

US will pals wkh moft for fclf-evid^nt propofitions ; 

. and fo they are without all doubt according to the 

common conception of proportionality ; but when 

they come to be examined according to the juflier 

and mpre cactenfivc idea Euclid has given of it, I fear 

they will both, and the latter more elpecially, be 

found to want c)eflK>nft ration. 

.. ' ^ In 
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In apcrfcft and regular fyftem of elementary Geo- 
metry, fuch a one as that of Euclid may be fuppofed 
to be, or at leaft to have been, certain properties of 
lines, angles, and figures, are to be laid down, and 
tbofe of the fimpleft kind, for definitions ; from 
whence, and from one another, all the reft are to be 
derived with the utmoft rigour, without the leaft ap- 
peal evfcn to common fenfe. Common fenfe is by no 
means to be made the ftandard of any geometrical 
truths whatever, except firfl: principles : its province 
muft be only to judge whether a propofition be duly 
demonftrated according to the rules already prefcribed, 
that is, whether the ncccffary connexion it has with 
any'previous truth be clearly and dillinftly made out \ 
when that is done, nothing remains but to pafs ien- 
fence. Whilft the fcience continues thus circum- 
fcribed, no miftakes, no difputes, can arife concern- 
ing its boundaries •, but whenever thefe come to be 
tranfgrefled, fuch a loofe will be given tp Geometry 
that it would be impoilible to agree upon any others 
whereby to reftrain it. 

Thus much I thought proper to lay down concern- 
ing the nature of a geometrical demonftration, that 
young ftudents may not fometimes think themfelves 
difappointed, or not proceed with that coolnefs and 
judgment abfolu tely neceflary to condufl; them through 
the elements of Geometry. 

But as to the matter in hand, there is another dif- 
ficulty fiill behind, which 1 believe is often a greater 
difcouragement to young beginners in their entrance 
into the doftrine of prbporiion, than any which have 
hitherto been alledged, and that is the difHcuIcy of 
underftanding and applying Euclid's definition of pro- 
portionable quantities. But, to take away all excufc 
from this quarter, I have here annexed a fmall differ- 
tation, conducing (as I take it) to clear up that defi- 
nition. It is an extraft.out of fome loofe papers I 
have by* me ; and therefore the reader muft not be 
furprized if he finds fome things repeated here which 

have 
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bave already been mendoned in another part of this 
book. 

\A vindication of the fifth definition of the fifth 
book g/" E u c L I d's elements. 

262* N. B. Fof . a more di^in£t underftanding of 
/what follows, it muft be obferved, that Bj^^a part^ in 
ibefenfe of the fifth book of Euclid, is meant an aliquot 
farti and not a part as part related to fome whole. Thus 
3 is a past of 12 in Euclid^ s fenfe, as being juft four 
times contained in it \ and though 9 be a part of 12 
in the fame fenfe as the part is diftinguifhed frohi 
the whole, yqt^p in Euclid's fenfe is not a part, but 
parts of 12, as being three fourth parts of it. 

I id'. If two quantities A and B be commenfurable, 
then A nmfi necejfarily be either fome multiple^ or fome 
party or fome parts ^ of B. For if A and B be com- 
ixienfurabie, then cither B muft meafure J, or A muft 
meafure JS, or they muft both be meafured by fome 
third quantity : if B meafuresii any number of times, 
fuppoie g times, then A will be equal to 3 times j9, 
and confcquendy will bqa multiple of B; i^Jmea- 
fures B any number of times, fuppoie 3 times, then 
.^ will be a third part of 5, and confequently will be 
a part of J?; if yf ar>d B do not meafure one the other, 
let C meafure them both, and let C be contained ex- 
actly in ^3 times and in J? 4 times : then will a third 
part of A be equal to a fourth part of B, as being 
both equal toC; multiply both fides of the equation 
by 3, and you will have ■§- of -4, or A equal to ^oiB % 
therefore in this cafe Ais faid to be parts of jB^^..^^ 

2dly. If two quantities A and B are incommenjkr^^^ 
then A can neither be any multiple of B, nor any pdrt 
or parts of it. For if A was any multiple of ^, then 
5 would meafure both itfelf and A^ whith contradids 
the fuppofition of their incommenfurability : in like 
manner, if vf was any part of 5, then A would mea- 
fure both itfelf and B : in the laft place 1 fay ihat nei- 
ther 
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dicr can A be My parts of £ ; iof'yi 4 was ^y pAits 
of By fuppofe, ^ of JS, then 4 of jB would m^ure 
both A and £, which ftill contradifts the fuppofition \ 
A indeed may' ht greater or lefs chap iovot {>art or 
parts of j?, buc can never be ^qual to an^; (b fubtil 
\% the compofition of continued quantity. As*fpr in- 
ftaocc ; it is detnonftrated in art, aoi, that tiie fide 
and diagonal tine %A a fquare are inconnnenrurable €0 
each other : let then A be the diagonal of a fiynare 
whofe fide k Bi and the fquarc ^A wiii be to the 
fquare of j8 as 2 to i, as t& evident from the 47tli of 
the firft book of EscUd \ therefore A will be to fi as 
the fquare root of 2 is to i ; but tfee iquare root of 2 

is I .414 fsfr. chat is» — ^ w inore nearly '-^.or 
^ ^ lo ^ ipo' 

1414 
morencarlyftill— ^— : whence it fpUows. that if ifae 

fide of a fquare be divided intx> 10 equal parts, the 
jdiagMal will contain oore than 14 of thefe parts, 
^iH3tnotfo much as 15 of then) ; if tbeliSlebe divided 
into 100 ^equal parts^ the diagonal will contain aboye 
24 1 of fuch parts, but iK)t 1 4a .; if the fide be divided 
into 1 000 equal parta, the diagonal will contain above 
j4i4of fuch parts, but not 1415 ; and.fo on ad itifi- 
fHtum : therefore the di^^aal of a fquare can never 
be Cicaaiy exprefled by parts of the fide, any oiore 
thao the fide can by parts of the diagonal. The fide 
may indeed be fet off upon the diagonal, and fo be 
confidcred as part of it, fo far as part of the wholp ; 
but the fide can never be exactly exprcffcd by ;aay 
number of aliquot parts of the diagonal, be tWe 
parts ever fo fmall. Limits may be found jand ex- 
pref&d by parts of the diagonal as near as^po^lbleto 
each, other, between which the fide ftall always xzoii- 
fift, and by which it may be expreipred to any degree 
of exaftncfs except perfect cxaftnefs*. And thus alfo 
may approximations be nude in the exprelfions of 

* Sec the Quarto Edition, p. 306c 

many 
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many other incommenfurable quantities one by an- 
other. 

3dly, From the lad feaion it appears, that If two 
qudntities A and B be mat^menfurabky no multiple of 
one can evef' be equal to any multiple of the other. For . 
if, for inftancc, 4^ could be cqgal to 3J?, then (di- 
viding by 4) A will .be foui^d to be juft ^ of 5, con- 
trary to what has been above d^monftrated, 

4thly, If f our qumtitie^ A, B, Q andXi be fuch^ 
fbat A is the fame part or partf of B that C is of D, 
tbm are- thofe four qui^ntities A, B, C and Dfaid to 
be proportionable^ or A is faid to ha^e the fame propor^ 
tion to B that C hath to D. Thus, if 4 be a fourth 
'part of iSt., and C a fourth part of jQ, then A will be 
the fame part of B that C is of /), and they will be 

proportionable. Thus again, if -^= — 5, arid C= 

-^A«tifyf= — 5or25,.andC==: — J3or2p,or 
4.4. 4 

if -4= — j8, and Cix-^ D, in all theft inftances ; 

■ 4 ■ • • 4 ■•'..•■• . 

^comprehending multiples under tlje notion of parts) 
A may be faid to be the fame parts of jB that C i$ of 
£) ; and therefore, according p this definition, A hath 
the fame proportion to, -8 that C hath to P, which is 
true, and the m^rk of proportionality here given is 
infallible, but not adequate to our idea of it ; for 
though this mark be nev^r found without proportion- 
ality, yet proportionality is often found withopt this * 
mark. Proportionality is often found among inconi- 
mcnfurabks \ but it cijn npyer be tried or proved by 
the marks here given. I believe nobody ever dodbted 
that the fide of one fqiiare hath the fame proportion to. 
its diagonal that the fide of any othier fqOare hath to 
its diagonal ; and therefore A may have the fatue 
proportion to B that G hath to D, though Aht in-* 
comitnenfurable to 5, and CtoD: yetwho^an foy in 
this cafe, tKat A is the lah;e.parc or parti of i^that C 
' \ S, 

IS 
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is of 2), when ic has already been (hewn, that A is na 
part or parts of By nor CoiD ? This way therefore 
of defining proportionable quantities by a-6mihtude 
of aliquot parts, cannot (in ftriAnefs of Geometry) 
be laid down as a proper foundation, fo as from 
thence td derive all the other properties of proportio- 
nality : for fince thefe properties are to be applied to 
incommenfurableas well as commenfurablequantttits, 
it is fit they (houldbe deduced from a fundamental 
property that relates equally to both. 

5thly, In order then to eftabli(h a more general 
charadter of proportionality, I (hall alTume the follow- 
ing principle, which equally relates to commenfurable 
and incommenfurable quantities ; and which* I be- 
lieve, there is no one who has a juft idea of propor* 
tionality, which way foevcr he may choofe to ex- 
prefs it, or whether he can exprcfs it or not, but will 
e^fily allow me, which is, that If four quantities A, 
B, C and D be proportionaUe^ that is, if A has the 
fame proportion to B that C hath to D, // will then be 
impoffibU for A to be greater than aiiy part or parts rf 
By but C muft alfo be greater than a Uke part or parts 
rfD I or for A to be equal to attf part or parts of B, 
but that C mufi alfo be equal io a like part or parts of 
D ; or for A to be lefs than arrjf part or parts of B, but 
that C mufi alfo be^ kfs than a like part or parts of D. 
Thus if -^hath the fame proportion to-S that Chath 
to D, it will then be impoffible for A to. be greater 

than, equal to, or lefs than -pof J?, but Cmuft alfo 

' • 14 

be greater than, equal to, or lefs than — of Di This 

principle, I fay, is fo very clear that nothing more needs 
to lie laid of it^ either by way of explication ordemon^ 
ftration : and if by the help hereof I. can demonftrate 
the converfe, we ihall then have a^ general mark of pro- 
portionality as extehfive as proportipnality itfclf . Now 
the converfepf^hcforegpingpropprtionis this; If there 

be 
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be four quantities A, B, C and D, and if the nature of 
tbefe quantities be fucb^ that A cannot pffthly he greater 
ihan^ equal to^ or iefs than^ any part or parts of B, but 
at the fame time C mufi neceffarily be greater than^ equal 
io^ or Ufs than^ a like part or parts of Td^ let the num* 
her or denomination of tbefe parts be what they will-; I 
fay tbeny that A mujl neceffarily have the fam^ proper^ 
tian to B that C hath to D. If this be denied, let 
Ibme other quantity E have the fame proportion to D 
that A hath to J5, that is, let -<^, £, E andD be pro- 
portionable quantities ; then imagining the quantity 
D tobe* divided into any number of equal parts, fup- 
pqle 10, let E be greater than 14 of thefe parts and 

Icfs than 15, that is, let E be greater than — and 

left than -^of Z); then muft-^neccfiarily be greater 

than — and Iefs than -=^of5: this is evident from 
10 10 

. the conceflion already made, fince J is fuppofed to 
have the fame proportion to B that E bath to D. But 

if ^ be greater than — and lefe than — of 5, then 
^ 10 , 10 

lii I ^ 

C muft be greater than — and Iefs than •— of 2) by 
^ 10 10 ' 

the hypotbefis ; the relation between Ay B, C and D 
being fuppofed to be fuch, that A canndt be greater 
or left than any part or parts of -&, biit C accordingly 
muft be greater or kfs than a lik6 part or parts of D. 
Therefore we are now advanced thus far, that if jE 

lies between —and — of 2); C muft alfo nccefi&rily 

xo 10 ' ^ 

lie betwixt the iame limits; now the difference betwixt 

— ^and i^ of D is — of P; therefore the difference 

betwixt C and £, which lie both between thefe two 
§1 \ ' lirai^i 
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limits, muft be Icfs than — of D. This is upon a 

fuppofition that the quantity D was at firft divided into 
10 equal parts ; but if inftead of 10 "we had fuppofed 
it to have been divided into 100, or 1000, or loooo 
equal pares (which fuppofitions could not have af- 
^dtcd the quantities C and £,) the conclufion would 
then have been, that the difference betwixt C and E 
would have been lefs than the hundredth, or thou- 
fandthy or ten thoufandth part of D; and fo on ad 
infiniturh : therefore the difference between C and E 
(if there be any difference) muft be lefs than any part 
of D whatever; therefore the difference between C 
and E is only imaginary, and not real ; therefore in 
reality C is equal to E. Since then C is equal to E, 
and that J is to B as E is to 27, the confequence muft 
be that J is to 5 as C is to D. ^ E. D. 

Here then we have a proper charafteriftic-of pro- 
portionality which always accompanies it, and, on the 
other hand, is never to be found without it, to wit, 
that four quantities may be faid to be proportionable, 
the firft to the fecond as the third is to the fourth, 
when the firft cannot hz greater than, equal to, or 
lefs than, any part or parts ojfthe fecond, but the third 
muft .accordingly be greater than, equal to, or lels 
than, a like part or parts of the fourth : or thus ^ 
Four quantities may be faid to be proportionable as above^ 
when the firft cannot be contained between two limits ex- 
preffed hy any parts of the fecond^ how near foever thefe 
limits may approach to each other, but the third muji ne- 
ctffarily be contained between the limits expreffed by tike 
parts of the fourth. 

dthly. Had Euclid flopped here, without refining 
any further upon the criterion of proportionality deli- 
vered in the laft fcdtion (for I dare venture to affirm^ 
he was no ^ftranger to it,) I doubt not but it would 
have; given much greater fatisfadion to the generality 
of his difciples, efpecially thofe of a lefs delicate tafte^ 

V ; than 
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than that which he advances in the fifth book of hi$ 
elements, as being mbre clofely conneftcd with the 
common idea of proportionality : but it was eafy to 
fee, that in demonftrating fevcral other affcftions of 
proportionable quantities upon this fcheme, there 
would then be frequent occafion for taking fucH and 
fuch parts of magnitudes, as there is now for taking 
fuchandfuch multiples of them, the praxis of whicli 
partition had no where as yet been taught by Eudidi 
nay, he rather feems to have determined, as far as 
poflibre, to avoid it, and that upon no ill grounds 
neither; for the ufe of whole numbers is in ail cafes 
juftly cfteemed more natural and more elegant thaa 
that of fradions, and the multiplication of quantities 
has always been looked upon as more (imple in the 
conception than the refolution of therh into their ali- 
quot parts. It is for this rcafon that Euclid never 
ihews how to multiply a line or any other quantity 
whatever, affuming the praxis thereof as a fort of 
poftulatum ; whereas in the ninth propofition of the 
fixth book of his elements he ihews how to cut off 
any aliquot part of any given line whatever. Upon 
thefe and fuch like conQderations it was that EucM 
rcfolvcd to advance his charadteriftic property of pro^ 
portipnality one ftcp higher, by fubftituting multiples 
inftead of aliquot parts in fuch a manner as we fhall 
now defcribe ; and we (hall at the fame time demon- 
llrate the juftnefs of his definition from what has been 
already laid down in thelaft fedlion. The propofition 
to.be demonftrated (hall be this : If there be four quan^ 
titles A, B, C and D^ whereof E A and EC are anf 
equimultiples of the firji and thirds and FB and FD are 
any other equimultiples of the fecond and fourth ; and if 
now thefe quantities are of fuch a nature^ that E A can- 
not be greater than^ equal to^ or lefs than^ BB^ t^ut at 
the fame time EC muft neceffarily be greater tban^ eqtta^ 
tOy or lefs than^ FD, when compared refpeSively^ be the 
multiplicators E and F what they will : I fay then ttat 
A muft neceffarily have the fame proportion to B that C 

S3 ba:h 
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hath to D. Now that four quantities may be under 
fuch circumftance^ as are here defcribed, can be 
queftioned by no one who has with any attention con^ 
fidered the nature of proportionable quantities : for 
fuppofe^to be the diameter and B the circumference 
or any circle, and C to be the diameter and D the 
circumference of any other circle \ who doubts but 
that (Wf oty-two times the diameter of o/ie circle will 
be greater than, equal to, or lefs th^q, fi^ven times 
thecircutpfercnce, according as twenty -two times the 
diameter of the other circle is greater than, equal to^ 
or lefs than, feven times the circumference of that 
circle ? I now proceed to the demonfiration of the 
propofition. 

If it be denied that ^ is to £ as C is to D, let A be 
to jS as G is to D ^ and then, fuppofing D to be di^ 
vided into lo equal parts, let G be greater than 14 
of thefe parts^ arid le& than 15 : then fince by the fup-^ 
pofuipn v^ is to ^ as C? is to D, we fhall have^l greater 

than — and lefs than— of B\ therefore 10 A will be 

greater than 145 and lefs than 15*; but by the fy- 
potbeftSy no multiple of A can be greater or lefs tharl 
any multiple of £« but the fame multiple of C mud be 
great(ir or lefs than the fame multiple of Dj therefore 
loC is greater than 14 D and Tefsthan 15^; there^ 

14 ^5 

fore C is gre;|ter than — and lefs than — of D; 

thcrefo|e if G be a quantity between--^ and — of Di 

Cmuft alfo bea quantity between the fame limits ; therc*^ 
fore the difference betwixt C and G mud be lefs than 

■ — of D. This is upon a fuppofition that D was divid- 

cd into 10 equal parts i but C and G will be the i^mei 
itko what number of parts foever we fuppofe D to be 
divided ; therefore if we fuppofe i> to be divided into 

vioo. 
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too, I poo, or 10000 equal parts, &^ the difference 
betwixt; C and G might have been fhewn to be lefs 
than the hundredth, or the thouikndth, or the ten 
thoufandth part of D ; and to on ad infinitum ; there- 
fore C and G are equal, as was (hewn in the 5th 
fedlion. Since then A cannot be greater than, equal 
CO, or lefs than, any pare or parts of £, but G mud be 
greater than, equal to, or lefs than, a like part or parts 
of JO, becaufe /f is to -B as G is to D; and fincc G 
cannot be greater ^han, equal to, or lefs than, any 
part or parts of Z), but C mud be greater than, equal 
to, or lefs than, the fame part or parts of D, becaufe, 
G and C are equal ; it follows est aquo^ that A cannot 
be greater than, equal to, or lefs than, any part pr 
parts of £, but that C muft accordingly be greater 
than, equal to, or lefs than, a like part or parts of 
Z>; and confequcntly that ^ is to ^ asC is to A ac- 
cording to the mark of proportionality given in thf 
laftfeftion. ^E.D. 

Four quant uies then may be f aid to be proportionable^ 
the firft to the fecond as the' third to the fourth^ when 
no equimultiples whatever can be taken of the firft and 
thirdy but what mufi either be both greatcir than; or 
both equal to^ or both lefs than, any other equimultiples 
that can pofiibly be taken of the fecon^ and fourth^ when 
compared refpeBvvely. 

7.thlyi As number is a difcrete, and not a conti- 
nued .quantity, there is fuch a thing as a minimum in 
the parts of number,- whereas in thofeof extenfion 
there is none ; whcnte it follows, that the parts of ^ 
number muft neceflarily be more diftind, and for 
that reafon moreaffignable, than are the parts of ex- 
tenfion. Again, ^s all numbers are commenfurable 
by unity, every number may be conceived either as 
Jbme multiple, or fon^e part, or fome parts, of every 
other. Hence it is that Buclid, defining propor- 
tionable numbers, nfiakes ufe of the definition given 
in the 4th fedlion \ fo unwilling W4S he to recede from 

S4 the 
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* the common notion of proportionable quantities* 
whenever the fubjefb he treated of would bear it. 

^ Of th6 /event b definition of the fifth book o/^ Euclid. 

^ 263. If it be allowed to be a fufficicnt mark of the 

* proportionality of four quantities, when they are fo 
related to one another in their own natures, that no 

. equimultiples can be taken of the Brft and third, but 
what muft either be both greater than, or both equal 
to, or both lefs than, any other equimultiples that can 
poffibly be taken of the fecond and fourth ; then 
wherever it happens, or may happen otherwife, there 
; can be no proportionality. As for inftancc. If in 
comparing equimultiples oftbefirft and third with other 
equimultiples of the fecond and fourth^ there be any cafes 
wherein thefir/l multiple fljall be greater than the fecond j 
^ * and yet the third not greater than the fourth ; or wherein 
tbefirft multiple Jhall be lefs than the fecond^ and the 
third not lefs than the fourth ; then the firfi quantity 
\ will not have the fame proportion to the fecond that the 
third bath to the fourth^ but either a greater as in the 
former cofe^ or a lefs as in the latter. Nay, and I 
may add further, that // of four quantities^'the firfi 
bath a greater proportion to the fecond than the third 
hath to the fourth^ there mufl be cafes exifiiiigj whether 
tbofe cafes can be afjignedor not^ wherein of equimultiples 
ef the firfi and thirds and of other equimultiples of the 
fecond and fourth^ the firfi multiple fhall exdeed the Je- 
cond^ and yet the third fhall not exceed the fourth : for 
' if no fuch cafes were poffible, then the 'firft quan- 
tity mull either have the fame proportion to the fe- 
cond that the third bath to the fourth, or a lefs : both 
which are contrary to the fuppofition. Thus we have 
found the fifth and feventh definitions of the fifth 
book of the elements both of a piece. 
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j4 quejiion arijing out oftbe foregoing article. 

264. This is all that was necejflary to be obferved* 
concerning the foregoing definitions ; but if, havings 
given four quantities y^. By C and D, whereof ^ hath. 
a greater proportion to B than C hath to Z), any one, • 
for his own private fatisfaftion, would know how to • 
find fuch equimultiples of A and C, and fuch other 
equimultiples of B and Z), that ^'j multiple (hall ex- 
ceed that of 5, and ^at the fame time Cs multiple 
iliall not exceed that of D, it muft be done thus : If 
the quantities yf, 5, C and D be commenfurable, 
let their ratios be expreffcd by numbers : as for in- 
fiance, let A be to B as 7 to 5, and let C be to D as 
4 to 3 ; then will 4 and 3, the numeral expreffions . 
of the leffer ratio, be the multiplicators required, if 
of the terms A and 5, the greater term A be multi* 
plied into the leffer multiplicator 3, and the leffer term 
jB into the greater multiplicator 4; for then ^A (21) 
will be greater than 45 (20), and yet 3C (12) will 
not be greater than 4/) (12), for the two laft mul- 
tiples arc equal. But if fuch multiples be required, 
that the firft multiple (hall be greater than the iccond, 
and at the fame time the third multiple (hall be lefs 
than the fourth, then fome intermediate fradion muft 
be taken between ^ and ^, and the terms of fuch a 
fradlion will be the multiplicators required. As for 
inftance, throwing the extreme fraftions into deci- 
mals, we have 4=1 •4? and^— 1-34 — I therefore 
-if any decimal fraftion be taken between 1.4 and 
1.34, fuch a fraftion being reduced to integral 
terms will give the multiplicators required. Let us 

alTume 1.375, that is --^ — or -^v then will ZA 
^'^' 1000 8 

(56) be greater than i iB (55), gnd at the fame time 

HC (32) will be lefs than i iD (33). 

If the quantify A be inconimenfurable to jff, or C 

to Dt or both to both, find however, by fcholium 

the 
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«thc fecond in art, 179*, fuch numbers as will exprcfs 
xbefe ratios as accurately as occafion requires* As 
let- the ratio of the number £. to the number Fht 
iOearly the Tame with that oiA to B, and let the ratio 
•oftbe number G to the number i/ be nearly the fame 
with that ofCtoD; then if either of thefe ratios^ to 
wit, chc ratio of E to F, or the ratio of G to //, lie 
between the ratios of A to 5 and of C to -D, the terms 
of the intermediate ratio will make proper qiultipHca- 
tors4 feut if neither of thefe cafes happen, fome inter- 
mediate fraAion muft be 4:aken between the two frac- 

E G 

tions -= and fu 

F H 

Having thus prepared my young ftudent for Em- 
xHd'j do£trtne of prpponion, .partly by fetting him 
right in his notions of things, and partly by remold- 
ing out of his way all that rubbiih. which feemed to 
block up his entrance to it; I hope I (hall now be able 
tocondudb him through the whole with a great deal 
of eafe, and that he will meet with fewer difficukics 
in reading the following proportions than an equal 
number in any other part of the elements : and yet all 
I have done herein has been only to mitigate, a& far 
as 1 thought proper, the rigour and fevcrity of the 
author's manner of writing, and to render his demon- 
ilrattons moreeafy to the imagination, which the com- 
piler in his whole fyftem feems to have had no great 
tendernefs for: bur, whatever I have done dfc, I have 
taken care to prcfcrvc the force of the demonltradons, 
and I hope, in a great' meafore, their elegancy toa I 
have ufed no algebraic computation^ in demonftrating 
thefe propofitions, except what may be justified by 
the antecedent ones -, as well knowing'that thefe prin- 
ciples were never intended to depend upon arithmeti- 
cal operations, but rather arithmetical operatipnsppon 
them, I have however, for the reader's eafe, made 
ufc of the fimpleft algebraic notation. Thus -^,5, C,D 
fignify magnitudes of any kind whatever j E^F^GtH 
* See the Quarto Edition, p, 185. 

always 
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always fignify whole nuti>ber's, unlefs where notice is 
given to the contrary •, A'^B fignifics the fum of aoy 
two homogeneous magnitudes ^1 and B\ A-^B their 
difference, or the excefs of yf above B\ EA and FJ3 
(ignify any two multiples of yf and jS, the multiple- 
cators being E and F\ &c. I have fometinaes alfo 
ufed very eafy coilfequences of this notation; as thftc 
if A-^B be added to B^ the fum will be A, which in- 
deed is a general axiom, and faying no more than 
that if CO any magnitude be added the excefe of a 
greater above it, the fum will be the gre^cer magni- 
tude. 

The Fifth Book of EUCLID's Elements. 

Definitions. 

265. J. J lejfer magnitude is /aid to be a part of a 
greater 9 when the kjfsr meafures the greater. 

2. A greater magnitude is faid to be a mt^iple of a 
lefs^ when the greater is meafured by the lefs. 

Note. ' 0\xv language is not hice enough tocxprefs 
thefe two definitions as' they are in the Greek and 
Latin. " ' . 

Wc may further obferve, that by thefe two defini- 
tions every fimple quantity is excluded from being 
confidered eitheras a part or multiple of itfelf; for 
to be a part, in this fenfe, is to be lefs than that where- 
of it is a part, and to be n multiple is to be greater 
than that whereof it is a multiple. 

3. Ratio is that mutual relation two homogeneous 
quantities are in, when compared together in refpe3 t$ 
their quantity. Thus the excefs of 2 above i is equal 
to the.excefs of 4 above 3, and yet the ratio of 2 to 
I is greater than the ratio of 4 to 3 ; that is, 2 has 
;tiore magnitude when conrpared with i than 4 hath 
when compared with 3; fince 2 is double of i, and 
4 is not double of 3% But on the other hand, 9 hath 
a greater ratio to 4 than i hath to i^ becaufe 3 hath 
more magnitude in comparifon of 4 than i hath ia 

compa* 
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comparifon of 2 *, for 3 is more than the half of 4, 
Mrhereas i :s but juft the half of 2. 

4. All quantifies are /aid to he in fome ratio or other, 
when tbey are capable of being fo multiplied as to exced 
one another. 

Note. By this deBnition, ift. All heterogeneous 
quantities are excluded from havin*g any ratio one to 
another, becaufe heterogeneous quantities are fucb, 
that their multiples are no more capable of compari- 
fon as to excefs and defcA, tfian the quantities them- 
felvcs : ,a yard can never be multiplied till it exceeds 
an hour, 6f^. 2dly, All infinitely fmall quantities arc 
hereby exclude4 from having any ratio to finite ones, 
becaufe the former can never be fo multiplied as to 
exceed the latter. 

5. Magnitudes are f aid to he in the fame ratioy the 
frji to the fecond as the third to the fourth, when no 
equimultiples can he taken ofthefirji and thirds but what 
muft either he both greater than, or both equal tOy or both 
lefs than, any other equimultiples that can poffibly betaken 

' of the fecond and fourth. 

Nate. This and the feventh definition h^vc been 
explained alregidy. ^ 

6. Magnitudes in the fame ratio may be called pro* 
portionals. 

7. If there he four quantities, whereof equimultiple 
are taken of the firft and third, and other equimultiples 
of the fecond and fourth; and if any cafe can be affigned, 
wherein the multiple of the firflfhall be greater than the 
multiple of the fecond, and at the fame time the multiple 
of the third Jhall not be greater than the multiple of the 
fourth^ then of thefe four quantities ^ the firfi isfaid 19 
have a greater ratio to the fecond than the third hath /• 
the fourth. 

8. Proportion conftjlsinafimilitude of ratios. 

9. Proportion cannot he expreffed in fewer than thru 
terms : as when we fay that A is to 5 as 5 is t6 C. 

10. fFhenever three quantities are continual proper- 
tionals^ the firfi isfaid to be to 'the third in a duplicate 

i ratio 
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ratiO)of the firft to tbefecond: and on the other band^ 
thefirft is /aid to be to tbefecond in a fubduplicate ratio 
of the firft to the third. ^ 

11. If four quantities be tontinual proportionals ^ the 
firfi is faid to be to the fourth in a triplicate ratio of the 
firfl to tbefecond'j andfoon. 

12. 3'he antecedents of all proportions are called homo- 
Jogous terms \ and fo alfo are the confequenis : but an* 
tecedents and confeqtfents conjidered together^ are never 
called homologous terms ^ but heterologous. 

Note. ' Thefe three laft definitions, though placed 
here, have nothing to do in the following fifth book, 
but in the fixth. 

13. Alternate proportion is^ when four quantities being 
proportionable^ the firft to tbefecond as the third to the 
fourth^ it is concluded^ that the fir Jl is to the third as the - 
fecond to the fourth \ the juftnefs of which conclufion, 
as well as of all the reft that follow, will be fuffi- 
ciently made out in the following propofitions : 

14. Inverfe proportion is^ when four quantities being 
proportionable J the jirji to the fecond as the third to the 
fourth^ it is concluded^ that the fecond is to the firft as the 
fourth ^ to the tbird. 

15. Compofition of proportion is ^ when four quantities 
being proportionable^ thejirji to tbefecond as the third to 
the fourth^ it is concluded, that the fum of the firft and 
fecond is to tbefecond as the fum of the third and fourth 
is to the fourth. 

\6i Divifton of proportion //, when four quantities 
being proportionable^ the firft to tbefecond as the third 
to the four thy it is concluded j that the excefs of the firft 
above tbefecond is to the fecond as the excefs of the third 
above the fourth is to the fourth. 

ij. Converfion of proportion iSj when four quantities 
being proportionable^ the firft to the fecond as the third 
totbe fourth^ it fs /:oncludedy that thefirft is to the excefs 
of the firft above the fec^ond asfbe third is to the excefs of 
the third above the four tb^: ., > > 

18. / 



n 



aStf Tbejlfth Bo§k of Euclid's Ekmints. Book VIL 
i9. If ever fo many -quanliius in oneferies he ttm^ 
fared with as many in another ; and if from all the 
ratios in one being equal to all tbofe in the other ^ either 
in the fame or a different order ^ it be concluded^ that the 
extremes in oneferies are in the fame proportion with the 
extremes in the other ^ this proportionality of the ex- 
tremes is faid to follow ex a^quo, or ex sequalkate 
rationum. 

19. If all the ratios in one feries be equal to all 
ihofe in the other ^ and in the fame order ^ this is called 
ordinate proportion 5 and the extremes in this cafe ate 
faid to be proportionable ex aeqiio ordinate, or barely 
ex aequo. 

20. If all the ratios in one feries be equal to all tbofe 
in the other ^ but not in the fame order ^ this is called 
inordinate proportion 5 and the extremes are faid to be 
proportionable ex aequo perturbate. 

Thus \S A^B and Cin one feries be compared with 
Dy E and F in another; and if .^is to jS as D co£, 
and B to C as £ to F, this is called ordinate propor- 
tion, and A is faid to be to C as 2> to F ex aquo ar£* 
natej or barely ex aquo : but. if ^ is to £ as £ 10 
jF, and ^ to C as £} to £, this is called inordinaie 
proportion, and A is faid to be to C as D to F ^;i^ aquo 
perturbate. 

Proportion i. 

s66. If there be ever fo many homogeneous quantities^ 
A, B, C, whereof EA, EB, EC are eguitpultipks 
refpeatvely\ I fay theny that /i&^/«;g|.EA 4-EB4-£ C 

ijQill be the fame multiple of the fun% A+B-fC 
that EA is of A, or EB fl/B, &c. 

For the multiples EAy EB zx\d EC may be confi- 
dered as fo many diftin6t heaps or parcels, whertof 
£yf confifts wholly of jfs, EB of 5'j, and EC of CV; 
and fince the number of A^s in EA is the fame with 
the number of B's in £jB, or of CV in ECy it follows, 
that as often as vf can be fmgly taken out of EA^ or 
6 5 out 
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£'out of EB^ or C out of iEC, juft fo often may the 
whole fum -4+i^+C be taken oiit ^f the w hole fum 
£j<-|-£5+AC; therefore the fo m £A^^ EB-\-EC 

is the fame multiple of the fum J^B-^CthaiEAis 
oC ^, or EB of ^i &f^; ^. E: D. ^ 

Propositi o n* 2. 

26,7.. If E A and EB h equimultiples of any tnvoquan-^ 

titles wbattvtr A and B, tf»^ if FA W FB ^^ alfo 

, equimultiples of the fame 5 / fay then that the fum 

HA+FA mill be the fame multiple of A that the fum^ 

EB+FBiV^/B. 

Foe fince the number of A^s in EA\% the fame with 
the number of 5'j in £5 ; and fince alfo the number 
oiA*s inFA is the fame with the number of jBVin FB^ 
add equals to equals^ and the number of A^s in 
EA^F^4 will.be the fame wit h the num ber of ^V in 
ER^fFBl that is, the fum Ea- ^FA will be the 
fame multiple of A that the fum EBJ^FB is of i?. 
^ E.D. 

Propos ition 3. 

268. IfEA and EB be equimultiples of any two quan* 
tiiies whatever A and B, and if 3EA and jEB be 
any equimultiples of EA and EB ; I fay then^ that 
3EA and 3EB ijgill alfo he equimultiples of A 
and B. 

This is evident from thelaft proportion : for fince 
MAdiTid EB are equimultiples of ^and B ; and fince 
^A and EB are again equimultiples of the fame, it 
fbllows from that propofition, that the fum 2EA is 
the fame multiple of A that the fum 2EB is of 5 : 
again, fince 2^4^ and 2£^ are equimultiples of if and 
JBj and fince EA and EB are other equimultiples of 
the fame, the fum c^EA is the fame multiple of A 
that the fum ^EB is of JS ; and fo on ad infinitum^ 

Pro- 
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Proposition 4. 

169. If four quanSiiies A, B, CandDbe proportion-: 
abUy A to B us C to D, and if E A and EC i^e airf 
equimultiples of the jirfi and thirds and FB and FD 
any other equimultiples of the fecond and fourth ; / 
fay then that thefe multiples will dfo he proportionable^ 
provided they be taken in the fame order as the pro- 
portionable quantities whereof they are multiples j that 
is, that E A will be to FB as EC is to FD. 

For let 3 EJ and 3 EC be any equimultiples of 
EA and £C, and let 2FB and 2FD be any other 
equimultiples of FB and FD: then fince ^E^ and 
3EC are cquimukiples of E/1 and JEC, and fince £J 
and EC are equimultiples of ^ and C, it follows 
fropi the laft propofition that 3EJ and ^EC are 
equiniultiples of A and C; and for the fanie reaibh 
nFB and 2FD zrt alfo Equimultiples of JB and Z>. 
Since then, ^a: bypothejiy ^ is to J3 as C is to D; and 
fince ^EA and g^C arc equimultiples of ^ and C, 
and 2^5 and iFD are alfo other equimultiples of B. 
and D, it follows from the fif(;h definition, that '^EA 
cannot be greater than, equal to, or lefs than, zFB^ 
but 3£Cmuft alfo be greater than, equal to, or lefs ^ 
than, 2FD. Again, fince we have four quantities 
EA, F^, EC, FD, whereof 3EA and ^EC reprefent 
any equimultiples of the firft and tjiird, and zFB and 
2FD .zny other equimultiples of the fecond and 
fourth ; and fince ;?£y^ cannot be greater than, equal 
to, or lefs than 2JF!5, but 3EC muft in like manner 
be greater than, equal to, or lefs than zFD, it fohows 
from the fifth definition, than thefe four quantities 
EA, FB, EC, FD arc proportionable j that EA is to 
FB ^^ EC to FD. %E.D. 

Scholium. 

To this place is ufually referred the in verfion of 
proportion (though why to this, rather than to any ' 
other, I know not that is, that if four quantities 
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ke proportionable^ they will alfo be inverfely fropor* 
tionable : aS if A be to ^ as Q is to D, ,tben B will be 
^o A as D to C. For let JE^and EC be any equimul- , 
tiples of A and C, and let FB and FD be any other 
equimultiples of 5 and 2); and firft. let us fuppofe 
FB to be greater than EJ-, then will EA be lefs than 
F£ : and bccaufc ^ is to .8 as C is to O,* EC will alfa 
be lefs than FD by the fifth definition ; and therefore 
FD will be greater than EC: thus then we fee that 
if FB be greater than EA^FD will alfo be greater than 
EC. And after the fame manner it may be dcmon- 
ftrated, that if Fi? be equal to, or lefs than EA^ FD in 
like manner will be equal to, or lefs than EC Since 
then we have four quantities j5, A^ D, C, whereof F5 
and FD are equimultiples of the firft and third, and 
JEyf and EC arc other equimultiples of the fecand and 
fourth; and fincc FB cannot be greater than, equal 
to, or lefs than EA^ bur FD muft accordingly be 
gfeater than, equal to, or lefs than £C, it follows 
trom the fifth definition, that thefe four quantities 
B9 Ay D, C, muft be proportionable ; that B muft be 
to^asDtoC. ^E.D, 

Proposition 5. 

270, If A andB be any two homogeneous quantities^ 
whereof* A is the greater^ and whereof K A and EB 
are equimultiples re/peiiively i I fay then that the 
difference t^ A — K B will be the fame multiple of 
the difference A— « that EMt of Ay or EB^B. 

If th is be denied, let G be the fame multiple of 
J—B that £^ is o f ^, or EB of B ; then we (hall 
have two quantities >f— 5 and B, whofe funi is 
Ay and whereof G and EB are equimultiples ref- 
peftively; therefore, by the firft propofition, the fun> 
G-^-EB will be the fame multiple of the fum A that 
EB is of J5 : but EA is al fo the fa me multiple of -^ 
that EB is of 5 i therefore G-^tB is the fame muU 

T tiplc 
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tiple of /i that Eyf is of J; therefore G-{-EB miift 
be equal to E A*^ take EB from both fides, and G 
will be equ al toEA — EB : but G was the fame 
multiple o f A — B that EJ was of J, or EB of By 
therefo re EA—EB will be the fame multiple of 
A—B that EA is of A^ or EB of B. ^ E. D. 

Proposition 6. 

271. If from EA and EB^ equimuUipks of any two 
quantities A and B, ^^ Jubtra£ied FA tf«rf FB 
<i»y g/jy^r equimu ltiples of the fame\ the remainders 
EA — FA tf»i EB — FB mil either be equal to the 
quantities A and B refpeliively^ or ibey will be 
equimultiples of them. 

Case i, 

: In the firft place, let the remainder EA — FA 
be equal to Ay I fay then that the other remainder 
EB—FB will alfo be equal to B.' For. Gnce FA is 
the fame multiple of A^ that FB is of jB, it follows 
from the nature of multiples, that Fj^^-A will be 
the fame m ultiple of A that .FB+!fi"is of B: but A 
is equal to HA — FA\ and adding FA to both fides 
lye have FA'\' A:=iEA ; therefore inftead of faying 
as before , that FA'\'A is the fame multiple of A that 
FB-^B is of jB, we may now fay that EA is the fame 
multiple of A that FB-^-B is of J5 : but EA is the 
fame multiple of -4 that EB i s of Jg ; therefore EB is 
the fame multiple o f jB that FB-^B is of 5; there- 
fore £5 is equal to FB-^ B; fubtr ad i^S from both 
fides, and you will have EB^FB;=^B. ^ E. D. 



C ASI 
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G A S E 2», 

-Let us how Tuppofe the reihalildfer £*-4~-f!/f to be 

ibme multiple of ^ ; for if ji rheafurts- both EA and 

i^^, it muft itieafurc EA—FA; and lb EA-^FA 

frtuft be fomc intiltipie of A\ a rid fx>r the fimei 

tcafort, the other rerriiirtder Zif— ^.mUft be fomd 

tnultiple of B : I fay then in the next placey thae 

^ EB—F » muft be the fame ftiultiple of\B.-thati 

EA—FA IS of ^. If this b e de>iie d,-leC'G bcJthcf 

fame mutrip le of 5* that YA—FA ts>f Jfj then 

Cnce EA—FA and G are equlh^/irittples of -/^ and^iffV 

and fince .-Fii4 and FB are alio other^^uimultiples o£ 

the fame, it follows from the fecohd propoGtion, -that 

the fu m EA — F A-^FA will be tBe'fiine mu ltiple of 

^ that G^FB Is tf B: but EA^F^r\r PA = £4; 

therefore EA is- the^ (ime multiple ef A that GrrF5 . 

is* of B : but i?^ ti the fame rhiikipte of A th^l/i^B 

isrbf'fi; therefore EB is <he fame muttipie o f B that 

G-\-FB^ i s of jg^ » therefore £5 is equal to G-^FB > 

thercf6re £B—fSii ecjijal^o G:';b«t>G. waatb^ 

ian^e multiply lof .^ that^M^/f is of if by *>ifc 

foppofiti on; thfjrci^ ofc EB-^^it, tbG (ame multiple 



'S d H b t tJUitf. ,. . , 



As in thi^ fecond definition i(>ya$ provided that ho 
IBcfeple quantity be confidcrcd.^s ^ muttipje of Iticliy 
fo in this propsofition care is takcA that no two iicnpji^ 
quantities be con&tered as equimultiples of. tWeipj 
(Ah» ; which indeed is but n co^fcquence: of .t^ac 
idefifiition^ and is the reafa^i vvjiy^ 'this propojCtion 
mMvct itfelf into tv^o cafes. 

T 2 For 
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For a better underftanding and remembering the 
ftrufturc of the fix foregoing propofitions, it may be 
obferved, that the two lad propofitions are nothing 
elfe but the two firft with their figns changed. In the 
6rfl: propofition it was demonftrated, that th e fum 

H/i^EB is. the fame multiple of the fum A-^A 
that EA is oi A^ or EB of B: in the fifth propofition 
k is demonftrated, that the difFer ence E A — EB is 
the fame multiple of the difference A — B that EA is 
of A or EB of B. Again, in the fecond propofition 
it was demonftrated, that the f um EA-\^ A is the 
lame multiple of ^ that the fum EB-^FB is of JS ; 
and in the fixth ic is demonftrated that the remainder 
EA — FA is the fame multiple of A that the remainder 
EB'-FB xsoi B. 

Propositi o^N 7. 

i?^* Jfi^o equal quantities A and B be compared wiib 
a third as G, / fay then^ that both A and B wUl 
have the fame proportion toC\ and vice vcrfa, that 
- C will have the fame proportion both to A and to B. 
' For taking any equimultiples of y^ and 5, fuppofc 
^A and 3J?, and any other multiple of C, fuppofe 
5C, it is plain that 3^* muft be equal to ^5, becaufc 
/f is equal to £ ; but if ^A be equal to 3JS, th^n it 
will be impoffible for 3^ to be greater than, equal to, 
orlefs than 5C5 but 3B muft accordingly be greater 
than, equal to, or lefs than the fame ^C ; therefore 
we have four quantities Ay C, B and C, whereof ^A 
and jfi. reprelent any equimultiples of the firft: and 
third, and'5CaTid 5C any other equimultiples of the 
fecond and fourth; and fi nee the firft multiple 3^ 
cannot be greater than, equal to, or Icfs than the fe- 
cond jC, but the third multiple 3^ muft accordingly 
be greater than, equal to, or lefs than the fourth 5Q 
it follows from the fifth definition, that thefc four ' 

quantities 
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quantities A^ C, B and C are proportionable, AtoC 
as -S to C. ^ £, D.. . 

Again, fince ^A is equal to 3^, it will be impof- 
iible for 5C to be greater than, equal to, or lefs than . 
3//, but the fame 5C mull alfo be greater than, equal 
to, or lefs than 3S; therefore we have four quanti^ 
tics C, A^ C and 5, whereof $C and 5C reprefcnt any 
cquinnuhiples of the firft and third, and ^A and ^B 
any other equimultiples of rhe fccond and fourth; and 
fince the firft multiple ^C cannot be greater than, 
equal to, or lefs than the fecond 3yf, but the third 
multiple 5C muft alfo be greater than, equal to, or 
lefs than the fourth 35, it follows from the fiffh defi- . 
nition, that thefe four quantities C, A^ C and 5 /null 
be proportionable, C to -r^ as C to 5. ^ E. D. 

Proposition 8. 

273, If two unequal quantities A and B, whereof A is 

the greater^ be compared with a third as C, I fay 

then that A will have a greater proportion to C than 

. B haxb to C ; but thaty on the other handy C will 

have a greater proportion to B that it hath to A. 

For fince by the fuppofition, A is greater than jB, 
A — B^ will be the excefs of A above ^8; and by the 
fifth propofition, if EB be any multip le of B^EA^EB 
will be the fame multiple o f A—B : multiply then 

thefe two quantities B and A — B alike, till of the 
equimultiples thence arifing, the lefs (hall be greater 
than C; then will the oth er be mu ch greater; let thefe 
equimultiples be 3J5 and ^A — ^B^ each being greater 
than C: laftly multiply C till you come to a multiple 
of it that fhall be the next greater than 3-B, which 
multiple let be 5C; then it is plain that 3^ cannot be 
lefs than 4C ; for if it was, then 4C, and not 5C 
would be the next multiple of C greater than 3B, con- 
trary to tlie fuppofition. Since then 3B cannot be 
l(fs than 4C ; it follows, that if to 3^ be added a 
T3 greater 
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greater quantity, and to 4C a lefs, the former fqm 
wll be greater than the latter : but ^A—^B is greater 
than Cby the conftru6lion ; add then ^A-^'^B co^f, 
and C to 4C, and you will have 3-^ greater than 5C,' 
but 3jB is lefs than sCby the conftrpdion ; therefore 
we have four quantities A^ C, 5 aod C, whereof 3^ 
and ^B are cquimuhiples of the firft and thirx]^ and 
5C and 5C are other equimultiples of the fecond and 
fourth ; and fmce the firft multiple 3yf is greater th^n 
the fecond 5C, and at the fame time the third mul* 
t'iple 3jB is not greater than the fourth 5C> but fefe, it 
follows from the feventh definition, that of the four 
quantities A^ C, B and C, A hath a greater propor- 
tion to C than B hath to C. ^ E, Df 

Again, (ince we -have four quantities C, J?, C and .4f 
whereof 5C and 5Care equimultiples of the firft and 
third, and ^B and 3^ arc other equimultiples of the 
s fecond and fourth ; and fince the, firft multiple 5C is 
greater than the fecond 3^, and at the fame time the 
third multiple 5(7 is not greater than the fourth ^At 
but Icfsy it follows from the feventh delinitipn, that 
of the four quantities C, By C and A, C hath a greater 
proportion to B than C hath to A. ^ £. J), 

Proposition 9, 

274. 1/ two quantities A andB have bQtb tbe /ami 
^proportion to a third as C, or ifC batb the fam^ 

(. ' proportion to both A and B ; in either of tbefe cafes A. 
find B muft be equal to each other. 

For (hould either of tJiem be greater thantbe other, 
fhould A be greater than B^ then by the laft propo- 
fiticn, A muft have a greater proportion to C than^ 
hath to Cy contrary to the firft fuppofition -, and C 
inuft have a greater proportion to ^ than it hath to>^, 
contriiry to the fecond luppofition -, therefore -4 and 
B iBuft be eqv»al to cagih other. ^E.D* 

PROPWf 
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Proposition 10. 

^75* V ^f ^hree quantities A, B and C, A bath a • 
greater proportion to C than B hath to C, or if C 
i7/7/i^ a greater proportion to B than it hath to A 5 in 
either of tbe/e cafes A nuijl be greater than B. 

For was yf equal to, or lefs than B^ then either^ , 
muft have the fame proportion to C that B hath to C, 
as in the feventh propofition, or a lefs as in the eighth, 
both which contradid the firft fuppofuion : and again, 
was yf equal to, or lefs than J?, then either C niuft' 
have the fanie proportion to A that it hath to B^ as 
in the feventh propofition, or a greater as in the 
eighth, both which contradidt the fecond fuppofuion ; 
therefore A mud be greater than B. ^ E. D. 

Proposition ii. 

275. If two ratios be the fame with a thirds they mufi 
be the fame with one another : as if the ratio of A to 
a and the ratio of C to c be both the fame with the 
ratio of B to b, then the ratio of A to z will be the 
fame with the ratio of Q toe i or thus ; If kbe to2L 
asB to b, and B iob as C toe; I jay then that A 
will be tozas C to c. 

For taking any equimultiples of the antecedents, 
fuppofe 3^, 3^, 3C; and any other equimultiples of 
the confequents, fuppofe 2^^, 2^, 2r, let ^A be 
greater than 2a \ then fince by the fuppofuion A is to 
asLsB to by and o^A is greater than 2^2r, ^B muft be 
greater than ib by the fifth definition : again, fince 
jP is to ^ as C to r, and 3-8 is greater than ib^ 3C 
muft be greater than ic : thus then we fee that if 3-rf 
be greater than 2/z, 3C muft neceflarily be greater 
than 2c: and in like manner it may bedemonttratcd 
thatiif 3/f be equal to, or lefs than 2a, 3C will ac- 
cordingly be equal to, or lefs than 2c. Since then we 
have four quantities Ay ^?, Cand c, whereof 3^ and 
3C reprefcnt any equimultiples of the firft and third, 
T4 . and 
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and 2a and 2C any other equimultiples of the fcrcond 
and fourth \ and (ince 3^ cannot be greater than, 
equal to, or lefs than 2^, but 9C muft accordingly 
be greater than, equal to, or lefs than zf, it follows 
from the 'fifth definition that thefe four quantities 
J^ a^ C and f mu^ be proportionable, ^to a as C co ^. 

Pl^OPOS^TIOl^ 12. 

277. If everfo many quantUies A, B, C in one ferUs 
ht proportionable to as many a, b, c in another^ that 
isy A to z as Bto h as C to c i I fay tben^ thai as 
any one antecedent is to its confequent^ fo will tb^ 
fum of all the antecedents be to the Jum of all the con* 
fequents\ that is, as A is to a fo will A+K-J-C 
be to a-4- b4-c : or ifwefuppofe A4-B-|-C=S, emd 
^-|-b+^*=S| 1 fgy then that as A is tq ^ fo 'will 
S be to s. 

For taking any equimultiples of the antecedents^ 
fuppofe 3yf, 3^, ^C^ and any other equimultiples of 
the conlequents, fuppofe 2^, ib^ 2r, let ^A be greater 
than 2a ; theo fince A is to a ^ B to by and ^A is 
greater than 2J, 3 i? mud be greater than 2b by the 
fifth definition : again, fince ^ is to ^ as C to f , and 
35 is greater than 2*, 3C muft be greater than za 
therefore if ^4 be greater than 2^, not only 35 will 
^ be greater than 2^, but alfo 3Cwill be greater than 
2f, and confcqucntly the whole fum 3-^-f-3-6-f-3C 
will be greater than the whole fum x a-^ih-^ii: 
but by the firft propofitiqn, the fum ^A-ir ^B-^'^C 
is the fame multiple of t he fum A -^B-^-C or S that 
^A is of ^; th erefore ^^+ 3g+3C=3g; and for 
the fame reafon 2/j-j-2^4-2f =:2J ; therefore wc may 
now fay that if 34 be greater than 2<x, 3^ will be 
greater than is : and after the fame manner might i( 
pg demonttratcd, that if 34 be equal tp^ or lefs than 

'2a 
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2a, gS'will be equal to, or Icfs than 2x. Since 
then we have four quantities yf, a^ S and j, whereof 
^A and 3^ rcprcfcnt any equimultiples of the firft' and 
third, and 2a and 2s any others of the fecond and ' 
fourth ; and Cnce ^A cannot be greater than, equal 
to, or lefs than 2a but. 3S muft in like manner be 
greater than, equal to, or lefs than 2J, it follows from 
the fifth definition that thefe four quantities yf, a^ 
S and J muft be proportionable, J to <? as 5 to /. 

Proposition 13, 

2jS. If A bath the fame froportion to a that B bath 
to b, but B bath a greater proportion tq b tban C 
hath to c ; I fay then that A hath a greater proportion 
to a than C toe. 

For finpe by the fuppofitlon B is to ^ in a greater 
proportion than C to r, it follows from the feventh 
definitfon that there are equimultiples of B and C, 
and others again of i and r, of fuch a nature that B*s 
multiple fhall exceed that bf ^, and at the fame time 
C*s multiple Ihall not exceed that of r : let then ^B 
exceed zh, and let ^Cnot exceed 2c; then fince yf is 
to a zs B to bj and 35 exceeds 2^, gii muft necef- 
farily exceed 2a by the fifth definition ; therefore we 
have four quantities yf,^, Cand f, whereof 3 4 and 3C 
are equimultiples of the firft and third, and 2a and 
2C are other equimultiples of the fecond and fourth; 
and fince 2^ exceeds 2a when sCdoes not exceed 2r, 
it follows from the feventh definition that of thefe 
four quantities ui, a^ C and c^ A hath a greater pro* 
portion to a than C hath to c. ^ E. D. 

Proposition 14. 

>79« ,V fi^^ homogeneous quantities be pr6portionahte% 
the' fir fi to the fecond as the third to tbi fourth \ X 
fgy then that the fecond will be greater than, equal to^ 
fr Iffs tban the fourth^ according as th^firji if greater 

than^ 
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tbany equal to^ or lefs than the third : as if A be ts 
'R as C is to D 1 I fay then that Bwill he greater than, 

♦ equal to, or lefs than D, according as A is greater than, 
equal to, or lefs than C. 

Case i. 

Let A be greater than C: I fay then that B will be 
greater than JD. For fince A is greater than C, A 
will have a greater proportion to B than C hath to B 
by the eighth propofition : again, fince C is to D as 
A to B, and A hath a greater proportion to 5 than C 
hath to 5, it follows from the latt propofition thatC 
is to JD in a greater proportion than C to B ; there-* 
fore by the tenth propofition B is greater than D. 

C A S E 2. 

Let now J be lefs than C: I .fay then that B will 
be kfs than D. For if ^ be lefs than C; then C will 
be greater than J : fince then C is to Z> as ^ is to B 
ex l^ypotheji, and C is greater than A, it follows from 
the laft cafe that D will be greater than B ; and there-, 
fore B will be lefs than D. ^ E. D. 

C A S E 3. 

Laftly, let ^be equal to C: I fay then that B will 
be equal to D For fince A\s equal to C, A will.be 
to 5 as C i« to B by the feventh propofition ; but Cis 
to D as J to jB by the foppofition ; therefore C is to D 
as Cis to jB by the eleventh, propofition ; therefore B 
and D are equal by the ninth. ^ £. D. 

P R o p o s I T^I o N I5« 

280, Parts are in the fame proportion with their ref 
. peSive equimuhiples. Let A Mnd a he any two homo^ 
. ^eneous quantities, whereof /^ A and ,^2l reprefejit ary 

equimultiples refpeSive/y, I fay then, that^Awtllb^to 

a as, 3A /*? 3a. 

For 
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For takfi^ ^n|j Cbpth cqi^al to yf, aadjaljb ^ and ^ 
both' equal to a; fhen by the feyentb prpppfl^ijc^ we 
fhall have ^ to ^2 as JS to ^ as C to ^ ; therefore by the 
twelfth propofition we fliail ha ve ^ to j as ^-|-5-j-C 
tp a-\-b-{ -c : but in this c^e ^-f^-^^— 3^> ^^ 
^/r^-(rsa3tf -, thcrefpre ^ is tp a s^s 3^ is to 3^^ 

Proposition 16; 

^J5-I. fffw homogeneous quantifies he proportionable^ 
thejirjl to tbefecond as the third to the fourth ; Ifqy 
thnt that th^ will alfo be alternately proportionable^ 
that 4s ^ thefirji to the third asihefecond to the fourth : 
aPif A be to B asC teD^ Ifay then thai A willbe 
toCasBtoD. 

For, taking any equimultiples of yifand j5, fuppofe 

^J and 3 JS, and any others of C and JD, fuppofe iG 

4nd 2 J) ; fince 3^ is to ^B as ^ to 5 by the laft, andil 

is to fi as C to JD by the fuppofition, and C is to JD as 

iC to 2D by the laft; it follows from the nth pro* 

pofition that 3-^ is to 3^ as 2C to 2Z)-, therefore by 

the 14th propofition, 3^ cannot be greater than, equal 

to, or lefs than 2C, but at the fame ti^ne ^B muft b^ 

greater than, equal to, or lefs than 2D, Since then we 

have.f^pr quantities j^ C, B and Z), whereof 3^ and 

gjB reprcfent any equimultiples of the firft and third,, 

, and 2C and 2D any other equimultiples of the fecond 

and fourth -, and fince 3 J cannot be greater than^ 

equal to, or lefs than 2Cy but 3^ mull accordingly 

be greater than, equal to, or lefs than 2D, it follows 

from the fifth definition that thcfe four quantities 

J, C, B and Z), muft be proportionable, yf to C a« 

^toD. ^E.D. 

Notey Alternate proportion can have no place, ex- 
cept where all the quantities Ay B^ C aqdi),are of the 
fame- kind : for if J and B were of one kind, and (J 
and D of another^ how would it be poflible for the 

quantities 
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quancicies J and C, or !B and D, to have any propor- 
tion one to another, much Icfs the iame ? 

V 

Proposition 17- 

282. If four quantities A, B, C andD, whereof h. is 

greater than B, and C greater than D, be proportion- 

ahle, A / ^ B j j C toDi I fay then that A — B ««// 

i^ /^ B as C — IJ /J to D, Wit/Vi^ /j called proportion by 

. divijion. 

For let .3^, 3B, 3C and 3D, be any equi multiples 
of the quantities Ay S, C and D; then w ill ^A — ^B 
and 3C— 3D be like multiples of A — B and C^D. 
Again, let iB and 2D be any other equimultiples of 
B and D, and let 3/f— 35 be greater than 2^; then 
if ^B be added to both fides, we fiiall have jyf 
greater than 55 j and bccaufe A is to J3 as (7is to D, 
we fhall have, by the fifth definition, 3Cgreater than 
5D; tak e ^B from both fides, and you will have 
3C — 3D greater than 2D ; therefore if ^A — 3^ be 
greater than 2^, 3,6' — 3D muft be greater than 2D : 
and by a like procefs it may be demodftrated, that 
if ^A — 3B be equal to, or lefs than 2B, gC — 3D 
will be equal to, or lefs than 2 D, Since then we 
have four quantities^ A — B y By C — D and D^ 
whereof 3^—35 and 3C — ^D reprefent any equi- 
multiples of the firft and third, and 2 J? and 2D any * 
other equimultiples of the fecond and fourth; and 
fince 2 A — 3B cannot be greater t han, equ al to, or 
left than zBy but at the fame time 3C — 3D muft ac- 
cordingly be greater than, equal to, or lefs than 
2D, It follows from t he fif th d^*fi nition that thcle 
four quantities A — B^ £, C^JJ and D mull be 
proportionable, J— 4 to 5 as C^— D to D. -^£. D% 

Pro- 
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P R o p o s i T I o N 18. 

283. If four quantifies A, B, C andD be proper^ 

tionable^ A to ^asC /(? D ; / fay tben that A+B 

will be to B 'as C-f-D to D, wbicb is caUed proportion 
by compojition. 

If this be denied, that A-^-B is to J? as C+jD is 
to D, it muft then be allowed that ^+fi is to B as 
C-f-I) is to fome quantity either greater or lefs than 
jQ-,. fuppofe to a greater, and call it E % then fince 
E is by the fuppofition greater than /), if C— £ be 
added to bo th fides, we (hall have C greater than 
Cr^D—E. This being obferved, let us begin again, 
and fuppofe ^+-^ ^^ ^ ^^ C+I> to £; then we (hall 
have divide ndo (that is, b y the laft propo(icion) 
. AA^B—B to 5 as C^-D— £ to £ ; h^^^ A-^^ B^B is 
equal to-rf; therefore^ is to B a,s C-f jp— £is to £9 
but -^ is to jB as C is to P by the fuppofition; there- 
fore C is to D as C^ D—E is to E ; but of thefe four 
proportionals C, D, C-j-D — E and £, it has been 
proved that the firft is grea ter than the third, that C 
\% greater than C-f-i^— £ ; therefore, by the four- 
teenth, the fecond mu(t be greater than the fourth, 
that is, I> muft be greater than £ ; therefore £ muft 
be lefs than D; therefore if -rf+£ be to -S as Cr\-D 
is to any quantity greater than D, that quantity muft 
alfo be lefs than D, which is impoflTible ; therefore it 
is impoffiWe for A\B to be to -B as C-f-Z) is to anjf 
quantity greater than D :- and by a like procefs it 
may be dcmonftrated, that it is as impo(rible for 
J-f-JB to be to B as C+JD is to any quantity lefs than 
X> /therefore A-^B muft be to B as C+£> is to D. 
^E.D. 

Profo- 
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Proposition 19. 

284, If from two quantities A and B in any proportion 
be JkbtraBed other two G atid D in the fame pro- 
portion % I fay then that the remainders A — ^C and 
B — D will fiill be in the fami proportion^ that iSy 
thai A— C will be to B— D as A to ^ or as C 
toT>. 

lK)r fincc by the fttppoGtlon yf is to 5 as C is to Z), 
vrt fliall lii^t permutdhdo (that is, by the fikt^enth 
|jropofitl6tiO -^- to C as 5 to jD ; and dvvidenddy 
jiL^ to C as B — D to Di and again perfnutati/lo^ 
A—C to B — D as C is to D ; but ^ is to 5 as C is to 
' D 5 therfefore A—C is to B—D ai A to B. ^ E. D. 

Scholium. 

Here Dofbor Gregory in his manufcript copy findi 
a corolhiry demonftrating that illation called conv\er- 
lion of proportion; but becaufe it is difficult tQ 
iilake fcrife of that dexijonftration, t chiifc^ rather to 
infert his own demonftratien of the fame propolition, 
which is as follows : , 

Iffiur fUanUHes A, B, C '^d D, he pfijpmicnabh\ 
A rt? B AT C /^ D; I fp then that A is to Aj--B as 
C is to C-ii-.D, which is i:alled cofrvtrfiim (f prtfcrtum^ 
Fbr (ihce by the fuppofition ^ is to £ as C is €0 D\ 
we Ibill have dividmdo^ A'—B to B ^G^^D co D; 
and ifroertendOy B to Ar^B as B to C^-^D\ aand cam^- 
ponendo, B^A—B to ^—5 as I>-|-C-*£) tci &— D> 
that is, A to -^—5 as C toC-^D. J^ £. 2>. 

As to the forgoing nineteenth pm^afii»6li I ibaU 
farther obierve, that as in that proppfitioi^ by diiri^ 
(ion of proportion it was demonftrated, that if from 
tw6 quantities ^and B in any proportion be ftA- 
traftcd two others C and D in the fame^propottion, 
the remainders ^A — C and B-^D will ftill bk in tbt 
fame proportion with A and 5 ; fo by compofition 
of proportion it may be demonftrated, that if to 
two quantities /f and B in any proportion be added 

two 
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two others C and D in the fame propohlon, the ag- 
gregates A-i^C and B'\'D will ftili be in the fame 
proportibn with A and B ; but this has already been 
demonftrated, being a particular cafe of the twelfth 
proportion. 

Proposition 20. 

285* If there be three quantities A, B and C in one 
ferieSj and three others D, E and F in another^ and 
if the proportions in one feries be the fame with the 
proportions in the other when taken in the fame order^ 
asif KbetoY^ asH is to E, and B /o C ^j E /^ F ; 
I fay then, that A cannot be greater than^ equal tOy 
er lefs than C in one ferieSy but accordingly D muji 
^be greater tban^ equal tOy or lefs than F in the other. 

For let A be greater than C; then it is plain from 
the eighth propcfition tha^t A mirft have a greyer 
proportion to B than C hath to B\ but ^ is to B as 
jD to E by the fdppofition, and Cis to B as Fto jB^ * 
bccaufc by the fuppofition 5 is to Cas E to F; there- 
fore D hath a greater proportion to E than F hatfar to 
JB; therefore D is greater thin F by the tenth |Jro- 
pofition ; therefore if. -^ be greater than C, D tiiuft 
be greater than F : and after the fame manner it may 
be demonftrated, . that if A Bfe'e^tisll t6, br lefe than 
G, D muft accordingly be eqdil to, or l*Ts thifn F; 
. therefore A cannot be gteater than, ^qtidl to, 6v lefs 
than C, but accordiogly Dniuft bfe gfcatter than, 
'equal to, or lefs than F. ^ E. D. 

.Proposition 21. 

286. If there be three quantities A, BaHd£invn^ 
feriesy and three others D, E and F in another^ and 
,if the proportions in one feries be the fame with tht 

■ proportions in the other ^ but in a different order ^ ^ 
if A be )o B^5 E is to F, and BtoC as D is toEi 
I f^ ft ill that A cannot be greater thani equal to^'or 
lefs than G, but accordingly D tnujl be greater tban^ 
equal to^ or lefs than F. 

0.7 P^«^ 
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For let A be greater than C; then by the eighth 
propofition ji mutt, have a greater proportion to B 
than C hath to B : but if is to £ as £ is to F by the 
fuppo(ition, and C is to£ as £ to Z), becaule by the 
fuppofition j5 is to C as 2) to E\ therefore E hath a 
greater proportion to F than it hath to D ; therefore 
D muft be greater thali F by the tenth propofition ; 
thercf re \fjibc greater than C, D moft be greater 
than F: and by alike way of reafoning, if yf be equal 
to, Qr lefs than C, D will accordingly be equal to, or 
lefs than F; therefore -4 cannot be greater than, equal 
to, or lefs than C, but accordingly D muft be greater 
than, equal to, or lefs than F. ^ E. D. 

Proposition 22. 

287. 1/ there be three quantities A, B and C in one 
ferieSy and three others D, E and F in another^ and 
if the proportions in one feries be the fame with the 
proportions in the other when' taken in the fame order \ 
I fay then that the extremes in one feries will be in the 
fame proportion with the extremes in the other i as if 
A be to B as Dis to E, and EtoC asEto F; If^ 
then that A will be toC asDto F.^ 

Note^ For avoiding a multiplicity of words, this 
confcquence is faid to follow ex aquo ordinate^ or ex 
4equo: fee the eighteenth and nineteenth definitions. 

Take any equimultiples of A and Z), fuppofe 4^ 
and 4Z), and any others of -B and £, fuppofe j^and 
3£, andlaftly any others of C and F, as sCand 2F\ 
then fince by the fuppofition -4 is to J5 as D is to £, 
it follows from the fourth propofition that ^A will be 
to 3JS as 4D to zE : again, fince by the fuppofition 
^ is to C as £ to F^ it follows from the fame fourth 
propofition that ^B will be to 2Cas ^E to 2F : fo 
that we have three quantities, to wit 4^, j^, 2C in 
one feries, and three others, to wit 4Z), ^E and 2F 
in another ; and it has been (hewn that the propor- 
tions in one feries are the lame with the proportions 

IB 
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ih the other when taken in the fame 6rder, that is, 
4yf is to ^B as 4Z) to 3jE, and ^B to 2C as giS^ to 2^1 
theWfore, by the twcncieth prbpofition, 4// cannot be 
greater than, equal to, or lefs than 2(7> but 4Z) muft 
accordingly be greater than, equal to^ or lets rhan 
nF. Since then we have four quantities yf, C, D and 
iF, whereof 4^ and 4]? reprefent any equimultiples 
^ the firft and third, and 2Cand 2i^any other equp- 
mutttpies of the fecond and fourth % and fince ^A 
Cannot be greater than, equal to, of lefs than 2C, 
but accordiiigly 4D muft be greater than, equal tq, 
or .lefs than zFj it follows from the fifth definition 
that thefe four quantities ji^ C, D and F are propor- 
tionable, ^to C as i) to F. ^ £. i). 

•C O R O L L A k Y.. 

In like manner J if there be ever fo maity quantiiies 
A, B, C, G, &c. in one feries^ and as many otl^ers 
D, E, F, H, &c. in another^ and if A be to ^ as B is 
to E, and B toCas^ to F, and C to G as¥ to H, 
Sic- the conjiquence mtb refpeSi to the extremes will Jliil 
be tbefame^ that iSy A will be to G as D to ti: for it 
has been proved already. that yf is to Cas D to F; arid 
by the fuppofition G is to G as F ioH; therefore, ex 
^quc, A will be to (? as Z) to H. 

Proposition 23* 

e§8. if there he three quantities A, B and C in one 
fmesy ^n4 three others D, E and F in another , and 
if the proportions in one f cries be the farne with t%e 
proportions in the other ^ but in a different order; I fay 
that the extremes in oneferies willjiill be in the fame 
proportion with the extremes in the other : as if A be 
t0ii asE is to F, and B to Cas DtoEi IfayJHll 
that A will be to C as D to F. 
Notei This confequence is faid to be ex aquo per^ 

iurbatei 

, Xfike any -fcqpimultiplcs of J, B ai- \ D, fuppofe 

3^^, ^H and jA and any others of C, E and F, fup- 

U pofc 



1 



jo^ Tbejiftb Book oft^vciin^s EbmeniS. Boole VlT^ 
pofe 2C9 lE and 2F, and the reafbning is as follows: 
3 J is to iB as yj to ^ by the fifteenth, and ^ is to A 
as £ to F by the fuppofition, and £ is to jP as 2 £ to 
2F by the fifteenth ; therefore jil is to 3^ as zE is to 
tF by the eleventh : again, ^ is to C as D to £ by 
the fuppofition y therefore 3 J? will be to 2 C as 3^)10 
a£ by the fourth : fince then we have three quantir 
ties, to wit, $A^ 3B an4 ^C in one feries, and three 
others, to wit, gJD, 2£ and 2F in another, and fince 
the proportions are the fame in both fericies, but in ^ 
different order, that is, fince ^A is to 3JS as 2£ t9 
2F, and gjS is to 2C as 3D to 2£, it follows frooi the 
twenty-firfl: propofition, that ^A cannot be greater 
than, equal to, or lefs than 2C, but 3D muft accord- 
ingly be greater than, equal to, or lefs than 2^;. 
again, fince we have four quantities A^ C, D and/*, 
whereof ^A and 3D reprefent any equimultiples of 
the firft and third, and zCand 2/''any others <^ the 
fccond and fourth, and fince 3^^ cannot be greater 
than, equal to, or lefs than 2C, but 3D mull accord- 
ingly be greater than, equal to, or lefs than 2F, it 
follows from the fifth definition that thtfefour quan* 
tities Aj C, D and F are proportionable, ^ to Cz:i D 
xoF. ^RD. 

Proposition 24. 

289. If there bi fix quantUies A, B, C, D, E, F, 
whereof A is to B as C is to D, and E is to hazf 
to D; J fay then that A-^E. will be to B^>C-j-F 
toD. 

For fince by the fuppofition £ is to 5 as F to D, 
we Ihall have, invertendoy JS to £ as D toF. Since 
then yf is to jB as C is to D by the fuppofition, and 5 
is to £ as D to £, it follows ex aquoj that ^ is to £ 
as C to£; v/hcT\cCyConipcnendo^ ^4"£^*^^ be to £ as 
-C+F is to F: again, fiftcc ^-|-£.is to E as-C-f-F is 
to F, and £ is to 5 as iP* to D by the fuppofition, k 
follows again ^.Y ^qu-o^ that A-\-E is; to B as C-j-Fto 
D. ^£.D. 

Lemma. 
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^^o. i^ foiir ^antiiih A, B, C und D he proportion^ 
^bkj A to Bas C toDi ^fiy then that A cannot ' 
' ffqff&ly hrgreater tiaiff equal to ^^ or lefs than B^ hut 
/' Jbat G will ^eofdingfy he 'great& tban^ e^ualtOi (ff 
• Ufs'than D. 

♦That thii^ lemma i$ felf-cvldent according to the 
cbmmOD notion qf pfc^rtionaiilty, or even upon the 
plan of the fifth ^efinidon, wer^ fimple quantitic$ a!^ 
^owedtp be confidcred as equimultiples of tfacitifelvesi 
iS'What Ifuppofe wiH fcarcely be denied: but this the 
iKime of muhipfe and equimultiple will by ho means 
admit oi^, and therefore care has been taken to provide, 
againft it, as may bfe feeh in my obfervations on the 
fecond definition^ and at the end of the fikth propor- 
tion : therefore, as the doftrine of proportion here 
l^ands^ this lemma'ought certainly to be dembnftratdd \ 
ailfd libe author's taking itfor granted in the demonftra* 
tionofthe next propofition following, where he might 
#ith fo much eafe have avoided it, is not fo much an 
argument of its felf-evidency, as that he had dembn- 
iirated k fome where before in this fifth book, but that 
it is now loft* Commandine^ from the fourteenth of 
this book, has demonftfated omb particular cafe of 
this prppofition, that is, where the quantities A^ B^ 
C and D are all of a kind ( but th'^ propofition is no 
. leis true when the quantities A and B are of one kind, 
and C and D of another* This Clavtus very well ob- 
lerves^ and endeavours to demonftrate this propofi* 
tion in this more extended fenfe (fee his fcholiui^ to 
the fburteenth propofition Qf the fifth book;) but 
whether; this demonftration . of hia amounts to any 
more than proving ^4? per idem^ let them that read 
.J ijt judge^ The dcmonftration I (hall here give of it 
:»>s fallows: \ * 

I am to denionftrate that if ^ be to j5 as C is to Z? j 
th«l A ainniot poffibly be greater than, equal to, 

U 2 . or 
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or Icfs than 5, but accordingly Cmuft be greater than, 

equal to, or lefs than D. 

Case i. 

Let -rf be grtater than By I &y then that Cf unift 
be greater thab.Di For 0nce^;B greater thaif^iff, 
multiply the cxcefs ^— ^ to a rhu ltiple greate r ttiaii»g, 
jthdlet this multiple be 3^— 3^ ; thtn fince sA^^B 
il greater than 3j if 3B be a:dded to both fides, lifi 
ftall have 3-rf greater than 4B : again, fince A h'td 
B as C is to Dy and sAk grcateman j^B^ wc fflSH 
haVe^ by the fifth definition, 3G gctnttt thkn j^i 
rhereforc 3C mtrft be much greyer than ^2>, aha*€ 
ttrtrft begi^eatcr than D. ^ E. D. * '- 

C A S £ 1. - [ ' I 

Let now ijf be lefs than B ; I fay. then thi^trC mmti 
f>e lefs than D. For fince -^ is to jB as Ch tQ ZH "we 
(hall have, invertendo^ B toJzsDtoCi but J is 
greater than 4 bccaufe by the foppofidon A iskfii 
than B; therefore D muft be grtatcr than C by the 
laft cafe; therefore C muft be kfi than I), i^ £; D» 

C A s E 3» 

Laftly, let j4 be equal to B ; I fajr thto that C muft 
be equal to D. For firtce C is to p as if is t6 F^ 
fliould C be greater or Icfe than Z), A #ould accbtd* 
ingly be greater or lefs than B by the two lift c^ftis j 
but -rf is neither greater nor lefs than B by tlfe ftrppo* 
fition ; therefore Cis neither greaiCer nor leis thab'£^j| 
therefore C is equal to JD. ^ £. IX. 

Pro position 25. 

291* If f out- quantities A. B^ C ^dD be proportum^ 
ahUy ^ta^ as(ZtoY>\ I fay then that the fum ef 
thegreateji and le aft terms put together wiUhe^€iUit 
^bdn^tbefum of the other two.' ' 

•' . ^ Let 
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Let A be t\it fft^teA qf a)] ; ch«n, fipce ^ is to j? 
^^s Cis iQ Dp ,am(J B is kfs than -^> D will be left thaii 
,^ by the kxnm^ : again, fincc >f i$ tp B as C is to ZJ, 
^^pd C is left dian ^, D win be left than B by ^t 
fourtecath *, therefore if J be the greateft pf all, . J3, 
Vhich is left than cithpr -/f, B or C, will be the legft 
^.pf all, and fa the fum of the greated: and Icaft tern^s 

added together will be vf+D; therefore the fum qf 

the opher two will be jB+C. Wc are now then lo 
^ prove that the fym J-^-D is greater than the fiiip 

B-jrCf which is thus done : It has been demonftratcd 
. in the nineteenth proppfition, that if from twoquai^- 
. titics^and B in any proportion whatever, be fub- 
^ traded other two C and D in the fame proportion, 
' the remainder yf—C will be to the remainder 5 — D^s 
.ji to B'y but ^ is greater than B by the fuppofitipn ; 

therefore A—C muft be greater than B — JD by the 
. lemma;, add C-^-D to both fides, and you will have 

Ji-^D greater than ^-fC. ^E.D. 

Corollary. 

If three quantities. Ay B and C h in continual pro- 
portion^ A toB as B to, C ; I fay then that the fum of 
. the extrjmes will be greater than twice the middle term^ 
that A^-C will be greater than B-j-B or 2B. 

* Of the Composition and Resolution of 

RATIOS. 

N. B. As numbers are quantities whereof we have 
morediftind ideas than of any other quantities what- 
ever, and as all ratios mull be reduced to thofe pf 
numbers before we can make any confiderable ufepf 
their compofitioh and reiblution in computing the 

. qu^ptities of tin^e, fpace, velocity, motion, torce, 
i^c. I (hall confine myfelf chiefly to this fort of 

' ratios in what I have to deliver in the following ar- 

* tides. ' 

U3 Dkfi- 
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Definition !• 

^92. In comparing ratios^ that ratio is /aid to ie 

greater than, equal So, or lefs than another^ whofi 

antecedent bath a greater^ or an equals or a lefs pra^ 

portion to its confequent than the other^s ante^dent %atb 

to its confequent. Thus the ratio of 6 to j is faid to 

be greater, and the ratio pf 4 to 3 lefs than the ratio 

of 5 to g; thus again the ratio of iS to 3 is faid to 

be greater, and the ratio of 6 to 5 le(s than the ratio c£ 

6 to 4, &c. Tberefoi^e whenever two ratios ar€ to 

he compared whofe antecedents and confequents are both 

different y it will he fropef to reduce tbem to the 

fame antecedent or to the fame confequent before tbe 

cqmpar{fon is made. As for inftance \ fuppole any 

one would know which of the(e two ratios is the 

' greater, to wit, the ratio of 7 to 5, or the ratio of 4 

to 3 : to know this, it will be proper to fet p^ one 

of the ratios : fuppofe that of 4 to 3, from 7 the 

antecedent of the other (by which phrafe I mean 

no more than finding a number to which 7 hath tbe 

fame proportion that 4 hath to 3 ;) and tbi^ qifty be 

21 
done by faying, as 4 is to 3, fo is 7 to — , or 5 1 5 |hus 

4 
then it appears that. the proportion of 4 to 3 is the 
fatne with the proportion of 7 to 5 -J. ; fo that now 
the queftion turns upon this, which of thefc twa 
fatios is the greater, that of 7 to 5, qr that pf 7 to 
si ? and the an%er is ready, to wit, that the rati* 
of 7 to 5 is the greater ratio, by the eighth propo- 
fition of the fifth book 0/ thp el^inents •, therefore 
.the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, fuppofe I would compare tl^e ratio of 3 to 4,' 
with the ratio qf 5 to 7 j then I would fet off tkc 
ratio pf 3 to 4 frpm 5, by i^ying:^ ^s 3 i« tQ 4, fo is 

,. 20 I 

5 tp-^, 0P7-rr~5 whfreby jt appears ?hat the 

ratio of 3 to 4 is th^f^me tyith theratjp of 5 to 7— }^ 
but t|i€: proportion of ^ to 7--^ i^ greater ^fean the 

proper* 
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proportion of 5 to 7$ as is evident from the eightk 
propofition of the 6fth book of the elements, md 
alio from the very nature of ratios^ the number 5 
having more magnitude when compared with 7 — ^ 
than it hath when compared with 7 ; therefore the 
ratio of 3 to 4 is greater than the ratio of 5 to 7. 

There is alfo another way of comparing ratios, by 
turning their terms into fraftions, making the antei* 
cedents numerators, and the consequents denomina- 
tors. Thus the ratio o( A to B is greater than, 
equal to, or lefs than the ratio of C to D, according 

as the fradion -jr is greater than, equal to, or lei^ 

C A 

than, the fradlion -= : for the ratio of -g to i is 

greater than, equal to, or lefs than, the ratio of 

-g to I, according as thefraftion ^ is greater than, 

C 

equal to, or lefs than, the fraftion ^; this is evident 

from what has been laid down already : but the ratio 

A 

of «r to I is the fame with the ratio of A to £, and 

Q ' 

tfae'ratio of yr to i is the fame with the ratio of C 

. to Dj therefore the ratio of A to B is greater than^ 
equal to, or kfs than, the ratio qf C to i^ according 

A 

as the fraftion -^ is greater than, equal to, or lefs 

C 

than, the fradion j^. But this way of reprefenting 

• ratios by fraftions, though it may ferve well enough 
for comparing s\\trn as < to greater and lefs, yet it 
ought not by any means to be admitted in general, be* 
caufc th fe rcprcfentarivcs are not in the fame propor* 
tion with the ratios reprcfcnted by them : thus the 
fradtion ^ is double of the fraction 1, but yet it mod 
U4 by 
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by no meaps be concluded froos thence ihiic die r«cb 
ot.6 CO 2 is double of the ratio of 3 to 2) far it wm 
be tound hcrtafier tbat the ratio (^ 9 to 4 ii doul^ 
of the raiio of 3 to 2. For my own pwtt I oever 
was a favourer of reprefenting radios by fr4£bionA> or 
even fradtion-wile, as is done by Barrow aad othccs^ 
not only for tbe reafons above ^ven, but alfo becaufe 
that this way of reprefenting ratios is very apt O) 
ini(lLad beginners into wrong conceptions of dicir 
cooipoQcion and refolucion. 

Definition 2. 

29^. In a feries of quantities of' any kind what- 
Soever increajing or deer eafing from the firjl to the laft^ 
the ratio of the extremes is faid to be compounded of ail 
the intermediate ratios. Thus if A^ i?, C, D rcprc- 
fcnt any number of quantities put 
do An (or imagined to be put down) A% Bj C, JD, 
in a feries, the ratio of y^ to Z) is 48, 40, 30, 15, 
laid to be compounded of, or to be 
refolvaole into thcfe ratios, to wit, the ratio of A to 
By the ratio of B to C, and the ratio of C to D : or 
thus ; If A and D be any two quantities y a^d if 
B, C, &c. reprefent any number of other intermediate 
quantities interpefed atpleafure between A and D, the 
ratio of Ato D is faid by this interpojition to berefolved 
into the ratios of A to B, of B to C, and ofC to D. 
• Thi6 is no propofuion to be proved, but a defi- 
nition laid down o^ 'vhat Mathematicians commonfy 
n^ean by the compofition and refolution of ratios, 
which \% certainly no more than what they mean by 
compofition and rcfolution in the cafe of any other 
continuum whatever. As for inftance ; fuppofc the 
letters //, B^ C, Djf inftead of reprefenting quantities, 
t J reprefcac lo many diuinft points placed in a rigijt 
line one afrer another, whether at 'equal or unequal 
diftances it matters not:^ who then would fcruple ;o 
Uv that thtr wlioie incerval AD eonfiitcd of the inter- 
vals AB^ £C,, CD, as of its parts? Or, if the points 
* ' . J and 
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A and D be the extremities of a Wnt^ and aity mfth* 
' ber of points 5, C, £#r. be marked at pfeafbre upon 
it ; who will not fay that the line AD is hj thefe 
points refolved ordiftinguiftied into the parts ABjBC^ 
CD, £5?^.? This is the cafe in the compofition and 
refolution of lines •, and I fee no diflFerence when ap- 
plied to the compofition and refolution of ratios, cx- 
Isept that here the whole and all its parts are Iines» 
and there the whole and all its parts are ratios. 

If Jj jB, C, D, &€. fignify quantities, the ratio 
of A to B begins at A and terminates in Bi the 
ratio of S to C begijis at B where the former left off, 
and terminates in Cj atid the ratio of C to 1> begins 
at C and terminates in D? why then ihou'ld not thefe 
continued ratios be conceived as parts conftituting 
" the whole ratio of A to D ? That ratios are capable 
of being compared as to greater and lefs^ and that 
one )rati0 may be greater than) equal to, or lefs than 
anoidier, we have ieen already \ and if fo^ why ftould 
mit ratios be allowed to have quantity as well aa ^11 
^ ocber things that are capable of being io cont^pare^ ? 
but if ratios have quantity, they muft have parts, 
and thefe parts muft be of the fame nature with the 
whole, becaufe ratios are nof capable of being com- 
pared with any thing but ratios : therefore I do n0C 
fee but that the icjea I have here given pf the cpmpp- 
fition arid refolution of ratios is as ju(t and as intelligi- 
ble as it is when applied to any Other compofition 0r 
refolution whatfpever. ^ 

To proceed then : let A^ B, C, D be points in a 
right line as before ; let the line AB be equal to anV 
line /Zr, let BC be equal to fome other line &, and CP 
to the line !^/*, then it will not oply be proper to fay 
' that the Ime AD is equal to the three lines AB^ BQ^ 
CDt but alfo that the fame line AD is equal to t][ie 
thr^ lines JKr, Ss and Tt put together ; and the fame 
confideration \$ ftill applicable to ratios; for fuppdf^g 
A» B% Cj D% again to fignify qua^ititics, as aUo 
K S^ Sri ^ji>/f Ict^ htM>B aailtor^ let jB ^c 
' to 
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CO C as 5 to i, and let Cbe co Z>as T'to /; then itis 
. vfual amoogft Mathematicians not only to confide 
the ratio of ^ to D as compounded of the lefler ratios 
^ AtoB^ oi B to C» and of C to D^ but alfo as com- 
pounded of the ratios of Rtofjof S to s^ and of V 
CO /• All this will be very intelligible, if we attend 
to the feries already defcribed; for there the ratio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 30, and of 30 to 15 ; but 48 is 1040 as 
6 to 5f and 40 is to 30 as 4 to 3, and 30 is to 1 5 as 
t to I ; therefore it is as proper to confider the ratio 
of 48 to 15 as compounded of the ratios of 6 co 5, 
of 4 to 3, and of 2 to i, as it is to confider k as 
compounded of the ratios of 48 to 40^ of 40 to 30^ 
and of 3^0 to 15, 

D B F I M I T I O N 3. . 

294. Jj wbmi a Une is divided int$ any number of equal 
fartSy the ivbcle line is f aid to he fuib a multiple ^fawj 
ene of tbefe parts as is exprejfed by the number of parts 
into which the whcle is fuppofed to be divided ; fo in a 
feries of continual proportionals^ where the intermediate 
ratios are all equal to one another, and confequentfy to 
fome common ratio that indifferently reprefents them all^ 
the ratio of the extremes is faid to be fuch a multiple of 
this common ratio as is expreffedby the number of ratios 
from one extreme to the other. Thus 9, 6 and 4 are 
continual proportionals whofc common ratio is that 
of 3.to i ; for 9 is to 6 as 3 to 2, and 6 is to 4 as 
3 to 2 ; therefore, in this cafe, the ratio of 9 to 4 is 
faid to be the double of the ratio of 3 to 2 ; and on 
the other hand, the ratio of 3 to 2 is faid to be the 
half of the ratio of 9 to 4 ; but the common exprcf- 
fion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 
and 3 is to 2 in a fubduplicate ratio of 9 to 4. Again, 
27, 18, 12 and 8 are in continual proportion, whofe 
common ratio is that of 3 to 2 ; therefore 27 is to 8 
in a triplicate ratio of 3 io 2, and 3 is to 2 in a fub- 
triplicate ratio of 2;^ to 8. Laftly, 81, 54, 36, 24 

and 
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und 16 are continual ptojportionals, whofe commoii 
^atioisthatof 3 to 2; therefore i^i is to i6in aqim- 
druplkate ratio of 3 to 2y and g is to 2 in a fubqua* 
«)ruplicatc ratio of 81 to i6. By tbeie inftances ^te 
Tee that one ratio may not only be greater or iefs than 
^nother^ but a multiple, or an aliquot part of ano- 
ther 5 nay there is no proportion can be affigned which 
Ibmc one ratio may not have to another : thus the 
ratio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 to 3, becaufe the former ratio contains the 
-ratio of 3 to 2 four times, and the latter three times; 
thus again, the ratb of 27 to 8 is to the ratio of 9 to 
4, as 3 to 2, becaufe the former contains the ratio of 
3 to 2 three times, and the latter twice 5 whereby it 
appears that proportion is competible even to ratios 
' themfelves, as well as to all other continued quanti- 
ties whatever. But though all ratios are in fome cer- 
tain proportion one to another, yet this proportion 
cannot always be exprelTedi I mean, when the quan- 
tities of ratios are incommenfurable to one another % 
for ratios may be incommenfurable as well as' any 
,pther continued quantities of what kind foever : thus 
the ratiaof 4 to 3 is incommenfurable to the ratio o^ 
g to 2 ; which is the cafe of mod ratios, though not 
of all If all ratios were commcnfurable to one ano- 
ther, their logarithms would be fo toO; and fo the 
logarithms of all the natural numbers might be accu- 
rately afligned; whereas from other principles we 
l^now to the contrary, as will be feen when we come 
to trea( pjirticularly of logarithms. 

N. B, The beft way of reprefenting the quantities 
pf ratios, that I know of, is by Gunt^r^s line, where as 
inany of the natural numbers as can be placed upon 
it arc difpofedy not at equal diftances one from ano« 
(her, but at diftances proportionable to the ratios 
they are in one to another. Thus the diftance be« 
(ween i and % is equal to the diftance between 2 and 
4, bec^qi^ \\^ X9^m pf 1 to ^ is equal to the ratio of 

a to 
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ft CO 4 : chut ftgiiin, the dtftsinct becwoen 4 aad 9 4s 
ilopble cba dtftance betwoen 2 ^and 31 beca^fe the fa* 
lio'of 4 CO 9 is double eke ratio x)f 2 to 3 1 mA ft af 
Che reft. 

Of the addition of ratios. 

295. Since all ratios are quantities, as has been 
ibewa in the three laft articles, it follows, that theji 
alfo as well as all other quantities muft be capable di 
addition, fubtraftion, multiplication, and divifion : to 
treat then of thefe operations in their order, I (ball 
\Kg\n firfl: wit|i addition. 

If the ratios to be added to if continued ratios, that is^ 
jf they lie in a feries wherein the antecedent ef every 
fubfequent ratio is the fame with the confequent of the 
ratio that went immediately before^ their addition is b^ 
performed by throwing out all the intermediate terms : 
thus the ratios q( A xo B^of B to C, and of C to A 

. when added together, make up the ratio of ^to T>, as 

* was flicwn in the 293d article. 

Therefore, if the ratios to be added be difcontinued, 

. it will be proper to continue them from fomje given 
antecedent, fuppofe from unity, before they can be 

\ aiJded, thus : let the ratio of A to 5, the ratio of 
Q to Dy and the ratio of E to F, be propofed" to be 

. added into one fum : now the ratio of -/f to ^ fet pff 

B B 

from I reaches to — becaufe^is to S as i to-r ; the 

' B B D 

next ratio of C to D fet off from -r reaches to -77;; 

B iy 

a^d the laft ratio of £ toF fet off frpm -jr^i reaches 

jj Lt 

BT)F 
to --T^ \ therefore the ratSos of Axo JS, of C to 2), 

and pf jE 10 F, whew add^ to©5thfir> roaLe^thc r^io 

5 of 
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6t,i tb-^^Tji^ which is the fame with Ae ratio of'^ 

jJG-E ta BDFi whincie we have the following fcanon :* 
Multiply firfi the antecedents of all the ratios propofii 
ibgether, and then their cimfequentSj and the ratio of 
He produSs thence arifing will be thefum of the ratioi 
propofed. 

That the ratio of ^ to 5, of C to D, and of IE to jP,' 

all together conftitute the ratio of ACE to BDF^ maf 

be further confirmed by fctting tKem off from JC£ 

and fmm one another thus : the ratio of ^ to B fet 

off from ACE reaches to BCE \ in the next place the 

ratio of C to jD fet off from BCE reaches xo BDEi 

and laftly the ratio of £ to F fet off frdrti BDE 

reaches to BDF\ therefore all thefe- ratios together 

tbnftitute the racio of ACE to BDF. An example itt 

numbers take as follows: let it be required to add 

theft four ratios togerhef , viz. the ratio of 2 to 3, 

the rafio of 4 to 5, the ratio of 6 to 7, and the ratio 

df 8 to 9. Here the produft of the antecedents ii 

1X4X6X8 ==384, and the produft of the confequent* 

" is 3X5x7X9=^945; therefore thefum of all the ra- 

tios propofcd is the ratio of 384 to 945; and the 

prpdf is eafy : for the ratio of 2 to 3 reaches froni 

384 to 576; the ratio of 4 to 5 reaches from 576 M 

^2b ; the ratio of 6 to 7 reaches from 72O to 840; 

and the ratio of 8 to 9 reaches from 840 to 945 ; 

therefore the ratios of 2 to 3, of 4 to 5, of 6 to 7, 

and of 8 to 9, reach ffom 38410945.. 

from what has here been faid concerning the a^df- 
%ldn df ratios, may eafily beunderftodd lan expriiflioa 
4(y fteqircht among Mechanical and Philorophied 
*^rfrefs ; as when they fay that ^ is to J8 in a ratib 
trpmp/di^ndcd of the ratio of C to Z), and of the ratib 
x£E vyF\ whereby they mean no more than that the 
'ratib of -4 to B is ?qual to the fum of the ratios of 
^ to A and of E to F; or that AhioB as CE to D^. 
According to the Mathematicians, every ratio is 
Either a ratio majorit in^qualitis^ or a ratio dqaatt- 
- • tatis^ 
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iaiU^ or a ra^p minoris itkequaUtatis^ wfaiciv Ukes iii 
all fort of ratios : for by a taH0 tnajoHs irue^b'/OiU 
they mean the ratio that any greater quantity baltii to 
a lefs; by a ratio mimris inaqualifatis they laeaa the 
contrary, that is, the ratio of a lefler quantity to a 
greater } and therefore by a ratio squalitatis the]^ 
mean the ratio (if it may be called fo) that everf 
quantity hath to its equah If we diftinguifh ratios 
according to the effedts they have m compoGtion» 
then every ratio tnajoris iftieqmlitatis ought to be look* 
ed upon as afHrmative, becaufe fuch ratios always in* 
creaie thofe to which they are added $ bn the other 
bandy the ratienes minoris in^qualitatis ought to be 
conQdered as negative, becaufe tbefe always diminifli 
the ratios to which they arc added ; therefore the «- 
tio aqualitatis ought to be looked upon as having no 
magnitude at all, becaufe fuch ratios have no effeft 
in compofition. Thus if to the ratio of 5 to 3 be 
added the ratio of ^ to 2, the fum will be the ratio 
of 5 to 2, as above; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3 ; therefore the ratio of 3 to a 
ought to be looked upon as affirmative, becaufe it 
incrqafes the ratio to which it is added : on the other 
hand, if to the jatio of 5 to 3 be added the ratio of 3 
to 4, the fum will be the ratio of 5 to 4, which isle& 
than the ratio of 5 to 3, and therefore the ratio of j 
.to 4 is negative : laftly, if to the ratio of 5 to 3 be 
added the ratio of g to 3, the fum will ftill be the 
ratio of ^ to 3 5 therefore the ratio of 3 to 3 is no- 
thing. 

Whenever a ratio is to be refolved into two otben 
by any arbitrary interpofition of an intermediate teripi 
it maybe thought however that this intermediate term 
fhould be fome intermediate magnitude betweeo tint 
term$ of the ratio to be refolved; and fo we fuppofe} 
it in the 293d article: but that reftridlion was only 
fuppofed to prevent unfeafonable obje£tions that might 
otherwife arife about it ; for .there is no necelpty that 
th^ intermediate ttrm (hould be of an intermediate 

magni* 
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magnitude betwixt tiie extremes, if we allow of nega- 
tive ratios; for the ratio of 5 to 4 (for inftance) ma/ 
be refolded into the two ratios Of 5 to 3 and of 3 to 
45 though the intermediate term 3 be out of the 
limits of 5 and 4. This I fay fe plain 1 for though 
th« ratio of 5 to 3, which, is on^ of the parts, be 
greater than the ratio of 5 to 4, yetthfe ratio of 3 to 
df, which is the other part, is negative, and qualifies 
the other in the compofition, fo as to reduce it to the 
ratin of 5 to 4 : fo 9 may be looked upon as a palt 
of 7, provided the other part be — 2. 

CoROLLAkY. 

Jf there he a feries of quantities A, B, C, D, whereo/ 
Afs toB as KtoTj and B is to C as S to s, and C is 
to D asT to t ; I fey then that A wilt be to D as 
RST, tbeproduEl of all the antecedents^ torst the prd^ 
duU of all the consequents. For by the art. 293, the 
ratio of Ato D\s compounded of the ratios ofR to f , 
of S to J, and of 9" to /; and. thefe ratios, when 
thrown into one fum, conftitute the ratio of RSf^ to 
rst ; therefore ^ is to D as RST to rst. 

Of the fuitraSlion of ratios. 

296. The fuhtraSion of ratios 4>ne from ^nother^ 
nvben hotbb^ve the fame antecedent ^ or hvtb the faf^e 
€onfequenty is obvious enough : thus the ratio of A, to B 
fubtraSed from the ratio of A to C leaves the ratio of 
fi/^C; and the ratio ofBJo C fubtraSled from the 
ratio of A to G leaves the ratio of A to B: this I f^j 
is obvious, becaufe (according to art. 293) the ratio 
of A to C contains the ratios of -/^ to J? and of B to 
d add therefore, if either par; be taken away, there 
muft remain the other. 

But if the two ratios, whereof one is to be fubtraAcd 
from the other, have neither the fame antecedent nor 
the fame confcquent, it will be proper then to reduce 
Chem to the fame antecedent, by fetting off the ratio 

to 
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to be fubciFi&ed from the Mto^deiit of die other^ 
thus : let It be reqtaiitd to fubtrtft thei^tjodf C to 29 
fiom tfat ratiodf if to B : now the ratio cfC to D(tt 

oil from A reaches tp ttt » therefore to fubtradt thi 

rstio of C to i) from the ratio ti Ato A is the fatili 

istofubtraA theratioc^if to-^ from the ratio ^ 

AtoB^ but the ratid od^tti^ fdbthiaed frMt 

the ratio oi Aio B, a ratio of the fame antecedent^ 

AD, ^ . 

leaves the ratio of --j^ to 5, or of AD to BC; there* 

jbre the ratio of CtO 2> fubtra6^ed frbm the ratio o^ 
Ato B leaves the ratio of AD to BCL * The rule then 
is as follows : 

. ff^enever one rutio h to iefuiifiiSed from ak&Hfr^ 
change thejign of the ratio to be fuitraSeibjiteuarting 
its terms y and then the fum of ibis new ratio added to 
the etier wHl he the fame with the remainder of thi 
intended fubtraSian. Thus to fubtrad the ratid of C 
to D from the ratio of ^ to S is the fame as to add the 
ratio of D to C to the ratio of ^ to JB ; but the ratio 
of D to C added to the ratio of yf to S gives the ratio 
«f ^P to BG by thelaft article; Aerefdreihc fatibof 
C to Z) fubtrafted from the ratio of A to B Icaveil tlife 
fa!io of AD to BC For a further proof of tfeis, wt 
ate to take notkre, that in all fubtraftitm whatei^^ 
the remainder and the quantity fubtriited ought boA 
together t6 make the quafatity from whence tlie fi*- 
^tradtion was made ; but in our cafe the feniainder was 
*the ratio o( ADw SC, and the qtiahtity fubtni6fced 
was the rjitio of G ip jD, and thcfc two added toge- 
ther mak? the ratio of ACD to BCDy <# of jf to J, 
. which is the ratio from whence the fubtraSikMi was 
trade i thjwcfore theremainnef in this.€af(i was rig^fiy 
S|iffigned. 
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For an example ia numbers, let it be required to , 
fubtraft the ratio of 4 to 5 fron) the ratio of . 2 to. 3 : 
now the ratio of 5 to 4 added to the ratio of 2 to 3 
gives the ratio of 10 to 1 2, or of 5 to 6, by the laft . 
article-, therefore the ratio of 4 to 5 fubtrafted from 
the ratio of 2 to 3 leaves the ratio of 5 to 6, which 
may be confirmed thus : the ratio of 2 to 3 is the 
i3ime with the ratio of 4 to 6, which contams the 
ratios of 4 to 5 and of 5 to 6; therefore, if the ratio 
of 4 to 5 be taken away, there will remain the other 
part, which is the ratio of 5 to 6. 

Before I. conclude this article, I ought to take no-. 
tice that there is another way of conceiving the fub- 
tra<5lion of ratios, which for its ufe in Phyfics and . 
Mechanics ought not to be pafled by in this place ; it 
is thus : the ratio of C ro D added to the ratio of A 
to B conftitutes the ratio of AC 10 BD ; therefore, e 
canver/oj the ratio of C to D fubtrafted from the ratio 

A R 
of' A to -S muft leave the ratio of -pr to -tr, becaufe 

multiplication and divifion are as much the reverfe o£ 
one another as addition and fubtraftion; but this ra- 

A B 
tioof Y^ ^^T)* when reduced to integral terms^ is . 

the fame with the ratio of AD to J9C found before. 

N..B. Wherever it is f aid that the ratio of A to B 

is compounded of the direct ratio ofC to D, and of the 

inverje or reciprocal ratio ofKtoF, the meaning is, 

that the ratio of A to ^ is equal to thee^ccefs of the ratio 

cfC toU above the ratio of^toF^ or that A is to B' 

CD 
as pT to -gr, or as CF to DE. 

Of the multiplication arid divifion of ratios r * 

297. If the ratio of ^ to 5 be added to itfelf, that' 
is, to the tatib of ^ to 5, the fum will be the ratio 
of A"" to JS* by the lalt article but one 5 and this 

X being 
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being added again to the ratio of AtoB gives the ratio 
of A^ toi}^and fo on ; therefore the ratio of jt' to 5* 
is double, and the ratio of jt to B^ triple, of the rado 
of A to B. And univerfally, I'ht ratio of A^ to B* is 
fiicb a multiple of the ratio of A to has is expreffed by 
the number n. Thus the ratio of A^ to JB^ss four times 
tRe racioof yf to JS, which I prove thus : the ratio of 
Ato B reaches firft from A^ to A^B^ sdly^ from A^B 
to ^Bs 3dly, from /TJS* to AB\ and 4thly» fixMn 
AB^ to B\ 

To give an example in numbers^ I fay that five 
tiihes the ratio of 2 to 3 is the ratio of the BMi 
power of 2 to the fifth power of 3, that is, the rado 
of 32 to 243 : for the ratio of 2 to 3 reaches t ft from 
32 to 48, 2dly from 48 to 72, jdly from 72 to 108, 
4thly from 108 to 162, and 5thly from 162 00 243, 
Thus much for multiplication. 

Divifion is the reverfe of muUipUcatiom^ audtbert^ 
jort as every ratio is doubled or trebled or quadrupkibf 
fquaring or cubing or fquare fquaring its terms ^ pi every 
ratio is bifeSed or trifeitedor quadrifeSed by extraSii^ 
tie ffuare or cube or fquare-fquare roots of its terms. 
Thus half the ratio of 2 to 3 is the ratio of the fquare 
root of 2 to the fquare root of 3, that is (wheo re- 
duced according to the firft fcholium in ztt^ 1 7^"*} the 
ratio of 40 to 49 nearly; which is further 'proved 
thus : the ratio of 40 to 49 is half the ratio of i6bo 
to 2401, by what was delivered in the former pal^c 
of this article \ but 1600 is to 2400 as 2 to 3 ; &eit- 
fore 1600 is to 2401 as 2 to 3 very near. 

But there is no hec^flity of a double cittrafHbn dF 
the root in the divifion of a ratio, provided' the ratio 
propofed be reduced to an equal one whofe afitecedcoc 
is unity. Thus 2 is to 3 as i to i^ and' therefore 
half the ratio of 2 to 3 is the ratio of i to V|^ dr ihe 
ratio of I to Vi .5. 

From what has been faid it appears that one rdti^ 

may be commenfurate to another^ and yet the terms ff 

$ne imoniimenfurate to the terms of the otbier: thus the 

f See the Qifarto EditioD, p. 2S3. > ratio 
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jratio of 2 to 3 \% certainly comoienfUrate to the ra^id 
of the fquare root of 2 to the fquare root of 3, the 
former being double of the latter ; and yet 2 and 3^ 
the terms of die former ratio are incommenfurate to 
V Vi and ^3 the terms of the latter. 

Note. Wherever it is [aid that A is to B in afef^ 
^tiipUcate ratio of C to D, the meaning is^ that the 
ratio nf A toB is equal to i- of the ratio of Q tot>: 
therefore^ in fgch a cafe, twice the ratio of ^ to £ wiJl 
l?e ,cqual to three times the ratio of C to D; but twice 
the ratio of ^ ^o 5 is the ra^iio of ^' to 5*, and throe 
jicnes the ratio of C to D is the ratio of C? to D^i 
therefore if ^ be to JS in a fefquiplicate ratio of C to D» 
-rf' will Ift to 5* as C to D\ Thus, in the revolu- 
tions of t\\c primary planets about the 3un, and of 
the fecondary planets about Jupiter and Saturn, their 
periodic timejs are faid tp be in a fefquiplicate ratio of 
their middle diftances, that is, the fquares of their 
periodic .ttmeis arc as the cube$ of their middle dif- 
taoce^* 

Another way of multiplying and dividing fmall 
ratios^ that isy whofe terms art large incomr 
par if on if their difference. 

298. Before I deliver what I have to fay upon thjs 
head, I (hall only obferve, that If two intermediate 
quantities have always the fame dijferencey the greater 
she quantities are^ the nearer will their ratio approaeif 

. JiOtvai^ds a ratio of equality : thus the difference be* 

_twix£ 2 and I is the fame with the difference betwi^c 
490 an^ ,9^ ; but the ratio of 2 to i or of loo to 
50 is much greater than-the ratio of 100 to 99. By 

. tbe help of this obfervation, and the following theo- 
Km, I fliall endeavour to (hew that fmall ratios may 
fi>metimes be doubled, or tripled, or bife&ed, or tri- 
ie^ed, by more compendious ways than thofe that are. 

. taught in the laft article; and whenever they happen 

X2 ' ?9 
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to be fo, they ought to be ufed, and frequently are 
ufcd, rather than the other. 

A T H e' O R £ M. 

If there be two quantities whofe difference is hut /mall 
in compart f on of the quantities them/elves, and iffo much 
be added to one and fubtraSled from the other as JhdU 
make their difference double^ or triple^ or halfy or a 
third part of what it was before \ I fay then that tbt 
quantities after this alteration fhall be in a duplicate^ or 
a triplicate, or a fubduplicate^ or a fubtriplicate ratio 
of that they were in before any fuch change was made^ 
nearly. 

ift, Let there be two numbers lo and ii, whofe 
difference is i ; then if | be added to 1 1 and fub- 
tradted from lo, we (hall have the numbers ii|and 
9|, whofe difference is 2 : I fay now that 1 1 1 . is to 
9 J in a duplicate ratio of 1 1 to lo nearly. For the 
ratio of ii| to 9I is refolvable into thefe two ratio?, 
viz. the ratio of 1 1| to lof and the ratio of io| to 
9 1 : now of thefe two ratios the former, to wit, that 
of 1 1 f to io|, is- fomewhat lefs than the ratio of I'l 
to 10, by the obfervation at the beginning of this 
article; and' the latter, to wit, that of lof to 9J., is 
fomewhat greater than the ratio of 1 1 to 10, and the 
cxcefs in this cafe is nearly equal to the defeft in the 
former; therefore the fum of both thefe ratios put to- 
gether, that is, the ratio of ii| to 9| will be vei^ 
nearly equal to twice the ratio of n to 10. 

2dly, As the difference betwixt 10 and 11 is i, add 

I to 1 1 and fubtraft it from 10, and you will have the 
numbers 12 knd 9, whofe difference is 3 : I, fay now 
that 12 will be to 9, or 4 to 3, in a triplicate ratio of 

I I to io nearly. For the ratio of 1 2 to 9 is refolvable 
into thefe three ratios, to wit, the ratio of I2 to 11, 
the ratio of 11 to lo, and the ratio of 10 to 9; and of 
thefe three ratios, the firft, to wit, that of 1 2 to z i, is 
fomewhat lefs than the middle ratio of 11 to io;ad^d 
the lafl:, to wit, that of 10 to 9, is about as much 

greater; 
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greater, therefore the firft and laft ratios put together 
-will make about twice the middle ratio of 1 1 to |0-, 
therefore all thefe three ratios put together, to wit, the 
ratio of 1 2 td 9^ will make three times the ratio of 
1 1 to, 10 nearly. 

3dly, And if increafing the difference increafes tfie 
rr.tio proportionabljTj then diminilhing the difference 
ought to diminifh the ratio proportionably, that is, if 
the difference be reduced to half, or a third part of what 
it was at firft, the ratio ought to be fo reduced : now 
as the difference between 10 and 1 1 is i, add 4 to 10 
and fubtraft it from 11, and you will have the num- 
bers lo-J. and IO-I-, whofe difference is |, and lO^J^ will 
be to io| in a fubduplicate ratio of 10 to 1 1 nearly ; 
but if J be added to 10 and fubtradled from 1 1, you 
will then have the numbers lof and lof , whofe dif- 
ierence is | ; and io| will be to i of in a fubtriplicate 
ratio of 1 o to 11 nearly. 

Let us now try how near the ratios here found ap- 
proach to the truth. By the laft article, the duplicate 
ratio of 10 tQ II is the ratio of 100 to 1 2 1, or of i to 
I .^loo; and according to the foregoing theorem it 
is tlie ratio of 9I to i if, or of 19 to 23, or of i to 
I .2105. 

By the laft article the triplicate ratio of .10 to 1 1 is 
theratioof 1000 to 1331, or of i to i .331 ; and ac- 
cording to the foregoing theorem it is the ratio of 9 
to 12, or of three to 4, or of i to 1 .333. 

By the laft article the fubduplicate ratio of 10 to 1 1 
is the ratio of i to the fquare root of ^^ or of i to 
I .04881 ; and according to the foregoing theorem it 
is the ratio of 10^ to io4» or of 41 to 43, or of i to 
I .04878, 

By the laft article the fubtriplicate ratio of xo to 1 1 
is the ratio of i to the cube root of 4-^, that is, of i 
to 1 ,03 2 2 8 i and according to the foregoing theorem 
it is the ratio of lof to lof, or of 3.1 IQ 32, or 
pf I to I ,03226. . 

X3 By 
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By thcfe inftanccs we fee how near thcle ratioi ttf iti^ 
up to the truth, even when the difference \% nb left 
than a tenth or an eleventh part of the whole : but if 
we fappofc the difference to be the hundredth or th^ 
thoufandth part of the whole, they will be much mbre 
accurate^ infomuch that, to multiply or divide the 
ratio, it will be fufficient to encreafe or dimipifh ont 
of the numbers only. Thus too is to 102 in a dupli^ 
catc, and to 103 in a triplicate, ratio of 100 to 101 ; 
and 100 is to loo-j-f in a fubduplicate, and to 100 
9-f-4- in a fubtrlplicatc, ratio of 100 to 10 1 nearly : artd 
univerfally. If A-^-z and A-f-y ^^ any two quantities 
approaching infinitely near to the quantity A, the ratio 
ff A-f z to A will be to the ratio of A-f-y to A as the 
infinitely ftnall difference 2 is to the infinitely fmaU Sf-- 
ftrence y. 

I (hall draw only one example out of an infinite 

number that might be produced to (hew the uft of 

the foregoing propofition. Suppofe then I have a 

dock that gains one minute every dayj how much 

rfiuft I lengthen the pendulum to fet it right ? Let / 

be the prcfcnt length of the pendulum^ let x be the 

iHcrement to fee added ro it^ length in 'drdfer to c6r- 

r.eft its motion, and let n be the number of tiiinutes 

in one day, then it is plain that the pendulum /pfer- 

forms the fame number of vibrations in the time n— i 

that the pendulum /-j-y is to perforin*in the time «• 

Nqw Monfieur Huygens has dcflfionftrated that tlft 

rimes wherein different pendulums perform flic fetae 

i^umber of vibrations are in a fubduplicatie ratio qf 

the lengths of thpfe pedulums; therefore Jl-^i hiuft 

be von in a fubduplicate ratio of/ to /-f-x, 6r (which 

comes to the. fame thing) / muft be to /rj-i in a du^ 

plicate ratio of >2-^ I to n : bpt by the foregoirjgprOf 

eofition, the duplicate ratio of «— -i to n is the ratio 
F n^i to »-f-|^ or of 2p — 3 to 2«-f-i 5 therefore 
}isto /•f'^as i?.*-^3 is to 2*^-1, that is,'r!ie fcn- 
cJulum muft be lengthened in the pi-oportiOn o? W— ^3 
fg 25r|-i ; l?ut » the putnl^fr gf minyj^s in Qne day 



f 
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is 1440; and therefore 2ir— 3 is to zn^i as 2877 
is to 2881, eras 719 to 720 very near i therefore 
the ^ndulucn muft be lengthened in the proportion 
of 719 to 720. ^ E. L 

Had the duplicate ratio of n — i to n been taken 
only by diminifliing n — i to ;f— 2, without med- 
dling with the other numbers, theconclufipn woul4 
ftill have been the fame; for then / would have 
been to/-}-^as» — 2 toir, as 1438 to 144O5 as 719 
to 720. 

Having now delivered what I intended concerning 
the compofition and refolution of ratios, it remains 
that I fay fomcthing further concerning the applica- 
tion of this dodrincy and then I (hall make an end of 
the fubjcd. 

Definition 4. 

2gg. If two variable quantifies Qjand R ie offueb 
a nature y that . R cannot be increafed or diminijhed in any 
f rotor tioHy but Q mufi necejfarily be increafed or dimi-- 
nifhedin the fame prof ortion ; asifR cannot be changed 
tQ any other value r, but Qjnuji alfo be changed tofome 
other value q, andfo changed that Q^Jball always be to 
q in the fame proportion asKtov\ then is (\Jaid to bi 
as R direSllyy orfimply as R. Thus is the circumfe- 
lence of a circle (aid to be as the diameter ; becaufe 
the diameter cannot be increafed or diminifhed in any 
prcjpoition, hut the circumference muft neceffariJy be 
iQcrealed or diminifhed in the fame proportion. Thus 
is the weight of a body faid to be as the quantity of 
matter it contains, or proportionable to the quantity 
of matter ; becaufe the quantity of matter cannot be 
increafed or diminifhed in any proportion, but the 
weight muft be increafed or diminifhed in the fame 
proportion. 

Corollary i. 

• J^ Q^it asK direffly^ then e converfo R mujl ne* 
«e£iirily Me as QJliaSly. For let jg^ be changed to 

X 4 any 
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any other value y, and at the fame time let R be 
changed to r \ then fincc ^ is as ii, ^ will be to j 
as R to r\ but if ^ is to j as iJ is to r, then vice 
verja R will be toras ^to q:' fince then ^ cannot 
be changed to g, but R muft be changed to r^ and 
that in the fame proportion, it follows by this defi- 
nition that R is as ^dircdlly. 

Corollary 2. 

. If Q,he direSlIy as R, and R be direSlly as S, ibsn 
mil Q^be dire6lly as S. For kt S be changed to j, 
and at the fame time R to r, and ^ to 5' ; then fince 
by the fuppofition i? is as 5, /? muft be to r as <9 to 
s ; and fince again ^ is as /l, ^wilLbeto 5^ as il to 
r : fince then ^is to 7 as jR to r, and jR is to r as'5 to 
J, it fullows th<it ^will be to J as 5 to j, and confc- 
quently that ^will be as S. 

Corollary 3/ 

If QJe as R, and RbeasS^ I fay then that Q will 
be as K+S, and alfo as the fquare roof of the prcduSl 
RS. For changing ^, ii, ♦?, into y, r, j, fince R is as 
S, we (hall have i? to r as S to j ; whence by the 
twelfth and nineteenth of the fifth book of the Ele- 
ments R will be to r as i{+5 is to r-^s \ but ^is to 
J as ii is to r, ex hypotbeji \ therefore ^is to jas jR+5 
IS to r+J J therefore by this definition ^ will be as 
R±S. Again, fince R is as S, R^ will be as 1^5, 
and /J as 's/RS^ but ^ is as R\ therefore by the 
Jail corollary ^will be as ^/RS* 

Corollary 4, 

•. If any' variable quantity as Q be multiplied by awf 
given number as ^\ I fay then that 5Q^ will be as Q. 
For it will be impoffible for ^ to be increafed of 
dimjniflied in any proportion, but 5^ muft be in- 
creafed or diminifhed in the fame proportion ; if <^ia 
any onc<afc be double of ^in another, then fQ^ia 

the 
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the former cafe muft be double of 5^ iij the latter^ 
and fo •on-; therefore 5^ is as ^. . .,- : 

Corollary '5.^ 

IfC^beas'S., then ^ will be as R% Q^^/ R% 
a/Q^ as VR, &c. For let R* be changed m the 
proportion . of D toJ?; then will /J be changed ia 
the t)ropbrtion of sjD to V£ -, but ^ is'as R ; there- ' 
fore ^will alfo be changed in the proportion ofjs/D 
to V£ ; therefore ^- will be changed in the propor- 
tion of D to E: fince then R^ cannot be changed, ik 
any proportion, fuppofe of D to E^ but ^ muft 
neceffarily be changed in the fame pFopbrrion, it 
follows from this definicion that ^ is as R^ : and 
the reafoning is the fame in all other cafes.* " 

Corollary 6. 
ijT Qj. R, and S^ be three variable quantities^and Q^ 
le as the produH or reSangle K^\ I fay tben^ that 

^ will always be as S, and -^ as R, and ihat ^ 

ivill be a given quantity^ or (which is chiefly meant by 

that fhrafe) that the quantity ^ will always be the 

fame^ be the values of Q, R, andS^ whatthgy wiU^ 
For fince ^ is as /JS, ^ cannot be increafed or di- 
miniflied irt any proportion, but RS muft be in- 
creafed or diminifhed in the fame proportion ; there- 

fore ^ cannot be increafed or diminifhed in any 

RS 

proportion, but -^ or S muft be incrdifed or dt« 

minifhed in the fame proportion ^ therefore 4? is as - 

^ and -^ as S: and by a like proof, R will be 

^ ^ ^ 

^s ^, and 9^ will be as R : but " T" be as R^ 

' then 
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then dividing both fides by Rt we (hall have s^ 

as X ; but i is a quantity that neither increafes nor 
dimioiihes, but is always the fame \ therefore the 

quantity ^ will always be the fame : and for the 

fame rcafon. If Q^he as afPf Jingle quantify ^ Jitppoft 

Ky ^mll always be the famij let Qjsnd R be what 

4bey mllm 

COROLLARry. 

If there be four variable quantities A, B; C, D, oB 
in numbers^ whereof A is as B, and C is as D^ IJiq 
then that the product AC will be as the produB BD. 
For fince ^is ^ By AC will be as BC^ and fince C 
hisOiDj BC will be as BD ; therefore by the fecond 
corollary iJC will be as BD ; that is^ ^Cin one cafe 
Wilt be to AC in any other as BD in the former ca& 
is to ifcD in the latter. 

'£> zi? I n ij 1 ov 5. 

390. If two variable quantities Q^andRbe offuch 
a nature^ that R cmmt be increafed in any proportion 
JWiatever,^ bni Q^ mfi necejfari^ he 4imn\ftfid m a cpn- 
4rary proportion^ ^f* that R 4:annot he diminified in anj 
ffffip9rtion^hattviry but Qjnufi neceffarity be increafed 
-m a cmtrmy proportion ; in a word, if R cannot be 
changed in a proportion of D to E, but Q rmffi ne- 
jeeffamy be changed in t^ prtportion of E ta/D } thef 
is Q^faid to be as R inverfely or reciprocally. Thus tf 
4 fpherical body be viewed -at iny co^fiderabje dif- 
tance, the apparent diameter is faid to be rccipro* 
cally as the diftartcc, becd*jle the greater the diftanoe 
.is, the lefs will be the apparent diameter, and ^ 
verfa. ^"Thus if a globe be fuppdfed to move uni- 
formly 'about its axiS:^ the periodical time ctf this 
^ morion is ^idto'be reciprocally as the velocity with 
^-^hich the globe circulates (for the quicker th^ cir- 
* ' culatioa 
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crulation is, the fooncr it will be over) j whicKis as 
much as to fay, that the greater the velocity is with 
which the globe circulates, the Icfs will be the peri- 
odical time of one re>^oluciGn, and vice verfa. Thus 
if the numerator of a fradlion continues always the 
fame whilft the denominator is fuppofed to vary> 
chat fraiSlion is faid to be reciprocallya$ its denomi- 
nator, bccaufe the greater the denominator is, the lefs 
^U be the value of the fra<5tion, and vice wrfa. 

CorollarV u 

, If Q^he recifrocally as R, then e converlb R wiU be 
,reciprocdhf as Q. For let ^ be changed in the pro- 
portion c^ D to i?, aAd at the fame time let R be 
changed in the proportion oi AtQ B^ thenfince^is 
rtciprocally asll,.^tttuft be changed in the propoftioft 
oiBto A*^ but^was changed in the proportion of D 
to £5 thercforejBmuft betoyfasDtoii J therd^prt, 
inverfely, A muft be to £ as JE to D ; hut R wa» 
changed in the proportion of ^ to JB by the fuppo* 
fition; therefore R was changed in th^propordoDof 
E to D. Since then ^cannot be changed in any 
proportion, fuppofe of D to £," bvt R muft necefla* 
rily be changed in the contrary proportion ofEtoD, 
It follows from this definition that R ma(lbe^i%cipro« 
tally as ^ 

Co R O L L A H V 2. 

If Obe dire'Bty as R, andl^ bereciprocalfyM^y then 
QjnujThe reciprocally as 'S. Foi* let S be changed in 
l^e pFcrttortion of D to i? s then *nte JRis teciprocally 
^ $, jR moft be changed in the proportion of £ toZ> ; 
%ut J^is dire&ly ds jR by the fuppofition; thejfefore ^ 

muft alfo be changed in the proportion of £ to D. 

Since then 3 cannot be changed in the proportion of 

f) to £, but ^ muit neceflarily be changed in the 
:^ro|^rtion of K uxD, it follows froin this dofinkioa 

Wwlt^J^^ciprocally as^^^ , 
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Corollary 3. 

By a like way of reafoning^ if Q^ he reciprocally as 
R, and R he reciprocally as S, Q^ will be direHly 
as S. 

Corollary 4. 

If two variable quantities Qjind R he of fuch a na* 

ture that their produSl or re ff angle QR is always the 

fame\ I fay then that (ywillhe reciprdcally as R. For 

fincc ^ is always the lame, it will be as the number 

i, which neither incrcafes nor diminifties ; but if ^R 

be as one, then ^will be as the fraftion -^ by the 

fixth corollary to the fourth definition. Since then 

i^ls diredlly as thefraftion -^, and the fraftion -^ 

is reciprocally as its denominator R by this definition, 
it follows from the fecond corollary that ^will berc*. 
ciprocally ^ R. 

Corollary 5. 

' tvery fraSion is reciprocally as the fame fraSim 

inverted. Thus the fraftion ^ is reciprocally as the 

S ' 
fradtion -„• This is evident from the laft corollary; 

R S 

for if the fra£lions -^ aad ^ be multiplied togethei^ 

their produft will always be unity, let /t and 5 be 
• what they will. 



;if 
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R 

"¥ Q- ^^* reciproeally as R, (?r reetfrocall^ as 7- 

then 
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then Qjvillbe dire^ly as r— . For fince ^ is rcci- 

R R T 

procally as — , and — is reciprocally as-^ by the . 

laft corollary, it follows from the third corollary that 
^will be direftly as -^. For the fame reafon. If Q^ 

ie reciprocally as ^, ii will be^ireSlly as R« 

Definition 6. 

gai . If any quantity as Q^depends upon feveral others 
as R^SjT^W, Xy all independent of one another yfo 
ibat any one of them may be changed fingly without aj^eS* 
ing the reft ; and if none of the quantities R, S, T, can 
be changed fingly^ hut Q^mujl be changed in the fame 
proportion^ nor any of the quantities V, X, but Qjnufi 
be changed in a contrary. proportion ; then is Q^faid t0^ 
be as R and S and T direSlh/y and as V md Xrecipra- 

cally or inverfely . Thus the fraftiori -r^r^ Ts faid to 

be as R and S andTdireftly, and as Fand Z inverfely, 
becaufe none of the faftors belonging to the nume- 
rator can be changed, but the value of the fraftion 
muft be changed in the fame proportion, and none of 
the factors belonging to the denominator- can be 
changed, but the value of the fraftion muft be changed 
in a contrary proportion. 

N. B. IfQ^ be as R and S and T direSly^ without 
any reciprocals^ then it is faid to be as R and S and T 
conj undim, jointly. 

A T H E o R E M, 

302. If Q^be asK and S and T direBly, and as 
V and X reciprocally ; and if the quantities R, S, T, 
V, 'X.^be changed into r, s, t, v, x, andfo Qjnto q j 
I fay then that the ratio ofQ^toq will be equal to the 

excefs 
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€xcefs of alt the direEl ratios taken together above ad 
ibe reciprocatones taken t^etber : as if the ratios ofti 
to . r, of Sto %j and of T tot (wbicb IcaUdireS ratios) 
v>hen added together make the ratio of A to ^^ and^ 
the ratios ofY to v, and of*X to x (wJUcb I call red- 
froeal ratios) when added t^etbef 4nake tbe ratio of C 
to D } I fay tben that the ratio ofQ^to q will be e^nd 
io the excefs of the ratio of A to fi aiove the ratio of€ 
toD. 

For fuppofing all bat R to continue tbe ikme, kt 
• R be changed into r 5 then will ^ be changed from 
its firft value in the ratio of if to r by the bypotbejis t 
let now r, 7\ T, jf continue, and let 5 be changed 
into i: then will ^ be changed from its lafl: value 
in the ratio ofStos : in like manner if T'be changed 
into tf e^eteris paribus^ i^will be changed from its 
laft value in the ratio <>f T' to / ; therefore if JK, S^ 
"ST be changed into r, s^ /, ^ will be changed from 
<Mt value to another in a ratio compounded of a^ 
the dired ratios of £ to r^ of S to s^ and of T to t.% 
HBhat isj j^ will be changed in the ratio of A to J. 
This being fo, let us now imagine F to be changed, 
eateris parihs, into v ; then will ^ be further 
^hangpd in the ratio of v to ^; and if after this «e 
Imagine ^to be changed into Xy ^ will be chang^ 
in the proportion of a; to X, and will pow be arrived 
at iu laft value q : therefore if to the ratio of ^ to 
J8 you add the ratios of v to ^ and of :i? to Ji you 
will have* the ratio of ^toq: but to add the ratio 
of V to i^ is the fame thing as to fubtrad the ratio of 
VXQ V by art, 296; and fo again, to add the fatio 
of ;ir to Xis the fame as to fubtra£): the ratio of JTto 
^ ; therefore if from the ratio of A to B you fiib- 
traft the ratios of ^ to v and of Xto x, you will 
have the ratio of ^to y ; .feut the ratios of ^to v 
and of iTto *, when added together, , make the 
ratio of C to JD, ex hypothefi% therefore if from the ratio 
of il to 5 you fubtraft the ratio of C to Z>, thefC 
will remain the ratio of ^to^ % therefore the ratio pf 
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^to qis the exccfs af the ratio of il to B above the 
ntio^iC to D i ^ (wJiidi is the fame thing) ^« 
%o q inz ratio compounded of the ratio of if to ^ 
directly, and of the ratio of C to 2> inverfcly. "' See' 
art. 2g6. ^ . . 

This is upon a fuppofition that the quantities R^S, 
^ ^, JTv^ene changed imo r, s^tj%x onexfter kn- 
ottier in time : bvit iince the ratio of ^to f docs nor 
depend upon the intervals of time between the ievseral 
changes^ but will be the fame whether thofe iniervalk) 
be greater or lefs, it follows that the ratio of ^to y 
will be the fame as if aH thefeehanges had been made 
at oince. ^E.D. 

Corollary I. 

If the quantities JS, S, T^V^Xy and coi^fequentif 
jt^ By Cj Dj be eKprefled by numbers, as they muft 
be before they can be of ufe in aay computation i 
then the ratio of A to S will be the ratio of RST tor 
rs'ty and the ratio <f[ C to D will be the ratio of 
VX to vxi and the excefs of the ratio of A to B 
above the ratio of C to JD will be the ratio of 

-p^ to — i (lee the? fecond way of fubiradliig 

nitios in art. 296) thcrefbre, in this cafe, ^will be 

to 19^ as the fradion ^yjr- is to the fraction — • • Since 

iitn the fraSlhn -TTjr cannot be changed into —^ 

hit St Hfi fame time Q^muftie cbangeiinto q, md fi 

RST rst 
dfof^ed that Q will be to q ^-^x ^^ '^ — » * •^^'^ 

Joivs from the fourth definition that Owill be at tie 

RST 
fii^oH -^^ \ and emfrquentfy that <^m an; om 

iaJe'wiU be to QJn any other as the fraSUon -^^ 
■':../ - 3 • in 
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RS T 
in tbt fcrmer caft is to the /ration y^^ i» /Ar 

ffitter. 

Corollary 2. 

If there be no reciprocals then Qwill he as the froduA 
0f all the direS termSrtbat is, as the produSl RS iftbere^ 
he two of tbem, or as the product RST if there he three 
of them, &c. 

Scholium. / 

In the dcmonftration of the foregoing propofition* 
as well as in tKe fixth definition it was fuppofed^ that 
the quantities K, S, 7*, V, X^ upon which ^depended, 
were themfelves entirely independent of one another^ 
fo as that any of them might be changed fingly without 
afFeding the reft; and in fuch a cafe, if ^be as /Sand 
Sdircftiy,it may be concluded to beas the modv^RS. 
But; this conclufion muft notbe<:afried tarther.tban 
can be juftified by the demonftration: for if in any cale 
the quantities R and .5 (hould hot be independent^ if 
neither of them can be changed whilft the other conti- 
oues the fame, then though no change can be made ' 
either in jR or 5 but what will make a proportionable 
change in ^ yet here ^muft not be faid to be as the 
produft RS. As for example, let ^ be an arc of a cir-c 
cie fubtending atthediftance/San angle whole quan- 
tity is reprefented by Si then it is plain that neither iZ:; 
nor S can be chanjged fingly, but i^muft be changed 
proportionably ; it is plain alfo that either RorS taay 
be changed fingly whilft the other remains the fame.$ 
and tlierefore in this cafe it is lawful to conclude thaif 
^is as the produft RS. But let us now fuppofc ^ to 
be the circumference of a circle whofe radius is R^ 
and let 5 be the (idls of a regular polygon of any givtif 
fort infcribed in that circle; as for inftance, let S be* 
the fide of an infcribed fquare : here then* it is plaia 
that neither R nor 5 can be changed, but ^muft be 

changed 
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, changed propordonably ;' and yet if we (hould con- 
clude in this cafe that ^is as RS^ the illation would 
be falfe, becaufe R and S have here as much depen- 
dence upon one another as ^ upon both; for every 
one knows that the radius of a circle cannot be in* 
creafed or diminilhed in any proportion, but the fide 
/of a fquare infcribed in that circle muft be increafed 
or diminiflied in the fame proportion : in this cafe ic 
may be concluded that ^is as iJ-|-5, or as jR— 5, oj: 
as the fquare root of RS by the third corollary in art. 
299, but it muft by no means be allowed that ^is as 
RS 5 for (hould ^be as72S, fince in this cafe S is as^ 
Ry and confequently RSz.% Ji*, ^ would be as JR^ by 
the fecond corollary in art. 299, which contradifts the 

. fuppofiti9n that ^is as /2. 

. Examples to illujlrate the foregoing tbeoremywhere 
direB ratios are only concerned. 

303. Ex. 1* If a body moves for aftf time wiib afvf 
uniform velocity through any fpace^ tkatfpace will be as 
the time and velocity jointly. For if we fuppofe the 
velocity to be the fame in all cafes, but the time to 
.differ, then the fpace defcribed will be greater or lefa 
^in proportion as the time is fo, and therefore will b^e 
as the time : on the other hand, if we fuppofe the 
time to be the fame in all cafes, and the velocity to 
differ, then the fpace defcribed in thefe equal times 
will be greater or lefs as the velocity is fo, and con- 
' fcquently will be as the velocity ^ laftly, let us fuppofe 
both the time and velocity to vary ; then the fpace 
will vary upoo both thefe accounts, and therefore will 
vary in a ratio equal to the ratio wherein the time va- 
ries, and the ratio wherein the velocity varies put to- 
gether ; that is, the fpace in any one cafe will be to 
the fpace in any. other in a ratio compounded of the 
ratio of the time in the former cafe to the time in the 
latter, and of the velocity in the former cafe to the 
velocity in the latter. This if univcrfal j but if we 

y fuppofe 
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fuppofe the time and velocity to be exprefled by nutn- 
hers, we mud then fay that the fpace defcribed is as 
the produd of the number reprefenting the time mul- 
tiplied into the number reprefenting the velocity, by 
the fecond corollary in the lad article ; or that tl^ 
fpace defcribed in any one cafe is to the fpace defcribed 
in any other as the produdt of the time and velocity in 
the former cafe is to a like produft m the latter* 

Ex. 2. The quantity of matter in any body depends 
upon two things i viz. its magnitude and denjity (where 
ly denjity J mean the compaSfnefs or clofenefs of in mat- 
ter). For if two bodies of equal denfities but of un- 
equal magnitudes be compared, one body muft have 
more matter than the other, or lefs, according as its 
foiid content is greater or lefs, that is, according as 
its magnitude is greater or lefs*, therefore in this cafe 
the quantities of matter in any two bodies thus com- 
pared will be as their magnitudes : on the other hand, 
if two bodies of the fame magnitude but of difierenc 
denfities be compared, their quantities of matter mil 
be as their denfities^ becaufe the clofer the parts of a 
body are, fo much more matter will be crowded into 
the fame fpace ; therefore, if the bodies be different 
both in magnitude and denfity, the quantity of mat- 
ter in one body will be to the quantity of matter ia 
the other in a ratio compounded of the ratio of the 
magnitude of one body to the magnitude of theother^ 
and of the ratio of the denfity of the former body to 
the denfity of the latter \ and therefore, if thefe quan- 
tities be reprefented by numbers, the quantity of mat- 
ter in any body will be as its magnitude and denfity 
multiplied together. Thus if i) and d be the diame- 
ters of two globes whofe denfities are as E to f, the 
quantity of matter in the former globe will be to the 
quantity of matter in the latter as D^yJE is to ^Yfi\ 
for the folid coRtents of all globes are as the cubes df 
their diameters. 

Ex. j.'^tf momentum, or force^ or impetus vnth 
which a My mcves^ and with t^hi^b is mil Jirike ag 

. •. ohjladt^ 
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vbftack that lies in its way to oppofe or fiop it^ is as 
the velocity of the motion and the quantity of matter in 
the body jointly. For the fame quantity of liiatter 
moving with different velocities will ftrike an bbftacic 
with forces proportionable to the velocities : on the 
other hand, different quantities of matter moving 
with the fame velocity will ftrike with forces propor- 
tionable to their matter; a doubl'e body will ftrike with 
'2^ double force, i^c. ; therefore, in the cafe where the 
Velocity is the fame, the momentum of a body is as thd 
qdanrity of matter it contains; and in the cafe where 
-'the quantity of matter is the fame, the momentum is 
as the velocity ; therefore, if neither the velocity nor 
the matter be the fame, the momentum will be as the 
' matter and velocity jointly ; and, in numbers^ as the 
produdt of the number expreffing the matter mulri* 
' plied into the number expreffing the velocity. 

Ex. /^. If a heavy body be fuff ended perpendicularly 
upon a lever (by which I mean an inflexible rod moving 
about a fixt point in the middle)^ the momentum of 
efficacy of that body to turn the lever about its center is^ 
caeteris paribus, as the weight of the body and as the 
dijiance of the point of fufpenfion from the center of th6 
' lever jointly. For if we fuppofe this diftance to be 
the fame, the momentum of the body to turn the lever 
muft be greater or lefs according as its weight is to^ 
frdm whence that momentum arifes : on the other hand, 
if we fuppofe the weight to be always the fame, but 
. to be removed, fometimes farther from, and fome* 
times nearer to the center, the momentum of the body 
to turn the lever will be greater or lefs in proportion 
to the diftance of the point of fufpenfion from the cen- 
ter of the lever, as is dcmonftrated in Mechanics, and 
may eafily be tried by experience : therefore univer- 
fally, the momentum of the body will be as this dif* 
tance atid the weight of the body jointly ; and in 
numbers is as the produft of the weight multiplied 
into the diftance* 

Y4 . Tq 
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To illuftrflte this, I (hall put th« following queftion. 
Let a body weighing five pounds be fufpended at the 
didance of fix inches from the center of a lever, and 
let another body of feven pounds be fufpended on the 
fame fide of the center at the diftance of eight inches^ 
then let a third body of nine pound weight be fuf<- 
pended on the other fide of the center at the diftance 
of ten inches : Sljiart^ whether will thefc bodies fuf- 
tain each other in Equilibria or not ; and if not, oa 
which fide will the lever dip, and with what momtn- 
turn? 

To refolve this, fince we are at liberty to reprcfeat 
any one of thefe momenta by what numbers we pleafe, 
provided the reft be rcprefented proportionably, let 
us reprefenc the momentum of the nine pound body by 
the produd of its weight and diftance multiplied to- 
gether, that is, by 9x10 or 90; then muft the other 
momenta be reprefented by like produds, or they 
would not be reprefented by numbers proportionable 
to them : therefore the momentum of the five pound 
body will, be 5x6 or 30, and that of the feven pound 
body 7x8 or 56; and therefore the fumof the mo- 
menta on this fide the center afting the fame way will 
be 86 : whence now it plainly appears that the lever 
will dip on the Hde of the nine pound body, becaufe: 
90, the momentum on that fide, is greater than 86,. 
the fum of the momenta on the other fide : and fin< 
the excefs of 90 above 86 is 4, it follows that 4 
be the difference of the momenta on one fide and the 
other ; infomuch that if any one fuftains this level 
immoveable, he will fuftain the fame force as if 
the weights now upon the lever were taken away, 
a fingle pound weight was fufpended at the did 
of four inches from the center of the lever : there] 
when all the weights were upon the lever, if a fiagl( 
pound weight had been fufpended at four inches dif^l 
tance, and on the fame fide of the center with the 
two bodies whofe weights were five and feven poundi 
the whole fyftem would then have confifted in ^qiui 
HMo. U 
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Upon this theorem, that the force of a body upon 
a lever is as its weight and diftance from the center 
multiplied together, is founded the method of finding 
Chc centers of gravity of bodies, or the center of 
gravity of any fyftem of bodies, let their places or 
pofitions be what they will : but I muft not carry this 
matter any farther, 

Ex. 5. If a globe be made to move uniformly in an 
uniform fluids the rejtftance it will meet with in any 
given time by impinging againji the particles of the fluids 
will be as the denfity of the fluids and as the fquare of the 
diameter of the globe^ and as the fquare of the velocity it 
moves with jointly. 

To determine rightly in this cafe, we muft here do 
what we all along have done, and what we always 
muft do in like tafes; that is, we muft take the 
whole to pieces, examine, every particular circum- 
ftance by itfelf, cateris paribus^ and then put them 
all together. Firft then let us fuppofe the fame 
globe to move with the fame velocity, but fometimes 
in a denfer fluid, and fometimes in a rarer ; then it 
is plain that the denfer the fluid is, the more par- 
ticles of it the body will be likely to meet with in' 
any given time, and . confequently the greater re- 
fiftance it will fufitr from them ; therefore the re- 
iiftance of the body, ceteris paribus^ will be as the 
denfity of the fluid. In the next place let us fuppofe 
different globes to move in the fame fluid, and with 
thefame velocity •, then, fince the rcfiftance of thefe 
globes arifes o;ily from their furfaces, or rather from 
half their furfaces, and fince the furfaces of all 
globes are as the fquares of their diameters, it 
follows that the refiftance thefe globes meet with will 
be as the fquares of their diameters. Laftly, let us 
fuppofe the fame globe to m'ove in the fame fluid 
with different velocities*, then it is plain that a globe 
which moves with a double velocity will ftrike twice 
as many particles of the fluid in any given time, as 
}C would if it was to move with a fingle velocity : 

Y3 but 
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but if the body ftrikcs twice as many particles, thca 
twice as many particles will ftrike it^ whence ariiei^ 
the refiftance ; therefore the refiftance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the cafe oS a 
fingle velocity: but this is not all ; for it will not 
only ftrike twice as many particles, but it will ftrike 
every particle with twice the force in this cafe of 
what it would in the cafe of a (ingle velocity ; and 
therefore, fince aftion and reaction are always equal, 
and (ince it i^ the reaftion of the medium that creates 
the refiftance, it follows that a body moving with a 
double velocity meets with four times the refiftance 
of what it would meet with when moving with a 
fingle velocity. In like manner, a body that moves 
with a triple velocity will a£t three times as ftrong 
upon three times the number of particles, and there- 
fore will fufier nine times the refiftance of what 
it would fuffer with a fmgle velocity ; therefore the 
fame globe moving in the fame medium with dif** 
ferent velocities will meet with a refiftance propor- 
tionable to the fquare of the velocity it nioves with. 
Put now all thefe canfideratk>ns together, and the 
refiftance of a globe moving uniformly in an uni- 
form fluid (I mean that refiftance which arifes from 
the globe's impinging againft the particles of the 
medium) will be as the denfity of the medium, as 
the fquare of the diameter of the globe, and. as the 
fquare of the velocity it moves with jointly. Thus 
if two globes whofe diameters are D and d move with 
velocities which are to one another 2^Vlov\n two 
fluids whole denfities are as E to e^ the refiftance of 
the former will be to the rcfiftatice of the latter ai 
^'>(D^X^ is to v^xdx^. 



Qthct 



Art. 304. Refoluthft of Ratios. 543 

Other examples J wherein direSl and reciprocal 
ratios are mixt together. 

304. Ex. 6, If a body be put into motion by any 
force direHly applied^ whether this force be a Jingle 
impulfe ailing at once^ or whether it be divided into 
Several impulfes aSing fuccejftvely ; / fay that the laji 
velocity of this motion will he as the moving force 
direSfyi and as the quantity of matter in motion red- 
procalfy. ' For if different forces be applied to the 
fame quantity of matter, the greater the force is, 
the greater will be the velocity, and viceverfa \ there- 
fore in this cafe the velocity will be as the vis 
fnotrix : but if we fuppofe the fame force to be 
applied to different quantities of matter* then the 
greater the quantity of matter is, the lefs will be the 
velocity, and vice verfa^ which I thus demonftrate. 
Suppofe the moving force Af, .when applied to a • 
certain quantity of matter as ^ will produce th^ 
velocity /^ ; I fay then that the fame force M, applied 
to a quantity of matter equal to 2^, v/iW only pro- 
duce a velocity equal to i^: for M afting upon 2^ 
will produce the fame velocity as iM adting upon 
i^; but 4Af ailing upon ^will produce a velocity 
equal to -J^, becaufe by the fuppoGtion M afting 
upon ^ will produce the velocity F-^ therefore M 
adingupon 2^ will produce a velocity equal to 4:^; 
and for the fame reafon, M afting upon 3-^ will 
produce a velocity equal to ^F, i^c. ; therefore, if the 
vis motrix be the fame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter : therefore univerfally, the velocity will be 
as the vis motrix direftly, and as the quantity of 
matter inverfcly. As if M be changed into iw, 
^ into y, and fo Finto v, the ratio of ^ to -y wil] 
be equal to the excefs of the ratio of Mto m above 
the ratio of ^ to q. In numbers thus ; F' will be tg 
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V as ^ is to - ; fee the firft corollary in art. 302. 

Otherwife thus; the nwmentum or impetus with which 
a body moves, is the force with which it will ftrike 
an object that lies in its way to ftop it ; therefore 
fince action and reaction are equal, the force necefiary 
to deftroy any motion mud be equal to the mommtum 
with which the body moves : but the force ncccffary 
to deftroy any motion is equal to the force that pro- 
duced ic, which we call the vismotrix\ therefore in all 
motion whatever^ the vis motrix muft be equal to the 
momentum^ and muft be as the quantity of matter in 
the body moved multiplied into the velocity of the 
motion, bccaufe the momentum is fo; fee the lad ar- 
tide, example the 3d : therefore M will always be as 

M * 

Tx^and VdA -^ 

M 
If Jlf be as ^ then ^ will be a ftanding quan* 

tity, and therefore the velocity V in this cafe will al- 
ways be the fame. Thus if the weights of all bodies 
be proportionable to the quantities of matter they 
contain, they will be equally accelerated in equal times; 
and vice verfa^ if all bodies, how different foever in the 
kinds and quantities of matter, be equally accelerated 
in equal times (as by undoubted experiments upon 
pendulums we find they are,fetting afide the refiftance 
of the air), it follows that the weights of bodies arc 
proportionable to their quantities of matter only, 
without depending upon their forms, conftitutions, 
or any thing elfe, 

Ex. 7. ^he velocity of a planet moving uniformly 
in a circle round the Sun is as its dijlance from the 
centre of the Sun directly ^ and as its periodical time in- 
verfely. For if two planets at different diftances from 
the Sun perform, their revolutions in the fame time, 
that planet muft m'ove with the greateft velocity that 
has the greateft circumference to dcfcribe \ therefore 
« - in 
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in this cafe, where the periodical time is given or al- 
vrays the fame, the velocity of the planet muft be as 
the circumference of the circle to be defcribed : but 
the circumference of every circle is a3 its diameter 
or femidiameter ; therefore, if the periodical time be 
given, the velocity of ai planet muft be as its dif- 
tance from the Sun diredly. Let us now fuppofe 
two planets revolving at the fame diftance from the 
Sun, but in different periodical times; then it is 
plain that the fwifter planet will perform its revo- 
lution in lefs time, and vice verfa ; ahd therefore, if 
the diftance be given, the velocity will be recipro- 
cally as the periodical time. Put both thefe cafes 
together, and the velocity of a planet moving uni- 
formly round the Sun will be as its diftance from 
the 'Center of the Sun dircftly, and as its periodical 
time invcrfcly. Thus the Earth's diftance from the 
Sun is to that of Jupiter as 10 to 52 nearly •, and the 
Earth's periodical time is to that of Jupiter as i 
year to 1 2 years nearly, or as i to 1 2 5 therefore 
the Earth's velocity is to Jupiter's velocity as 

10 . s% 

— IS to — , or as 120 to 152, or as 30 to 13. 

This way of reafoning is applicable to all bo- 
dies moving uniformly in circles, let the law of 
their motions be what it will. But if (as that ac- 
curate Aftronomer Kepler has demonftrated) the pla- 
netary motions be fo tempered that their periodi- 
cal times are in a fefquiplicate ratio of their dif- 
tances, or (which is the fame thing by art. 297) 
that the fquares of their periodical times are as the 
cubes of their diftances, we (hall then have a more 
fimple way of exprefling the velocity of a planet 
thus : let ^be the velocity, and D the diftance of any 
planet from the Sun, and let T be the periodical 
time i then fince, from what has been faid, V is. as 

D D* . 

^, we (hall have T* as -^; but, according to Kep- 

... ler's 
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kr^s propoCtionf ST* is as 2)% and -=, as -^^oras 

^; therefore V^ is as ^, and Fas -^ ; that is, in 

this cafe, the velocity of a planet is reciprocally 
in a fubduplicate ratio of its diftance from the fuD« 
So the velocity of a planet whofe diftance is D is to 
the velocity of a planet whofe diftance is d as ^/d is 

to vD, or as i is to v— • 

Ex. Z. If a wheel turns umformly about its axis, 
the time cf one round will be as the diameter of the wheel 
direBly^ and as the abfohte velocity of euery point 
in the circumference of the wheel inverfefy. For if 
the circumference of a great wheel moves with the 
fame velocity as the circumference of a fmall one, 
the periodical time of the former wheel will be as 
much greater in proportion than the periodical time 
of the latter as the circumference of the former wheel 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter ; therefore if the velocity of the 
wheel's circumference be given, the periodical time 
will be as the diameter of the wheel direftly : let us 
now fuppofe the velocity of the circumference of the 
fame wheel to be in any cafe increaied *, then will the 
periodical time be diminilhed in a contrary proporr 
tion, and vice verfa -, therefore if the diameter of a 
wheel be given, the periodical time will be reci- 
procally as the velocity of the circumference ; there- 
fore if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheel direftly, and as the abfolutc 
yelocity of every point in the circumference inverfcly. 

In numbers the periodical time will be as -p. 



Ex. 
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Ex. 9. T'be relative gravity ofaxyjpecies of bodies is 
^s the abfoluie weight of any body of that fpecies direlily^ 
and as its magnitude inverfefy ; where by the magnitude 
or bulk of a body is meant the quantity of fpace it 
takes up, and not the qpantity of matter it contains. 
All bodies of the fame kind arc fuppofed to weigh 
in proportion to their magnitudes ; and therefore if a 
body of any one kind be compared with a body o£ 
the fame magnitude of another kind, the prpportioa 
of their weights will always be the fame, let their 
common rnagnitudc be what it will ; and hence arifes 
the comparifon in general of the weight of one 
fpecies of bodies with the weight of another : if a 
cubic inch of gold be 19 times as heavy as a cubic 
inch of water, then a cubic foot of gold will be 19 
times as heavy as a cubic foot of water, 6fr. ; and fo 
we pronounce in general thatgold is 19 times as heavy 
as water, though we mean bulk for bulk. In this 
fcnfe therefore may any one fpecies of bodies be faid 
to be heavier or lighter than another, in proportion as 
any one body of the former fpecies is heavier or lighter 
than a body of the fame magnitudeof the latter, which 
is the (ameinefted: with the firft part of my afTcrtion. 
Let us now compare bodies of the fame weight, but 
of different magnitudes; and then it will appear that 
the fpecific gravities of thefe bodies, that is, of the 
fcveral fpecies to which they belong, will be recipro- 
cally as the magnitudes of the bodies compared : 
thus if a cubic inch of gold be as heavy as 19 cubic 
inches of water, then the fpecific gravity of gold will 
be to the fpecific gravity of water, not as i to 19, 
but as 19 to I ; for if one cubic inch of gold be as 
heavy as 19 cubic inches of water, then i cubic inch 
of gold will be 19 times as heavy as i cubic inch of 
water; and therefore, from what has been faidin the 
former cafe, the fpecific gravity of gold will be to the 
fpecific gravity of water as 19 to i. Put both thefe 
cafes together, and the relative gravity of any fpecies 
of bodies will be as the abfoluie weight of any one 

body 
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body of that fpecies direfUy, and as its magnitude 
inverfcly. Thus if in numbers P and p be the weighu 
of two globes whofe diameters are D and J, the fpe- 
cific gravities of the metals out of which thefe two 

globes were formed are as jr-^ to ■^. 

Ex. to. If a body as A gravitates toward ibe center 
of a planet as B at the dijlance D -, I fay then that the 
weight ofh will be as the quantity of matter in A di* 
reiily, and as the quantity of matter in B direUfy^ and 
as the fquare of the difiance D inverfeh. For the weight 
of the whole body A towards B arites, everts paribus^ 
from the weight of all its parts ; and therefore in 
fuch a cafe will be as the quantity of matter in A. 
Again, the weight of A towards the whole planet B 
ariies, ceteris paribus^ from the weight of if to all the 
parts of A; and therefore in fuch a cafe will be as 
the quantity of matter in B. Laftly, if the quanti- 
ties of matter in A and B continue the fame, and the 
diftance D be fuppofed to vary, the great Newton has 
demonftrated that the weight of ^ towards B will be 
reciprocally as the fquare of the diftance D. There- 
fore if neither the quantities of matter in A and j9, 
ndr the diftance D be the fame, the weight of A 
towards B will be as the quantity of matter in A di« 
redly, and as the quantity of matter in B diredfcly, 
and as the fquare of the diftance D invcrfely. Thus 
if A and B be numbers reprefenting the quantities of 
matter in the bodies A and B rcfpeftively, the weight 

AB 
of if towards B at the diftance B will be as — , that 

Is, the weight of A towards B at the diftance D will 
be to the weight of a towards 3 at the diftance d as 

the fradtion -^ is to the fraftion ^. 
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Hence the weight of /f towards B will be equal 10 

the weight of B towards J, fince both will be repre-* 

fented by the fame quantity ^. 

Jlnother way of treating the examples in the two 
lajl articles. 

305. If there he ever fo many quantities^ and tbefe 
alt heterogeneous to one another^ we are at liberty tore* 
prefent them by what number we pleafe^ or even all by ^ 
unity itfelfy provided we take care toreprefent all other 
quantities of tike'kinds by proportionable numbers. Thus 
1 am at liberty to call any quantity of time I pleafe i, 
or any degree of velocity i, or any quantity of fpacc 
I V but then I muft take care to call a double time, 
or a doublie velocity, or a double fpace, by the num* 
ber 2, and fo on. This confideration fuggefts to us. 
another way of treating the examples in the two laft 
articles, fomewhat different from the former 5 which, 
as it may be explained by a bare inftanee or two, I 
(hall give the learner as follows : 

In the firft example we were taught that the fpacc 
defcribed by a body moving uniformly for any time, 
and with any velocity, is in numbers as the time and 
velocity multiplied together ; which may alfo be de- 
monftrated thus : fuppofe that a body moving uni* 
formly in fome known time called i, and with fome 
velocity called i, (hall defcribe a fpace which. we will 
alfo call I ; then if in the time i, and with the velo- 
city I, there be defcribed the fpace i, it is plain that 
in the time ST, and with the velocity i, there will be 
defcribed the fpace T\ but if in the time 7*, and with 
the velocity i, there be defcribed the fpacc T, then 
in the time 7*, and with the velocity V^ there will be 
defcribed the fpacc ^ST, and that, let the quantities 
V and Tht what they will 5 and therefore, in all cafes, 
the ipace will be as tx^* 

Again 
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Again, in the (ixth example ic was (hewn that if 

any moving force as M be dire6lly applied to any body 

whofe quantity of matter is i^, the velocity thereby 

M 
produced will be as-^: for a future demonftration 

whereof, let us fuppofe that fome known force called 
I, when applied to fome quantity of matter called r, 
will produce the velocity i ; then will the force 2 ap- 
plied to the fame quantity of matter i produce the 
velocity 2 ; but if the force 2 when applied to the 
quantity of matter i produce the velocity 2, then 
the fame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit \\ and fpr the fame reafon the force 
Af applied to a quantity of matter as ^ will produce 

the velocity -gpi and therefore this velocity will al- 

M 
Ivays be as -^. 

It is not impoflible but that fome of my lefs judici- 
ous readers may be inclined to think I have fpunout 
this fubjed to too great a length : but I eafily per- 
fuade myfelf that there are none who have thoroughly 
confidered the very great ufefulnefs and importance 
of this do&rine, efpecially in Mechanical and Natural 
Philofophy, but will readily acquit me of this charge^ 
and the more fo, becaufe none that I know of have 
digefted thefe matters into a fyftem, or have writtcp 
fo diflindUy upon them as the importance of the 
fubjed requires. 
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MA N Y of the following articles concern- 
ing the circle, fphere, and cylinder, are 
taken out of Archimedes^ but denmon- 
ftrated another way : and though they 
have no immediate relation to Algebra, yet as there 
are not many of them, and as they are a fort of fup- 
plement to Euclid's Geometry, I have been prevailed 
upon to infcrt them here, for the fake of thofe who 
cannot read Archimedes^ and for the eafe of thofe who 
can. Moreover, as Euclid^s dodrine of folids is 
fomewhat hard of digcftion as it is delivered in the 
Elements, 1 have not fcrupled to transfer fome of the 
chief properties of cones and pyramids into this book, 
and to demonftratc them after a more eafy and fimple 
manner. And laftly, as the menfuracion of the circle 
is abfolutely neccflary to the menfuration of the cy- 
linder, cone, and fphere, I (hall, before I enter upon 
the reft, explain what Archimedes has delivered upon 
that head, , 

t A Lemma. 
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A Lemma. 

340. If in a rigbhangled triangle one of the acute 
angles be thirty degrees^ or a third par$^ of a right one^ 
the oppofite fide will be equal to half the hypotenufe. 
(Fig. 48.) 

Let ABC be a right-angled triangle, right-angled 
at By and let the angle BAC be 36 degrees ; I fay 
then that the oppofite fide BC will be half the hypo- 
tenufe AC. 

For producing CB beyond B to D, fo that BD 
may be equal to BC^ and drawing AD^ the two tri- 
angles ABC and ABD will be fimilar and equal ; 
therefore the angle CAB will be 60 degrees, and the 
lines i^ and AD will be equal ; therefore the other 
two angles at C and D will be 60 degrees each^ and 
the triangle i^CD.will be equilateral ; therefore the 
line BCy which is the half of CD^ will alfo be the 
halfof-rfC. ^E.D. 

A Lemma. (Ftg. 49, 50^. 

341. Let ABC be a right-angled triangle^ ^^Z- 
angled at B ; and fuppofing two fimilar and equiiateral 
polygons^ one to he circumfcribed about a circle^ and the 
other to be infcrihed in it^ let the angle BAC be equal 
to half the angle at the center fubtendedby a fide <f 
either polygon : I fay then that AB will be to BC as 
the diameter of the circle to the fide of the circumfcribea 
polygon ; and that AC will be to BC as the diameter of 
the circle is to the fide of the infcribed polygon. 

Let D be the center of the circle, let EFG be a 
fide of the circumfcribed polygon, touching the circle 
in the point F, and let HIK be the fide of a like poly« 
gon infcribed, and IctHKznd EG be fuppofed par* 
allel, fo as to fubtend the fame angle at the center. 
Draw the lines D/ffi, DIP, DKG ; then will the three 
triangles ABC, D£Fand DHI ht fimilar, having the 
angles at £, F, and / right, and the angle BAC being 
equal to the angle EDF by the fuppoficion; therefore 

AB 



Art. 341, 342. Tii MenfiM^n of the Circk. j$J 
AB will be to BC as DF to ^K or as 2DFto £G, 
that is, as the di^mttcr of the circle is to the fide of 
tbe circumfcribed polygon ; and ^CwillbetaitCa^ 
DH to Hl^ OS 2LS^2^H to HKj that is, as the diameter 
of ch€ circle i3 to the Gde of the inferibed polygon* 

If tbe angle BAG he a A^th fatrt afa right one^ AB 
nvill be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 fides cireumfmbed ahoui it^ 
and AC will be to BC as the diameter is to the fide of a 
Uki polygon infwibed. For if the line H/X'be the fide 
of an infcribed regular polygon of 96 fides, tbe arc 
JtiFK will be a 96Eh part of the whole circun^ference, 
or a 24th part of a quadrant, and the arc HFa 48tli 
part of a quadrant ; whence the angk BDF or HDI 
will be a 48tb part of a right angte. 

A TK£QR£M« 

342. ^be circunference of every circle is famewhat mofe 
than three diameters. ( Fig. 51.) 

L.et jiB be the fide of a regular hexagon inferibed 
in ft circle whafe center is C, and draw AC and BC : 
then will tbe angle at C in the triangle jiBC be do 
degrees, a$ containing a fixch. part of the whole cir^* 
cumference ; therefore fince yCand BC are equal, the 
other two angles at ^andi? will be 66 degrees each; 
tiierefore the triangle ABCmW be equiangular, and 
ccmieqiieQtly equilateral ; therefore jiB will beequaji 
to ^y and 6/13 to 6JC i but 6JB is equal to tb^ 
perimeter of the inferibed hexagon, and 6AC is equal 
to three diameters; therefore the perimeter of a rcgu- 
I iar hexagon inferibed in a circle is equal to three 
times the diameter of that circle : whence it follows 
that the circum&rence of the circle itielf will be foxncr 
.what more tlian three diameters. ^ E. D. 
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A THEOREM. 

343. If the diameter of a circle be called i, the circum- 
ference will be fotnewbat lefs than 3 — andfme- 

what greater than 3 — . 

The defnonjlrationof the firji part. (Fig. 52.) 

Let ABC be a right angle, in which infcribe the 
lines ACy.AD^ AE^ AF^ AG in the manner follow- 
ing : make the angle BAC a third part of a right qqe, 
BAB a 6th parr, BAE a 12th part, BAF a 24th part, 
and BAG a 48th part : then will AC be double of BC 
by the 340th article, and AB will be to BG as the 
diameter of any circle is to the fide of a regular poly- 
gon of 96 fides circumfcribed about it by the 341ft 
article;. Moreover, as the line AD bife&s the angle 
BAC^ we fhall have as AB to AC fo BI> to DC 
- by the third of the fixth book of the Elements; 
and by art. 330 *, AB^AC is to AB as BC is to BD ; 
and by permutation, AB-^AC is to BC as AB is to 
BD : therefore \i*BC be divided into any number of 
equal parts, how many foever of thefe parts are con* 
tained in the fum of the lines AB and JC, the fame 
number of like parts of BD will be contained in the 
line AB alone; as if BC be divided into loooo equal 
parts, and the fum JJ?-}--^^ contains 37320 of thofe 
parts, then if. the )ine BD be divided into lOooo 
equal parts, the line AB alone will contain 37320 of 
them. After the fame manner it may be demonftra- 
ted, that whatever parts of J?jD are contained in the 
fum of the lines AB^ AD^ the fame number of like 
parts of BE will be contained in AB alone, and fo on : 
whence we have the following proccfs. • 

I ft. Let BC be divided into ioooo equal parts, or 
(which is the fame thing) let BC be called toooo ; 

* Seethe Quarto Edition, p. 539. 

then 
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thcri will AC be :k)ooo, and confequently AB will be 

greater than 17320, JTnd ^fi-fj-<^C will be greater than "^ 

37320. 
' . 2dly, Therefore if j5D= I'cooo, AB wijl be greater 

than* 37320, AD greater than 38636, and AB'\'AD . 

greater than 75956. 

3dly, Therefore if ££=110060^-^5 will b? greater 

than 75956, jiE greater than 7661 1, and Ah-^-AE 

greater than 152567.x ^ 

4thly, Therefore if j?F=:ioboo, AB will be greater 

than 152567, ^F greater than 152894, and if ^-[-.^F 

greater than 305461. 

5thly, Therefore if 5G=:ioooo, AB will be greater 
than 305461 : therefore ^ ^^;?T;^r/Z?, if yfJS be foppofed 
equal to 305461, 5Gwill belefs than 10000: but it 

•was (hewn before that AB is to BG as the- diameter of 
any, circle is to the fide of a regular polygon of 96 
fides circunnfcribed aboqt that circle; therefore if the 
diameter of any circle be called 305461, the fide of 
fuch a polygon will be lefs than loooo, and the 
whole perimeter lefs than 960000 ; therefore the pe- 
rimeter of fuch a polygon will be lefs than the product 

10 22 
of the diameter multiplied into ^ — or — ^ fof 

22 2 

305461X — =2^960020 — : therefore if the diameter 

of any circle be called i, the perimeter of a regular 
.polygon of 96 fides circumfcribed about it will be 

lefs than 3 — ; but thecircumfcrenceof every circle 

is lefs than the perimeter of any polygon circumfcribed 
about it; therefore the circumference of the circle will 

ftill be lefs than 3 — . ^ E. D. 
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* 

The demon/iration of thi fccond part. (F'g- 530 

Let JCDEFGB be a fcmicircle whofe diameter is 
jfB^ wd in this femkircle let the lines ylC^ AD^ AE^ 
AF^ AG ht infcribed in the manner following : make 
the angle B/^ a third part of a right one, BAD a 
ftxih part, jB^iS a 12th pirt, 5yfFa 24th part^and 
BAG a 48th part, and join BC, BDj BE, BF, BG y 
then will AB be double of BC, and AB will be to BG 
as the dianfieter of any circle is to the fide of a regu* 
lar polygon of 96 fides infcribed. Let AD cut BC 
in R\ and by the demonftration of the firft part of 
this theorem, ACJ^AB will be to CB as AC to Cff, 
finceby the conftruftion the line Jfl^bifeds the angle 
BAC : but the trianglea ACH and ADB are Bmilar, 
having the angles at C and D right, as being in a 
fcmicircle, and the angle CAH being equal to the 
angle DAB ; therefore AC will be to UC as AD to 
BD : but it was before demonftrated, that as AC is 
to HC fo is AB'\'AC to BC\ therefore as ^f^+^Cis 
to BC fo is AD to BD; and whatever parts of jBCare 
contained in the fum of the lines AB^ AC^ the fame 
number of like parts of BD will be contained in the 
line AD alone : whence the following procefs. 

ift, Let jBC==io6oo; then willy/iB=20000, AC 
will belefs than 17321, and y^JS+^Cwillbclefe than 

3732I* 

2dly, Therefore if 2D=ioooo, AD will be lefs 
than 3732 1 >, AB will be lefs than 38638, and 
AB'\'AD will be Jefs than T59S9* 

3dly, Therefore if ££=10000, AE will be lefs 
than 75959, AB will be lefs than- 76615, and 
AB-^-AE will be lefs than 152574. 

4th]y,, Therefore if £F=ioooo, ^i^^will be lefs 
than 152574, AB will be lefs than 152902, and 
AB-^-AF will be lefs than 305476. 

5thly, Therefore if 5C?=ioooo, AG will be lefs 
than 305476, and AB will be lefs than 305640 ; 

therefore 
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Jtfeereforc e oonverfo^ ii AB be equaJto 3 05 "640, BG 
will be greater than loooo : but ^5 is to BG as the 
^diameter of any circle is to the fide of a regular poly- 
gon of 96 lidcsinfcribedinit; therefore if the diameter 
of any circle be 305640^ the fide of fuchan infcribed 
polygon will be greater than foooo, and its peri- 
-meter greater than 960000 •, therefore the perimeter 
of fuch a polygon will be greater than the produfit of 

10 22 2 
the diameter multiplied into 3 — ^ or : for 

22 2 8 

S05/J40X — ^=959968— — : therefore if the dia- 
meter of a circle be called i, the perimeter of a regu- 
lar hexagon of 96 fides infcribed in it will be greater 

than 3 — : but the circumference of every circle is 

greater than the perimeter of any infcribed polygon ; 
therefore the circumference of this circle will bcgrcaar 

Jjm than 3 ~. ^E.D. 

Thus then if the diameter of a circle be called i, 
the circumference muft lie between thefc two very 

fiatrow limits, to wit, 3 — and 3 — : the whole 
' ^ 70 ^ 71 

difference of thefe limits is but — , and therefore, by 

497 ^ 

rfMS method, the circumference pf a circle is deter- 
mined to a 497th part of the diameter. 

The fmfi compendious way of obtaining the numbers 
in the laji article. 

344. If any one has a mind to examine the fore- 
going calculations, it may not be amifs to let h^rn 
know, that the hypoteriufes of the triangles AED^ 
4BE, ABF :3LDd ABG(Fig.s2, SZ) ^^y be com- 
puted Without either fquaring the greater leg, or ex- 
% 3 trading 
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trafting the more confiderable part of the fquare root. 
As if AD (Fig. 52. j the hypotenufe of the triangle 
ABD in the Hrft part be required,' having given AB 
37320 and BD loooo, the method I ufe is as follows: 
. I ft. Whatever the hypotenufe AD may be, this is 
certain, that the greater leg AB^\\\ be equal to a 
confiderable part of it ; and therefore if AD be to be 
found by a feries, as is ulual in extrafting the fquare 
root, it will be proper to make AB the firft term ; 
and hence it is jhat I call ^y^2.c=tjB tny firft root. 
Again, as the fquare of AD is to exceed the fquare of 
AB by the fquare of 5Z),^that is, by ioooooqoo; 
' this number I call my firft refolver|d, and thjen doub- 
ling my firft root, the produdl 74640 I call my firft 
divifor, and fo. am prepared for the following ope- 



ration^ 



2dly, Thus prepared, I divide my firfl: refolyend 
by* my firft divilbr, and the firft figure of the quo- 
tient (for I am concerned for nO more at prefent) I 
^nd to be i, which, as it comes out of the place of 
ihouf^nds, fignifies idoo'-, this nijniber therefore 
1000 I add to my firft root, and fo'have 38320 
for a more correft of (ecpnd rpot. The fame num- 
ber loco I add alio to my firft diviibr, and then 
piulcipjying the fum 75640 by ioqo, the number 
that was added, I fubtrad the produft 75640000 
from my firft refclvend, ^nd ihtre remains 24360000; 
this I call my fecond refolvend, and the double of my 
fecond root, to wit 76640, i call my fecond divifor, 
^nd fo proceed to the next operation^ - 

3d]y, Now I divide my fecond refolvend by my 
fecond divifor, and the firft figure of the quotient is 
:>, vx^hich, as it comes out of. the place of hundreds, 
l3gnifies 300; therefore 1 add 300. to my/ fecond root, 
^nd fohave 3S620 for my third rootr the Tamcnum- 
ber .30.0 I alfq add to my fecond divifor, and the 
fum 76940 I multiply by 300, and the ptoduftis 
^2308 2000,! which, being fubtrafted from my fecond 
felolvend, leaves' me. 1 278C09 for a third refolvend, 

- • »n4 
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and the double of my third root, to wit 77240, I have 
for my third divifor. 

4thly, I divide my third refolverid by my third 
divifor, and the firft figure of the quotient is i, 
-which fignifies 10 ; therefore I add lo to my third 
root, and fo have a fourth root 38630 :* moreover 
adding 10 to my third divifor, the fum is 77250, 
^hich being multiplied by 10, and the produdt 
772500 being fubtraftcd from the third refolvend, 
leaves 505500 for the fourth refolvend, and the 
doubie of my fourth root, to wi.t 77260, makes a 
fourth divjfor. 

5chly and laftly, I divide my fourth refolvend by 
my fourth divifor, and the ncareft quotient too little 
is 6 ; therefore I add 6 to my. fourth root, and fi> 
have a fifth root, to wit, 38636, which is the neareft 
"root lefs than the true that can beexpreflcd in wholfe 
numbers : therefore the hypotenufe AD is greater 
than 38636. 

The reafon of thefe operations will not be difficult 
to ary one who thoroughly underftands the foundation 
of the common method of extracting the fquare root. 

Van Ceulen's numbers exprejfing the circurnferencf 
of a circle wbofe diameter is if 

345. This method of Arcbitnedes is capable of be- 
ing purfued to any degree of exaftnefs required : nay 
LudolfVan Ceulen has computed the circumference of 
a circle to no fewer than 36 places, upon a fuppo- 
fition that the diameter is unity. ^ His numbers c;c* 
prt fling this circumference are^ 

3 .1415 9265 3589 7932 3846 2643 3832 79JO 288 +. 
But fince the invention of fluxions by its great author 
Sir Ifaac Netviotty he (Sir Ifaac) has from this mc- 

' thod'drawn feriefes almoft infinitely njore expeditious 
than the bifeftions of Archimedes ox Van Ceulen^ where- 
by the circumference of a circle may be computed to 
%% or 13 places in littk moce.thari balf an hour^i time, 

* Z4 -as 
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as Dcx^or HatUy from bis own experienoe ttCittct 
us. 

Itote^ that MtHus^i proportion of the diameter of 
a cirde to the circuoiference is as 113 to 35 5 « the 
snoft accurate of any in fuch fnaall numtyers. (Sed 
Scbol, I. in zxu 179*). 

Why the circlt cannot be fquared geometrically. 

946. If, having given the diameter or femidiame^* 
ter of. any circie, a right tine could be found eacafUy 
equal to the circumference, whether fuch a line 
could be expreffed by numbers or not^ the circle 
itiight be fquared as well as any right-lined figure 
whatever, that is, a fquare might be conftru(9rcd whofe 
area would be equ^l to that of the circle, which I thus 
demonftrate. 

Let 2r rcprefent the diameter of any circle, and 
2f the circumference ; then will rcy the produ<9: <4 
the radius into the femicircumference, be its area, by 
cor. 4 in art. 3 1 1 +. Let now x be the fide of a fquar«e 
whofe area is equal to that of the circle, and we 
(hall have xxzi^rc •, whence x will be a mean propor- 
tional between r and f, and may be found by the 
13th of the fixth book of the Elements. But it 
is impoflible upon Euclid's poftulata^ having given 
the diameter or femidiameter of any circle, to find 4 
right line exaftly equal to the circumference; and 
therefore the circle cannot be fquared upon the fame 
foundation on which we are taught to fquare all 
right-lined figures ; and hence it is that we fay, 
the circle cannot Be fquared geometricaUy. But as 
the three pofiulata of Euclidy how fimple foevcr they 
inay appear in theory, are never ^ one of them capa- 
ble of being perfeftly executed, but that errors muft 
neceflkrily arife in drawing and producing lines, 
in taking the diftances of points, t?^.; and as from 
thefe errors others muft neceflarily arife in fubfc<jucn{ 

* gee ifci: QjjartP pdiuoBj p* ?8|, . f Ibid. p. 504. 

operations i 



operations 4 and hSAj^ as the cincumifeffenoe of a drcle 
iliay bt hAd froci the diameter in mimbers, to anif 
afilgntble degree of exa£hie&» it Iblbws tiiat it> 
^pra^ce, a cirde is as capable of bring fi)uared a) any 
jQther figure whatever that is not a iqoare. 

Corollaries drawn from art. 343. 

347. From tlie 343d article may be deduced TeveraS 
tA>rollaries, fomeof the moft ufeful whereof are inferteS 
Jrere as follows : 

ift, I'be diafneter of every circle is to the circumfer^ 

, ^ . 10 £2 

ence 4is 7 to 22 nearly : for i is to 3 — or — as 7 

to 22. 

2d, If A be the diameter of uny circle, its area will 

he — — : for as 7 is to 22, fo is ^/ the diameter to 

'4 . . . 

— — the circumference i and if —^ the radius be 
7 2 

multiplied into -- — the femicircumferenoe, die fm- 

duft will be the area, by corollary 4 in art, 31 1"*. 

3^, Hence wt have a ready way^ hofvim the diame- 
ter &/ any circle given tv find its area^ anavttx veifa, 
noitbout iht meMation of the circumference^ iy Jsying^ 
as 14 iJ to 11, fois the fqaare ^f tie ^hen SamxfPer 
fv the areafongit. But if the area be giwn^^n 'ordier 
to find the diameter^ the proportim fnufi be r^n^erfid^ 
-by faying as 1 1 is io iJ^'^fo is ibe given area td « fourtff^ 
%uhich. fourth ntwAer will be -the fquare tfthe ^diametw^ 
and its fquare root the diameter itptf. 

4th, Arguing as in the two Laft corollaries; If the 

. diameter of a circle he to the circumference as a to b, 

thin the J^are ^ef the diameter of any circle 'mUhe Hits 

area as 4a /^ b ; and vice verfa, the area will be to the 

fmarf of the diameter as b to 4a. 

t S^'5 |:h^ (^arto Editioq, p. 504^ 
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ftb, Tbi tircumfennces of all circles are as their 

diameters or femi diameters^ and their areas as the 

/quarts of the diameters or femidiameters. For if d and 

e be the diameters of two circles, their circumferen- 

.„ , 22^ 22 ^ , 22 J . Lie 

ces will be and ; and is to 

7 11 7 

(dropping the common denominator 7, and the 
common fadlor 22) as ^ tq e. Again, the area of 

the circle whole diameter is a is ■ as m the fe- 

cond corollary ; and for the fame reafon,^the area 

of the other circle whofc diameter is e is : and 

M 

jidd , i\ee 1 . r L • 
IS to as da to e^\ therefore the circum- 

ferences of all circles are as their diameters, and 
their areas as the fquares of their diameters. And 
fincc the halves of all quantities arc as the wholes, 
and the fquares of the halves as the fquares of the 
wholes, it follows alfo that the circumferences of cir- 
cles are as their femidiameters, and their areas as the 
fquares of the femidiameters. 

6th, If there be three circles fuch\, that the fum 

of the fquares of the femidiameters of two of them is 

. equal to the fquare of the femidiameter of the third \ 

/ fay then that the areas of the two.firfl circles put 

■ fogether uill be equal to the area of the third. For 

-let/z, bj c reprelent the femidiameters of the three 

circles, and let tf^-^^^=^»: fince then the femidiame- 

ter of the fir ft circle is ^, the diameter will be 2J, 

and the fquare of the diameter ^a : but as 14 is to 

44^* 22 tf* 

II fo is Aaa to — ^ — or ; therefore the area of 

^ 14 " 
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. thefirft^pirclewillbe by the third corollary ; and 

for the fame rcafon, the areas of the other two circles 

' ' will 
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22^* ' 2 2 f * 
will be ■ • and r : hut a^'\'b^=:€^ ex byfotlfefi: 

' 22 tf* , 22 If- 22 r* ^ 

therefore \ : = . 

7*77 
JV. B. This laft corollary is not c^en^onftrated in 
the 31ft of the fixth book of the Elements, as fontc 
may imagine, that demonftrationnot reaching farthcf 
than right-lined figures. 

The following eafy problems may fervc to flicw 
fpjne ufcs of the following corollaries. 

Problem i. 

348. T(9 find the proportion between the diameter of a$tf 
circle and the, fide of an eqUalfquare. 

Call this diiametcr i, and by the fecond corollary 
in the foregoing article, the area of this circle will hie 

— nearly ;• gnd the fjd^ of ^ fquare whofe area is 
14 

5 — will be V — 2 therefore the diameter of any 

14 14 

cirple is to the fide of an equal fquare as i to 

V— r. But becaufe this fradion — , though it, 
14 ^ ^4 . 

fcrves well enough for common purpofes, is not 
accurately trup^ and becaufe its fquare root Cannot 
' be accurately exprcffcd in numbers neither, to reduce 
the error (for there muft be ah error) to a more 
fimpie point, let c be the circumference of a circle 
whofe dianneter is i ; and the area, of fuch a circle, 
that is, the produdl of the radius into the fcmi- 

X i; c 
circumference, will be — x — =— ; atnl the fide of 

an equal fquare will beV— ; but, according to Van 

.4 

(;eulen,(=^ .1^x^9265^6, ahd-^ = •785398;634, 
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andV— — .^8^23; Acrcforc the diameter «f a cjf- 

4 
cle IS to the fide of an equal fqtiare as i to AZ62^. 
or as lobooo is to 8S62; : fuppbfe the proportion 
to be that of looooo to 88625, vvhicb makes but 
an error of 2 io the fifth place, and then naultiply- 
ing both terms by 8, the proportion will be that of 
800000 to 709000, or of 800 to 709 ; therefore As 
,800 is fo 709, fo is the diameter of agy drcle to the^ie 
of an equal fquare^ nearly true to fiw places. 

N. B. If the diameter of a circle be 9 yards, the 
fide of an equal Iquare found as above will not err an 
hundredth part of an inch, 

pR^BLStf S. 

349. ^vfnd the femidiametfr of a cirtie that wM com- 
prebend nvitbin its circumference (be quantity ofm acre 
pfland^ 

An acre of land contains 4840 fquare yards, and 
therefore this,muft be the area of our circle. Say 
rtren, as 1 1 to 14, fo 4840 to 61 do ; and this faft 
Dumber will be the fquare of t)ie diameter, by the 
third corollary in art. 347 ; whence the diameter itfclf 
-wiJl be 7fi .486 yards, and the ieniidiameter 39 .243 
^ards, that is 39 yards ^-^ inches nearly. 

Problem 3. 

.350. Let a firing of a given Ungtb he difpofed in^ 
4beJorm <f a circle : It is required to find t be area of 
this circle. 

Let r be the length of the ftring, and confequently 

the trircumfercnce of the circle «iade by it, and the 

y c 
diameter of the circle will be — , the femidiametcr 

22 

m ^ *J C C 

— , and the area -ttjt'. Suppofe now this ftrlsg 

to be difpofed into the fortn of a fquare, aftd the fide 

of 



^ tofict^^.s^j^. H.lt. 
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c c c ^ 

of this iquare wQuldbe— ,and its area 7^1 and tbc 

4 10 ' ^ 

area of the fquare would be to the area of the circle as 

"^is to^r^, that IS, as 72 ^s to ,— , or as 11 to 14: 
10 88' 16 &8 ^ 

therefore, ^ds 1 1 is to t^^foisth area comfinhended 

by the firing when in farm of a fquare, ta the area 

comprAended by the fame firitJg when inform of a cirele. 

Q.E.L 

iV, j?. By the anfwer here given it appears, that if 

^ be the circumference of any circle, its area will be 

-jrjr ; and confequently that ^j 88 is to 7, fo is the 

fquare of the eircumferenee of avy circle to iii area 
nearly. 

Problem 4. 

35 £• It is required to divide a given circle into any 
number of equal parts by nieans of contentric circkl 
drawn within it. ^ (Fig. 54.) 

Let A be the center, and AF be the femidiametcr 
of the circle given, and let it be required to divide 
the area of this circle into five equal pares by meant 
bf four concentric circles defcribed within the former, 
and cutting the litie AF in the points 5, C, Z), £, 
that is, kt the area of the circle AB^ and the areas 
of the annuli BC, CD, DE, and EF be fuppofed a» 
equal ; then the circle AB will be ^ of the whole, 
the circle AC ^, the circle AD 4, ^c.\ and the area 
of the circle AF will be to the area of the circle AB 
as 5 to.i : but the area of the qrcle AF is to thc^ 
area of the circle AB as the fquare of the fcmidiame- 
tcr AF is to tHe fquare of the femidiameter AB, by 
cor. 5. in art. 347 ; therefore AF^ is xo AB^ as 5 to i ; 
but AF"^ is given by the lUppofuion ; therefore AB\ 
and confequently AB the femidiameter of the ininaJOb 
circle 'is. given. In like manner AF^ is to JC^ a& 5 
2 to 



$64 ^ 0/ Cylinders, Prijks, Book VIIL 

to 2 ; whence ^C the femidramecer of the nextcoit* 
centric circle is given j and fo of the reft. .^E. L 

Problem 5. 

952. Whoever makes a tour round the earth., muft ne- 
eejfarily take a larger cotnpafs with bis bead than with 

♦ btsfeet : TJ^ queftion isy bow p^teb larger ? 

* Let A (Fig. 5g,) rcprefent the center of the earth, 
jlB its fennidiametcr, BC the traveller's height, 
jlC the feniidiamctcr of the circle defcribed by his 
head : let alfo h reprefent the circumference of the 
circle whofe femidiamcter WAB, and c the circum- 
ference of the circle whofe femidiametcr is AC^ and 
€ — b will be the difierence we are now enquiring into, 
which may be thus determined. 

B»y the fifth corollary in art. 347, AC is to AB as 
r is to ^ ; and by divifion of proportion, BC is to 
AB as c — b is to i ; and alternately, BC is to c — h as 
'AB is to bj, Let d be the circumference of a circle 
whofe femidiamcter is BCy and BC will be to d alfo 
as AB tob ; therefore BC is to d as BC is to c—b; 
therefore c — bz=:d ; that is. The traveller's bead will 
pa/s through more fpqce than his feet by the circumferevce 
of a. circle whofe femidiameter is bis own length : as if the 
man be 6 feet high, his head ^ill travel farther than 
his heels by 37 feet 84^ inches nearly, and that whe- 
ther the femidiameter AB be greater or lefs, or nothing 
at alL 

Problem 6. 

353. B is required^ having given the depth and the dia- 
meter of the bafe of any. cylindrical veffel, to find in 
content in ale gallons. / 

Here it muft be obfervcd, that in the menfuration 
of a folid, all its dimenfions muft be taken in the 
fame kind of meafure : as, if any one dimenfion be 
takftn in inches, the reft muft be taken fo too, and 
then the number reprcfeating the content bf any 

folid 
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iblid will be the number of cubic laches to whkh that 
iblid is equivalent. 

Let then a be the given altitude of the cylindrical 
veflel to be meafured, d the diameter of its bafc, 

and by the fccond corollary in art- 347, will give 

a number of fquare inches equal to the bafe, and ' 

this area multiplied into the altitude a^ will give 

1 1 add 

• a number of cubic inches equal to tht iblid 

14 ' ^ 

content of the veiTel: but 282 cubic inche/s conftitoce 
an ale gallon i and therefore if — — ,thefolidcbd<- 

tent of the veflel, be divided by 282, th^ quotient, to 

■ 1 1 add 
wit, ^, will be the number of gallons therein con- 

tai/ied. Inftead of 3948 put 3949, which will make 

no confiderable difference in fo great a denominator, 

1 1 add 

and the fradion (dividing both the numera- 

3949 . 

tor and denominator by 11) will be reduced to : 

359 
whence the following canon : ! 

Having taken both the depths and the diameter of tbt 
hafe in inches y multiply the fquare of the diapieter into the 
depth of the'vejfel, and the produSl divided i^^ 3519 will 
give the, number of gallons required. 

N. J^. This fubftitution of 3949 inftead of 3 94S 

7 
jcovrt&s about — of the error that would otherwife 
10 

have been committed in fuppofing the fquare of the 

diameter of the bafe to be to its area as 14 to lU 

P R O B L e M 7. 

354. To meafure afrufium of a coney ivbofe perpendtculltr 
altitude and the diameters of the two bafes are given. 
3 N.B. 
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N, B. By a fruftum of « cone I mean a cooe 
having its top cut off by a plane paraJikl no the 
bafe. 

Let the ift^tlea triangle 4BC(Bg 56.; leprefcnt 
the fedion of a cone made through it^ axis jfD^ 
and let EF be any line parallel to the bafe BC^ cut- 
tine JB in £, /fC in F, and the am AD in </i thea 
will the trapezium BEFChc the fedkion of a fruftum 
of this cone whofe perpendicular altitude is J}d» 
Can BQ the diameter of the greater tnfe» j^} £is 
the diameter of the leiTer bafe^ /; and D^, the 
height of the fruftum, A .* calF alfo ADy the un- 
knQwa altitude of the whole cone» x ; and conle- 
quently ^^, the altitude of the cone to be cut off, 
ir*-n&-» and from the fimilar trianglea ABC, AEF 
wt have this proportion ; AD is to Ad^s BC is to EFj 
that is, according to our notation, ;r is <q x-^b as g 
to I'n whence, by multiply tag extremes aad tneans, 
we have gpn—gbzszlxy and x^ or the altitude of the 

cane, equal to -^—^^ In like manner if from the 

Talue of AT we fubtradtit, the altitude of the fruftum, 
we ftudl find M^ or the height of the oone to be cut 

ib 
off, equal to "^^ Now the folid content of every 

cone is found by multiplying the bafe into a third 
part of its altitude *, therefore (ince the ba£b of the 

1 1 ££■ £b 

cone ABC h — ^, and its altitude }, its Colid 

14 g — i 

Z^ b It 

content will he -^ iC •** X -^ : in like manner due 
g^l 3 ^4 

P b 

folid cooxem of the cooe ABF will be > X — X 

g^i^ 3 

— : fubtraft the laCGcr coae from the former, and 
14- 

ihaoa wiU» rcq;^/tb« iplid ^^ooteat of the fruftum 

BEFC 
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fiEFC equal to^*^ x — X -^ : but the fraftion 

* • raay be reduced to an integer by dividing the 

numerator by the dcnomiaator, and the quotfent will 
be ^+^/-|-//f therefore the folid cont ent of the 

fruftum BEFC will now be cxprcffcd thus, ^^+<?'+'' 

i& 1 1 
X — X — • Whence we have the following canon : 

3 14 

jidJ the fquafes and the reilarigle of the t^d given 
diameters together ; multiply the fum into a third part 
of the given altitude^ and the prodkS will he the 
frujtum of a pyramid of the fami height having 
fquare bafes wbofe fides art equal to the two diameters 
given ; and as 1 4 is td 11 fo will fhisfruftum be to the 
fruftums fought^ <^. E^ I. 

JV. B. ift. Since a cone ditferjf noticing from a; 
fruftum of a cone whofe kffer bafe is equal to no- 
thing, if / be made equal to nothing in the foregoing 
canon, it ought to give the folid content of a cone 
whofe height is h^ and the diameter of whofe bale 

is g : and fo it will ; for then g^-^-gl^U X — >^ 7* 

becomes *— -^^x — • 

H 3 ^ 

2dly, Since a cylinder rftaV bd conffdefed ii i 

frqftum of a cone whofe bafes drd equal, if / ht made 

, equal to ^ in the foregoing canon', it QDght iff gi^ 

the fofid content of a cylinder v;^hote heiglrt is h^ and 

the diameter oiF whofe bafe is ^.* and wr we find it 

I — .- h II 

Will; ioigg-^-gl^-Uyi^X — in ihh cafe betomci 

S *4 

b II II 
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^dly. If the lefler bafe of chic fruftum be fappdci ' 
to be increafed till it becomes equii to the greater; 
^nd if^ on the other handy the gitetter bafe be fi^ 
pofed to be diminifhed till it becomes equal to J&k 
¥^hich was theleiler bafe before, the folid c<Ktteftt<tf 
the fruftum will be the fame as ac the firft ; and diel^ 
fore, if the foregoing canon be juft, it ought not toiie 
altered by changing the quantities/and/onefortbe 
other : which is true ; for ^-f-^A"^ ^7 this fftSm 
only becomes U-^^-^^^ which is the fame q^ian- 
tity. 

In folving this lad problem it is talcetiibr granted 
that every cone is the third part of a cylindierliaviif i 
the fame bafe and height ^ which may iafely be d(M^ 
iioce Euclid has demonftrated it in the ibthof the 
twelfth book of the Elements : but'becauiefff^^/i 
do^rine of folids is not fo eafy tathe imaginations of 
young beginner^) 1. ihall (in another place} ^ive 
another demonftration /Of ,this propofition, indq^eO' 
djpntly of atoy thing that has here been faid. . 

Lemma, (i^^. 57.) 

- 3^5' ^^, ABC ke any curvilinear [pace cmpri- 
:hended between twoftraigbt lines AB and AC aiH^ 
angles to each other ^ and a curve as BC. concave to- 
wards AB'i and from any two -poiMs D and EinAi 
. line AB kt the tines DF and £G be drawn paraM to 
the hafe AC, and terminating in the curoeattht 
^pints^ F and G, and compledt tie p'araBebigrm 
. JDEGH : then it is plain that the 'ct&vi&He'af ff^dci 
Pe6f will be greater than the paraMogfamDt<i% 
But what I here propofe to demonjtrdte isy that tfAt 
^'iini^EJGieJappo/ed to move tim^dsJiVin ajf^ifi^ 
always parallel to itfelf^ and at lajl to' coincide ifitb 
DF^ the nearer EG approaches U DF, the^ neSrer mil 
the ratio of the curvilinear fpace t)^GF to tik^ ph 
ralielogram DEGH approach towards a ratia ofejuaU^y 
<^jiiki that it will at hjirta^inate in a ratio of equalit} 
^hen EG coincides with DF. / 

Fori 
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For, coEiapletifig tbc parallclogram GHFK^ the 
parallelogram DEKF wiH be to the parallelogram 
DEGH opon the iame bafe as DF is to EG ; there- 
fore the. carviliiicar j^acc DEGF mil be to the pa* 
rallelogram iD£GH in a lefs^ratio than that of DF t6 
EG ; chat is, though that fpace be greater than thia 
paralteiog-ram, yet the ratio of the former to the lat* 
ter iS' a lefs ratio than that of DF to EG i but the 
nearer the- ^m*EG approaches towards DF^ the nearer 
^11 the r^o of DF to EG approach tOAvards a ratio 
of equality, and it will at iaft-faccomea ratioi>f.equa* 
llty When kC coincides with i)-F; therefore jaforiim^ 
the ultimate ratio of the curvilinear fpace DEGF to 
,^ parallelbgra^ DEGH will be a ratio of equa«^ 
litjr. . ^ 

l^inte // fMcfwSy that ifwefuppofi the Mne AB to 

ie divided ^0 a certain numbir ^ parish fueb as DE, 

' md'thefe parts to be made the bafes offo many infcribed 

paraitel0gfiafnSy fucb as is the paralklngram VGj the 

more there are oftbefe paraUelogramsy the nearer will 

the /urn of all the curviHnear Jpaces DEOF, that is\ the 

whole iUrvilineanJ^aee ABC, approacb-towards tbefum 

0^,0// the ir^iribed parallel^ams ; an(l if we fuppofe 

^^ihe bafes 'of tbefepdrallelqgrams io be dimimjbed^ andfo 

^beir mndtetto be augmented ad infinitum, . they will 

-make sip ibe whole ^eurvilin^ar fpac^e ABC ; fo that the 

^pace AEC^will bejo (be fum of all the infcribed paral- 

"telegrams ultimately in a ratio of equality. For, let ti ng 

*^a&le the parts infinitely near the point of interfedtion 

^, which will be of nQ'^cpnfequence in the account, 

*Jet the paralielogratn DEGH be that which, of all 

the reft, differs mbft from' its correfpondent curvili- 

•neat. fpace DEGF \ afifd tbeVionfequcpce will be that 

-the cucyilincar fpace ABC will be to the fum of aJl 

'the infcribed paraileiograois in a lefs ratio than that 

'■of the fpace DEGF to the {pace, DEGH: but even 

'this ratio becomes at lalt a ratio of equality, when 

'DE j\ infinitely fn^ilU by this^ lemma: whence it 

foIlpws'« /^/im, that the ultimate ratio of the cur- 

A a 2 Tilinear 
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viKnear fpace ABC lo.the fbm of all the inicribcd pa- 
rallelograms will be a ratio of equalicy. 

1 thought myfelf obligied to demooftratfr this pro* 
pofition, becaufe 1 have known it obje&ed,: that 
though the diflference betwettTaoy particular parallelch 
gram and its correfpondenc curvilinear fpace be al? 
lowed to be infinitely ftnall when the common bale 
is fo, yet how do we know but that an infinite num-» 
ber of thefe differences may aofioont to a finite quan- 
tity ? and if fo^ then the whole curvilinear fpace can* 
not be faid to be to the fum of all the infqribedparal*' 
lelogramiin a ratio of^equality« To this I anfwer, 
that it muft be the buiinefe of Geometry to determine 
whether an infinioe number of thefe infinitely fmaU 
differences amount to a finite quantity or not ; .an^^ 
by the demon ilrittionheit given it appears that they 
do not, but that the fom oi all thefe difierences adOr 
ftlly diminifiiesas their .number incre^fes, and at laft 
comes to- nothing w hen their nuniber is infinity. 

A I> EiM M *. f jRjf . 57.^ 
356. Suppqfing tift line AB fiitl to keep its flac$, 
let us imagine the whole Jpice MiC to turn round H, Jo 
. JM to defcrihe or generate afoUd wbofe axis if AB, Md 
ihefimtdiameter ofwbofe idp'^fs ACy and the inscribed • 
farallclograms wilt at the fame time by their eoimnon aw- 
fion defcribe formany thin eytindrie \zm\fi2^, which, taken 
all together, will be lefs fbdn the fotid generated by the 
Jftjce ABC J bnti the were they.afe in number, the nearer 
they will approach to it^andtheir circular edges will at ' 
tafi terminate in the cterx^ fwrfaceef the/olidwhen their " 
number is infinite^ ** :i : • . ; . . . : r 

For, completing the paraHdogram GHFKzsht-* 
fore, the idmind generated bj^ the paralleldgram XMt 
will be to the landna genet^ated by the parallelogram ^ 
DG as thc'fquare of DF is* to the fquarc of jBG, M, 
circles being as the fquares of their femidiaoiciers ; i 
therefore the lamina generated*' by the curviitnesK* (pace 
DECF vnW be to* the lamina generated by the par^- 

lelogiraoi 
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leiogram DG in a Icfs rswiJo than that of DF- to £G* : 

but when D and E coincide^ DF will be equal to 

EG^ and the fq uare of DF to the iqtiare of EG ; 

therefore^ in this cafe,ev«ry particular jcyiindric lamina 

ivitl be the fame with a torrefpondent lamina of the 

iblid; and componendoy atl the cylindric Z0991/W will. 

conftirute the folid itfelf. This may alfo be further 

evident by applying the -^demonftracion in the laft 

lemma to this cafe. Therefore we need not fcruplc 

to' fuppo/e round foiids, generated after the fame 

rnanner as this is, to be made up of an infinite num* 

ber of infinitely thin cvlindric lamina : Nay even the 

cane itfelf may be conjidered as being fo conjlituted: for 

if wefufpofe BC to be ajiraight line injiead of a curves 

the • reufoning of the laft artick and this will equally 

^ /iicceid i in which cqfe^ the fpace ABC will be a triangle^ 

and rhe figure generated a cone. 

<If afdlid be made up of a finite number ofprifmatic 
or cylindric laiDinae, decreajing in their diameters as they 
are farther and farther diftant from the bafe^ the fur face 
cf fuch a folid muft neceffarily afcend by fteps : but the 
thinner thefe elementary laminar are (fuppofing their 
tbinnefstobe compenfdted by a greater number )y the 
narrower and tbefhallower thefe fteps will be^ fo as to 
terminate at laft in a rmdar furf ace when their number 
is infinite^ 

A T H E O R E M. 

357. All ifdfceles cones of equal heights are as their 

bafes\ that is, the folid content of any one ifdfceles 

cone is to the folid content of any other of an equal 

height^ as the bafe of the former cone is to the bafe of 

the latter. 

' }iote^ that by an ifofceles cone I mean a cone whofe 

hafe is a circle, and whofs vertex is evety where equalfy 

diftant from the circumference of the bafe 5 and by an 

ifofceles pyramid is meant a pyramid having a regular 

polygon for its bafe, and whofe vertex is equally diftant 

from all the angles of that polygon : laftly, by ifofceles 

A a 3 prifm$ 
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pri/mJ and cySnders are m$ant fucb of have equal awi 
regular fcfygons and circles for their hafe$% and aref% 
fonfiitutedy that a rigjhi linejoinrng the centm of "their 
two bafet is perpendicular to them. 

Ltt ABC (Fig. 5 8.) be a light-angled triangle at 

Bf and producing the bafe BC out to Df joia j4D i 

let alfo the line EFG be drawn any where within tho 

triangle parallel to the bafe BCD^ fo as to cut JiB. in 

. E, AC in F, and AD in G : then wfll EF be to BC 

as EG is tQ BD^ fince both are as AE to AB by fimilar 

triangles :- therefore, if they be taken alternately, EF 

will be to £G as fiCto BDj and JEP to £G» as BC 

to JSD^ This being aI]owe4^ let the triangle ABJi 

be ibppofed to turn round the fixed fide 4B^ fo as to 

generate a cone whofe axis is AB v then will th^* tdr 

aqgle ABC generate another cone having ikq iaoKS 

common altitude AB, Let both thefe cones be con** 

fidered as conftituted of an inBniu^ aumber of infi« 

nitely thin cylindric lamina^ and let EF rq>refent to*' 

diStrentiy the femidiameter of any one of thefe lamina 

belonging to the cone ABC; then willJSG bathe fe* 

midiameter of a correfpondent lamina bcloogtng to 

the cone ABD ; and the lamina whofe femidiameter is 

EF will be to the lamina whofe femidiameter is 

EGi having the fame thicknefs, as EF* is to £G% or 

(according to what is already aemonftrated) as BC^ 

is to BD"", that is, every particular lamina of the 

cone ABO will be to a like lamina of the cone ABD 

as the bafe of the former cone is to the bafe of the 

latter ; therefore cqmponcndo^ the wliolc cone ABQ 

will be to the whole cone -452? as the bafe of the 

former is to the bafe of the latter: but the places 

ABC and ABD may be fo conftitutcd as to generate 

^ny two ifofceles cones whatever that have equal 

heights ; therefore if the heights of two if^celesconcai 

be equal, thefe cones will be fo ea^h qtber as thci| 

i?af?s. ^£?Z?. 
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A T H £ o R £ M. 

158. Every ififceks pyramid is equal to an ifofceks cone- . 

Uof an equal bafe and height. 
Let P reprefent any ifolceles pyramid, and C an 
fibeles cone of an equal bafe and height: I fay then 
tkzt the pyrami4 P will be equal to the cone C. 

To dcmonftmte this, imagine the pyramid P to 
have a cone^ as r, infcribed in it, fd as to touch every 
fide of the pyramid in fo many lines of dontad, and 
imagine the circumfcribing pyramid^ and confequeotly 
the infcribed cone, to be conflituted of an inBnite 
number of infinitely thin lamin^i and every l^unina 
of the circumfcribing pyramid will be to a corre* 
fpondent lamina of the infcribed cone as the bafe of the 
pyramid is to the bafe of the cone. Foj the plane of 
every lamina that conitituces the pyramid will be a^. 
polygon (imilar to the bafe, and the plane of every 
correfppndent lamina that conftitutes the infcribed 
cone will be a circle infcribe'd in fuch a polygon : 
therefore componendo^ all the lamina conftituting the 
fjyramid P will be to all thofe that conftitute the 
cone Cj that is, the whole pyramid P will be to the 
whole cone c as the bale of P \% to the bafe of c : but 
the cone c is to the cone C of an equal height, as the 
bafe of ^ is to the bafe of C Since then P is to ^ as 
the bafe of P is to the b^fe of r, and r is to C as the 
bafe of c is to the bafe of C, it follows ex icquo that P - 
is to C as the bafe of P is to the bafe of C; but the 
bafe of P is equal to the bafe of C by the fuppofition ; 
therefore the pyramid P is equal to the cone C^ having 
an equal bafe and altitude. ^ E. D. 

Corollary. 

Hence it follows^ that whether cones be compared 
with cones^ or cones with pyramids^ or pyramids with 
pyramids J all fuch as have equal heights will be to one 
another as their bafes. For cones are fo by the laft: 
aracle, and pyramids are equal to conc$ having equal 

A a 4 bafcs 
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bafes and heights by this: I mean ifqfce^es pyraiB)di 
fmd i(b(celes,concs. 

S c HO L I u ^f. 

Js tbefolid conUnt of afrifm or cylinder pf a given 
perpendicular altitude depends upon the quantity^ and 
not upon the figure of the bafe^ fo hy the dempnjirafipn 
of this proportion it appears^ that tbi folid content of 
an ifofceles pyramid or cone of a given perpendicular cd^ 
titude depends upon the quantity ^ and not upon the figure 
of the bafe: let the perpendicular altitude and the are^ 
of the bafe be the fame^ and the quantity of the folid 
yi\\\ continue the fame, whether chajt bafe be in the 
form of a triangle, or a fquare, or a pojygon, or a 
circle. Other pyramids 4Qd CQn.es m\\ be confiderec) 
\si another place* 

A L £ M M 4. 

359. If from the center of any cubejlraigbt lines bf 
imagined to be dra'wn to all its angles^ the cube wiH 
by this means be dijiinguifhed into as many equal ifofceles 
pyramids as it hasfidesy to wit 6, whofe bajes will be in 
"the fides of the cube, and w^pff cofnmp^ v^tfx will be iff 
fbe center. 

For it from a point abovp any right-line^ plain 
^gure lines be drawq to all its angles, and then the 
ihtcrfticcs of ihefe lines be imagined to be Qlled.up 
ivith triangular planes, the fo)id figure thu$ inclofcc} 
will be a pyramid; therefore, by the lines aboy^ 
djrfcribed, the fube will be di(lingui(hed into as many 
pyramids as it hath fidps. And that ^hefe pyramid^ 
Will be all equal and ifofceles, is evident : tor firft, 
(heir bafes will be all equal from the nature of the 
cube ; and in the pext' place, their heights will be 
all equal from the nature of the center, which i$ fupr 
pofed to be equajly diftant from all the fides of jbe 
f ube ; and laflly, as this center mull a}fo be equally 
ciiftant from ail its angles, it follows thatthefe pyVAr 
jni^s ni^flbe all ifofceles pyramids.^ ^ E. D. 

^pROLn 
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C O R O L L A R T. 

Hence every one of thefe pyramids will he the fixth 
fart of the whole cube* 

A Theorem. 
3^0. Every ifofceles pyramid or cone is a third part of 

an ifofceles prifm or cylinder having an equal bafe^ and 

fin equal perpendicular height. 

Let ^ be the perpendicular altitude of any iiblcelel 

pyramid or cone, and let b be the area ot its bafe^ 

both taken according to the directions given in art. 

353 : imagine atfo a cube whofe fide, that is the fide 

of whofe fquare bafe, is 2a\ then will 4a* be the 

area of th^^^ bale, and Za^ the foUd content of this 

cube : and if, from the center of the cube^ lines be 

imagined to be drawn (p the four angles of the bafe, 

they will be the outlines of an ifofceles pyramid whole 

l^fe is the fame with the bafe of the cube, to wir, 

^% i^nd whole perpendicular altitude is a\ whence 

% a^ 4 ^* 
t^^e folid content of this pyramid will b^ -~ or ^ 

by the corollary in the laft article : but a; this pyra- 
mid has the. fame height a with the pyramid propofed, 
tjiefe twQ pyramids will be to one another as their 
bafes, by the corpilary in the laft article but one : 
hence the folid content of the pyramid propofed will 
icafily be had by frying, as 4^% the bafe of the py- 
ramid witliin the cube, is to p the bafe pf the py« 

a' 



f amid propofed, fo is -^— f hp folid content of the 

former, to a fourth, tQ wit — , which will be the 

folid content of the latter; therefore the folid content 

i>i an ifofceles pyramid or cphe whole bafe is b^ and 

ab 
whofe altitude \s a^ is fpqnd to b(p — : but the fo« 

jid conjent of ^n- ifofceles pfiftn or cylinder having 
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an equal bafe and height is aif\ therefore every ifof. 
celes pyramid ox cQnc is a th^rd p^rr o£ an ifofceles 
pcifn^ or cylinder having an equal bafe and an equal 
perpeniJicular altitude, i^ E.D^ 

COKOUhA^^Y I. 

Hence tbefoM content of an ifofieks fyramiJ or coke 
is found, by mtdtiplying the area of tie bafe inta a tbixd 
part, of the perpendicular altitude^ o$t elfe by muliiplyiMg 
tie area of the bafe into the whole altitude, an4 then 
taking a third part oftbtprfiduS* 

C o a o I.. L A a V V 

Hence alfo it foUo^s tkat alh ifofceles fy^ranUds and 
cones upon ejual bafes are to, one another as their 

heights. ' ' 

A L £ Af M A^ 

X6i. If Oipyramid of ajfyJcipdbjc cut by a pjane pa- 
T^l tOiitf^h^e^ the quantity of the feUion^ or (wbick 
is all one) the quantity of the bafe of the pyramid cut offt 
wilt ahva)is be the fame^ let the figure oftbtpgirsmd. 
be what if ix;il}, fo long as the' bafe and perpendicular 
altitude of the whole pyramid and the perpendicular aU 
titude of the pyramid cut offcpntinuef the fame : in which 
cafe J the perpendicular dijiance of the plane of the felHon 
from the plane of the bafe will alfo be the fame. (Sec 
Fig. 59.) 

Let ^-bc the, vertex of the pyramid, and let 5C be 
any one fide of the bafe; let the lines AB and AC be cue 
by theplajic of the fcftion in the points I> and ijrefpeq- 
tivcly, and let ilRj be the perpendicular altitude of 
the whol^ pyramid, cutting the plane of the fedlion 
in i^, and tlie plane of thel^afe in G, both produced 
if necdE be ; join jpD, FjE, G5, GC : then finpe the 
bafe of the pyramid cu? off will always, be fimilar 
to thp bafe of the whole pyramid, whereof jD£ and 
BC are corre^ondent fidfc« ; and fmcc all iimilar pl^^ ' 
IjgHr^s aje iq ejifh pthw »? the iquarcs of their cor* 

reipondcm 
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relpofldcnt fide? by tHc 20th of the fixth book of 
the. Elements, it follows th^t the bafc whofe fide h 
D^fi will be, to the bafc whqfe fide is BC as DE* to . 
5C*, that is, by Gmilar triangles, as AD^ is to /iB\ 
oc as 4F' is to JG^. Since then as AG^ is to AF^ 
fo is the bafe of the whole pyramid to the bafe of 
the pyramid cut off ; fo long as the three firft con- 
tinue the f^me, th^ lafl: muftaUb continue the fame^ 

Corollary. 

Since the number of fides of the pyramid is not con- 
cerned in the demonjlration of this fropofition^ which 
will he equally true^ be the number of fides what it wilU 
it muft alfo be true of the conCy which is nothing elfe but . 
a pyramid of an ifffinite number of fides ^ letthefljapeof 
the cone be what it will\ that is, whether AG the per- 
pendicular altitude of the conp faffes througk^he center 
of the baf^ or not. 

A Theorem- 

^62. If a prifm or cylinder' of any kind be defcribed by 
the motion of a plain figure afcending uniformly in a 
horizontal pofition to any given height^ the quantity 
^ the folid thus generatjed will be the fame^ whether^ 
fbe defcribing plane afcends direSly or cbliquefy, to the* 
fame height ; and confequently all prifms and ty Under s 
of what kindjoever^ thft have equal bafes and equat 
p&pendicular heights^ are equal j vihetber tbey fiani 
ypon thofe bafes ere£l. or reclining^ 
For the better conceiving of this, let the dcl^ribiug 
plane be m^de, not to aftend all the way^ but fomp"^, 
tiqncai to af(;end pecpendictfJarly, and fpmetimc^ to 
move laterally pr ^dgpway, and thaf by tijrns.: then 
it is plaiii that tlw: quantity pf ffll^ fp^ce, or rathe^ 
the fum of alj ii>e folid fpaces thus dirfcribfid,. wilt 
amount to np morp than if the defcril^Jng pl^nc h44 
ffccnded all the way perpendicularly to the fam« 
jifight, tct the tiqfifs,vf Jh^ff ^tSWtjEb i?K)tiqq5 
3 Wbff?W 
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wherein they are performed be diminilhed and their 
number be increafed ad infiniium^ and they will ter- 
minate at laft in an uniform oblique motion, and the 
folid generated by this motion will be equal to a fo* 
lid generated by a perpendicular motion of the fame 
plane to the fame height. ^ E. £>. 

N. B* What has here been demonftrated concern- 
ing prifms and* cylinders, may be further illuftrated 
by Aiding a pack of cards, or a pile of halfpence, out 
of an ereft into an oblique pofture; whereby it may 
cafily be feen, that neither the bafe or the perpendi- 
cular altitude, nor the quantity of the folid, can be 
affefted by this change of pofture ; but the finer, that 
is the thinner, thefc conftituent /tj«i/«^ are, thencar^ 
they will rcprcfent an oblique folid. 

A Theorem. 

363. All pyramids and cones of what kindfower, thai 
have equal hafts and equal perpendicular heights^ are 
equal. 

/I'o cyiocc this, let us imagine tvvo plain figures 
(whether fimilar or diffimilar to each other it matters 
not) to rife together from theYame level, one direftly, 
and the other obliquely, but both in a horizontal 
pofition, and always upon the fame level: and let 
thde plants be imagined not to retain all along their 
firft magnitude (as wa§ fuppofed in the laft article) 
but to Icflcn by degrees 'as they rife, fo as by thtir 
motion to dcfcribe tapering figures, and jit Uft to 
vanifli each }n a point : then it is eafy to fee, that if 
the tapering figures phus dpfcribcd be pyramids or 
cones having equal bafcs and equal perpendicular 
heights, thetc dcfcribing; planes muft pot opl/ be 
equal tp pach otjjer fit nrft, and vanifli ^t equal 
heights, but thev muft Icffcn fo together as to be 
equal tp each other at all pther equal altitudes what- 
ever: thi5 is evident from the laft article but one: 
and therefore the folids defcribedby thpm muft nc- 
fcflarilv be equal. ^i\£), 

* 4 " CORQJ^- 
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Corollary. 

Hence it fallows^ - that whatever ^e have demon- 

Ifi^aSed-comeHifn^' 'ijhfceles pyramids^ canes, frifms^ and 

^ cylindierSii m^ ^jfpeS to their prdportioti djie to another ^ 

^\i^Uye equally trae^all others ^ whatever Jhape or 

pejtutethey may be in : as, that all pyramids and cones 

vf the fame height are to each other as their bafes, tbaf 

alt pyramids and cones upon equal bqfes are as their 

'heights, an4^t tvity pyramid or cone is a third parJ 

.cf a ptifin W cylinder having an equal bafe, ana an 

^ equak'perpendicular altitude^ ■-'.'., j 

I. ' ..... , _. 

^ A L £ M M A. iFig*(^o.) 

J 64.^ Let ABCD be a fquare whofe^ bafe is AD, 
w^ffe diagonfil is AC ; and u^on the center A, Sid 
[ivitb' /i^ radius' AB» def tribe the quadrant or an^fter 
\ef a circle BAI) :\draw alfo thi'line EFGHor EGFtt . 
.Anywhere within the fquare^ parallel. to the bafe AD, 
.fp^in^ the,ftde AB /». ^ythe quadritnt BD in F, the 
Jd{a7Qhai KC in G, and the oppoftU fide CD /»-H, 
\.anajoin^AF : ^Tfay then that the fquare ofE¥ and the 
Jfquare of ^G put together will alwayr be' equal to the 
^uarecfEB.' \^y'^i . . ^ ^ ' ' ' * 
For the triangles ./^£Cand if^G are' Smilariis 
^having one angle ac.'Jl in cbmmorti^artd the^nglesat 
'. B and £ right ; thcreftfe EG will be to EA^LsSCis ta 
*^'jfi but jBCis equal to jB/*,*froW tlte'natui-eof a 
fquare i therefor^ Efy will be egual to EAy and EG^ 
:j9 ^A 'and'£F-f £G* to £F^4-jE:;^*=;:yfP=r^D* 

';:^EH\ that is, £F+£G^==J?.^. ' ^ £. D. • - 

'■*••*••' ' • •• ." • . '•<.,».»') - . 

A-' T'li E OR E M. - -. : 

,f^S)^ Evexy fphere is two tbirds^of a^anumfcribing 

cylinder^ that isy a cylinder that will jftfl oontdin 

it. * • 

For fuppodng all things as in the laft article, 

(fee Fig* 6o») let the (quuc ABCD be bow fuppofedi 



J 
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to cum round its fixed fide ABy fo that the fquare 
may generate a cylinder, the quadraint a hemifphere, 
«id nic triangle ABC tfn inverted cone; and let this 
'cylinder, and oonfequentty the cone and hi^m^^pbtn, 
be confidered as confiding of an infinite, number of 
infinitely thincylindric lamina: then if £Hreprefent8 
the femidiameter of any one of thefe lamina belong* 
nig CO the cylinder, EG will be the femidiaaicter 
vi io much of this Unumt as lies within the cone, 

^ 'and EF the femidtameter of fo much as Ijes within 
^ffae hemifphcie: and becMfe (by the laft 4uiJci^ 
the fquare of EF and the fqMarc of EG are\both 
together equal Co the fquare of EH^ it follows from 
corollary 6 rn.art. 347^ that the t^o circles, whofe 
linnidiamecers are EF and £G, are boch tosetber equal 
to the circle whofe femidiamettr is Elti w^ich is 
as much as to fay in other words, fince khe liillc 
EH was taken indifferently, th^ eirery ptfticolar 
[lamina of the cylinder is equal to two contlpdn^defit 
lamina at the fame height, whereof one belongs m 
the cone, and the other to the hemtfphere \ . therdbi^ 

* eemponcndo^ the whole cyliridiir is t<{M%i to the corte 
and the hftmilph^re put together: bot the cotte 
has been proved already to be a third part bfth^ 

, cylinder, as having the fame bafe add height, (fee 
art. 360) ; therefore the hemifphere maft be the 
remainiog two thirds of itj thaf is, tvtry hemi* 
fpherc is two thirds of a cylinder of the fame b^e aifid 

^height. 

Let ; ITS now itnagine two Aich I httniiphe^s, 
and two fuch cylinders to be pqt together io Orte 
common 1)^, and the two hebilfpherts will'coik- 
llitute a fpherc^ and the two cylinders a cylinder 

. circumfcribed about that fphere, and the fphere will 

^bw be tWo\hitds of the cirttfttofeiiblitt «yliltdl|t« 



ATh/. 



\ATt. 2^6. Of the sphere. -^3% 

A fa £ O ft £ M. 

366, £,veryfphere is equal to a cone dr'j^ramd whcfe 
bafe is the /urfiice tif tbe^/pbere and wbofe' ferfen- 
dicular altitude is its femidiameter. 

To demonftrate ihia, let a body t^rminatjcc} Uf 
^ ^ plain fides, regular or IrrfiigQlar, be fo conSituted as 

^ to dAmt of a rphere to be infcribed in it, touching 

" every fide ia forae -point or other, as the cu(>e ami 
^ aa infiliitet :flUfnteer }of other bodies wijl^ andfroai 

: the ticntcfr d£ the inferibfd iphere imagine lines *o 

, fee'^mwn to cVcl-jr angle crif the circumfcribiiig body : 

theq- will this body be diftinguiflicd inta;as manypy- 
t - ratnids as k hath fides, ..whofc bafes will be the fe- ' 
i vcral fide^ cff the body, whofe common vertex will 

I be in the center of the fphere, and whofe perpendi- 

cdar heights will be radii drawn to the feverM poims 
c of coiiUft, and confequently will be equ^l : for as 

i when a circle is touched by right lines, all ra^ii 

drawn to the fevcral points of contaft will be per- 
i pendicular to the refpedive tangent lines ;. fo when 

: '' a fphereis touched by planes, all radii drawti to Ac 

: feveral points of contaft will be perpendicular to ihe 

refpeftive tahgent planes. ' . ^ 

Let'che'n r be the ^radius of the fptifire,' andlet 

a^ thy c^ d rfeprefent the quantities or areas 6f the 

feveral fides of the cireinnfcribing -bodyV ^nd ihe 

Iblid ^bhteiits of the pytafttids wherdxs^f that body is 
^r 'b*r' c^r dW 

coinpofed will be — , — , — , — , and the fum of 
' *^ . 3 3 3 3 - 

all thffe pyfkfnids, or the folid content of the body^ 

; • ^i„,..bc edbfr±^±i^ . Let n^bJ^r^i^s, 

' that is, let s be the whole furface pf the circumfcribjng 

- r s '• T s 

body, and its folid content will be — : but — is 

'3-3 
thjj conj^ntof a pyramid whofe bafe isv, and whofe 
- \^ perpendicular altitude is r;" therefore every body 

circumfcribcd 
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circumlcribed about a fphere \% equal to a pyl-amid 
nrhofe bale is the fyrfiice of the body, and whole per- 
pendicular a]tUude is the fcmidiameter of the infcribed 
tphere. . '._..'. 

Let us nbw'irftagtne the fcvcral angles of this cir- 
cumfcribing body to be pared off clofe by the furface 
of the fphercT, (b as to create more fides and more 
angles, and we (hall ftill haVe a body circuff)(cribed 
about the fphere, tliough in another (hapei and there- 
fore the proportion already advanced will be as true 
in relation to this body as to the fornoer : whence it 
follows, that if we fuppofe the angles of the circum- 
fcribing body to be pared off ad infinitum^ that is, 
till it diflfers nothing from the infcribed fphere, the 
propofition will be as trUe of the fphere itfelf as it 
-was before of the body circumfcribed about it, to 
wit, that every fphere is equal to a cone or pyramid 
whofebafe is the furface of the fphere, and whole per- 
pendicular altitude is its femidiamecer. S^E.D. 

A T H E O R £ M. 

gd/. ^t furface of every fphere is equal to four great 
circles of the fame fphere. 

Where note^ that by a great circle of a fphere y I me^n 
^ny circhari/ingfrom afeSion of a fphere into two equal 
bemiffkerei by a plane faffing through its .center^ in cm- 
tradiJ^infUon toalejjer circle arifingfrom afeSlim of a 
fphere into unequal parts : or a great circle of a fphere 
way be defined to be a circle wbofe diameter is the fame 
with that of the fphere. 

' Let s be the lurfacc of any fphere, d the diameter 
and b the area of a great circle of that fphere ; then 
will* b€ the bafc of a circumfcribing cylinder, d its 
altitude, and b d its folid content ) therefore, by the 

^ 2b d ' 

laft. article but one, will be the lolid content of 

■ 3 

the (phere: but by the laflr article, this fpliere h 
equal CO acone or pyramid whole bafe. is ^ the fuiface 
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of t,hc fphcre, and whofe perpendicular altitude i$ 

— its femidiametcr^ a third part whereof is -^ * there- 

sd 
fore -g- wai alio reprcfent the folid tonfent of the 

Iphcre : whence we have the following equation, td 

sd 2 bd 
Witi *^ = , which being reduced giv«s ssz/i^h 

From the three laft articled may be deduced the 
following corollaries : 

Corollaries,, 

: 368. I ft, As the diameter of a circle is to the cir^ 
cumfetence^ that is^ as y to 22 nearly^ fo is the fyuari 
of the diameter of arty fphrn to its furface. For fup- 
ppfing the diameter of a circle to be to the circumfer 
rence as i to.r, and putting i for the diameter of 
any fphere, cd will be the circumference of a great 
circle of that fphere, fince as t is to ^, fois.ito cd\ 

multiply then — the femicircumference, into— the 

tadiusy and you will have — the area of a great 

4 

circle ; therefore four great circles, or the furface of 

the fphere, will be cdd: but as i is to r, fo is dd to 

cdd\ therefore, ^c. 

2d, Whence it follows^ that "the furface of enxer^ 
fphere is equal to the produS of the circumference of a 
greM circle multiplied into the diameter of the fpherfu 
For, retaining the notation of the laft article, odd thci 
^urfai^e of the fphere is equal to cd the circumference 
of a great circle multiplied Into d the diameter. 

3d, T^he furface of e^ery fphere is equal to the comen 

furface, of a circutnfcribed cylinder. For if a concave 

cylinder without its two bafes be (lit, and then opened 

Into a f^ane, the fi^^ of that plane will be a par^l* 

B b lelogram^ 
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lelogram, whofe bafe will be t4iat line which before 
was the circumference of the bafe of the cyUpder^ 
and whofe height will be the fame with that, of the 
cylinder *, therefore, as the area of a parallelogram is 
tound by multiplying the bafe into the height, the 
furface of every cylinder muft be found hy multiply- 
ing the circumference of the bafe into the height of 
the cylinder : but the circumference of a cylinder cir- 
cumfcribed aboutafphere isequal to the circumference 
of a great circle of the fphere, and the height of fuch 
a cylinder is equal to the diameter of the fphere ; 
therefore the convex, furface of the cylinder will be 
equal to fhe circumference of a great circle of the 
fphere multiplied into the diameter, which by the laft 
corollary is the furface of the ihfcribed fphere. 

* 4th, The /olid content of every fphere is equal to the 
produSt of its furface multiplied into a third part of the 
radius, or the radius into a third part of the furface* 
This is evident from art. 366. 

5 th, As fix times the diameter of a circle is to the 
circumference^ tbaf is, as ^2 is to 22 or 21 to 11 
nearly^ fo is the cube of the diameter of any Jpbere to its 
folid content. For if we fuppofe the diameter of a 
circle to be to the circumference as i tor, the furface 
of a fphere whofe diameter is d will be <idd by the 
firft corollary -, and this furface multiplied into a third 

d 
part of \kitradiusy or into a third part of *^, which is 

6 is to ^, fo is d^ to -7- ; therefore as fix times the 
o 

diameter of a circle is to the circumference fo is th^ 
cube of the diameter of any fpt^ere to its foUd coo- 
tent. 

6th, T^he furfaces of all fpheres are as the fquares^ 
and the folid content s as the cubes ^ of their diamtters cr 
femidiametersn For fuppofing the diameter of anf 

c.rclc 
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circle to be to the circumference; as i to r, and fup- 
poling d and ^ to be the diameters of two fphercf, 
the furfaces will be cd- and ce^ by the firft corol-r 

lary, and the lolid contents will be -^ and -^ by 

the laft : but cd^ is to ^^* a% d" is to ^% or as 

d^ e^ cd^ c e^ 

— is to — : and —t- is to -^ as d^ is to e^^ or at 

To (hew the ufe of the properties of the fphere 
above defcribed^ I (hall add the following problems : 

Problem I. 

369. ^0 find bow many acres the furface of the whole 

earth contains. 

Let the diameter of a circle be to th^ circumference 

as ^'to f , and let e be the circumference of the earth ; 

de ^ de'' 
then will — be its diameter, and its furface by 

the fecond corollary in the laft article. Now the cir- 
cumference of the earth is 13 1630573 Englifli feet. 
Or 24930 Englilh miles nearly, allowing 5280 feet 
to a mile: therefore if we make ^=24930, we (hall 
have tf*=62 1504900. Now the numbers 7 and 22 
are fcarce exaA enough to exprefs the proportion of 
the diameter of a circle to the circumference in com- 
pany with fo large a number as e^ ; let us therefore 
ufe that of 113 to 355, which we have clfcwherc 
Ihewn (fchol. i . in arc. 1 79*^) to be much more exaft ; 

de'' 
I that is, let J=i 1 3 and f =3 55, and -~ or the fur- 
face of the earth will be 197831137 fquare miles: 
but every fquare mile contains 640 acres ^ therefore^ 
if the foregoing number of fquare miles be multiplied 
by 640, the produd 11661 1927680 will be the num-r 
bcr of acres required. 

* See the Quarto Edition, p. iZu 

Bbi ' li.9. 
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. JN.B* To be more exa& in any cooiputiition than 
the dat(i on which it U founded caa be co licUe or j)o 
purpbfc. 

Problems. 

3 70. What muft be the diameter of a concave fphere thai 
will juft bold an Englijb gallon? 

By the fifth corollary in art* 368, as 11 is to 21, : 
fo is the folid content of any fphere to the cube of | 
its diameter : but the folid content of oqr fphere is 
282 cubic inches or an Englifli gallon by the fup* 
pofition : therefore the cube of its diameter will be 
53814, the cube root whereof 8 •135 will be the dia- 
meter itfelf. 

iV. B. The extraftion of the cube ro0t is taught 
in mod books of Arithmetic, and depends on the 
nature of a binomial, as doth the extraction of the 
fquare root ; and therefore whoever fees the realbn of 
the latter, may (without much difEculty) reafon him- 
felf into the former : but tHe extraction of the roots 
of all fimple pawers will beft be performed by the 
help of logarithms, as will be Ihewn hereafter when 
we come to tr^iat of the nature and properties of thofe 
numbers. 

Of the Spheroid. 

373- V ^ fpi^^ be nfolved into an infinite nttn^ 
vf infinitely thin cylindric laminae, and then tbefe lami- 
na?, retaining their circular figure^ be all increafed or 
all diminijhedin the fame proportion^ they will con/iitute 
a figure called a fpberoid ; and it is faid to be prolate or 
oblongs according as thefe confiituent laminae are in- 
creafed or dimnifhed. This a learner, who is unac- 
quainted with the nature of the ellipfis^ may (if he 
pleafes) take for the definition of a fpberotd« 
From the definition here given it follows, 
I ft, that Every fpberoid is to a fphere upon the fame 
axis, as any one lamina/;^ the former is to a like lamina 
in tbeMtter from whence it was derived i or as anf 

number 
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number of laminse in the former is to the fame number of 
like laminse in the latter ^ that is, as any portion of the 
former comprehended between two parallel planes per* 
pendiuclar to its axis, is to a like portion of the latter. 

2dly,it follows, that Every fpberoid, as well as every 
Jpherej is two thirds of a circumfcrihing cylinder., For 
chough a fpheroid be greater or Icfs than a fphcre upon 
the lame axis, the cylinder circumfcribed about the 
fpheroid will be proportionably greater or lefs than 
the cylinder circumfcribed about the fphere : for, ha* 
ving the fame length, they will be as their bales; 
therefore the ipheroid will have the fame proportion 
CO a cylinder circumfcribed about it, as the fphere 
hath to a cylinder circumfcribed about the fphere. 

A Lemma. 

374, "The chord of any circular arc is a meanpropor^ 
tional between the verfed fine of that arc and the dia* 
meter. 

Let ABC (Fig. 61.) be a femicircle whofe diameter 
is AC, and afiuming any arc as ABy dra^ the ftraighc 
line AB,. which is its chord ; draw alfo BD perpen- 
dicular to the diameter AC'\n D, and the intercepted 
line AIX is called the verfed fine of the arc AB. What 
we are then to demonftrate is, that the chord AB is a 
mean proportional between the verfed {xncAD and the 
whole diameter AC: and this is eafily done by drawl- 
ing the other chord BC ; for then the triangle ABC 
will be right-angled at B^ as being in a femicircle, 
and confequently will^ be fimilar to the right-angled 
triangle ADB ; whence AD will be to AB as AB to 
JC. ^ £. D. 

Problem 5. . 

375. To find the folid content of a frujium of a heml* 
fphere or hemifpheroid comprehended between a grefit 
circle perpendicular to its axis and any other leffer 
circle parallel to it, having thefe two oppufite bafis 
and the height of thefnufhtm given. 

^ Bbs N.B. 
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i^* ^9 Nf B. As Q AD is fomecimes ufed for the fquaic 
of AD^ or a fquare whofc Gdc is AD^ fo in our vkoiz^ 
tion in this and fome of the following articles, we 
(hall not fcruplc to ufe'Q -^^ ^^^ ^^^ ^^^^ ^^^ circle \ 
whofe fennidiameter is ^D, 2 Q ^-^ ^o^" ^^^ f"^ 
circles, fcfr. 

Let -^5CZ) f f/^". 60 J be a fquare whpfe bafe is 
AD and diagonal AC\ and upon the center^^ and 
with the radius /^^defcribe the quadrant BAD ; draw 
•lib the line £R;i/ any where within the fquare pa^- 
f allcl to AD^ cutting AB in £, the quadrant in F, the 
diagonal in (7, and the oppoflte fide CD in H. This 
done, imagine the whole figure to turn round its 
fixed fide AB : then will the fquare generate a cylin- 
der, the quadrant a hemifpherc, the triangle ABC zn 
inverted cone, and the curvilinear fpace AEFD fuch 
a fruitum of an hemifphere as we are to find the folid 
content of, having giyen AD and EF the femidiame* 
ters of the two oppofitc b^fes, ^nd AE the height of 
the fruftum. 

In the 365th article, by the help of this conftruc- 
tion, it was demonftrated, that the hemifphere gene- 
rated by the quadrant ABD and the cone generated 
by the triangle ABC were together equal to the cy- 
linder generated by the fquare ABCD ; and the rca- 
fons there given for fuch an equality, equally prove 
that the fruftum generated by the fpace AEFD and 
the cone generated by the triangle AEG will both to- 
gether be equal to the cylinder genei-ated by the pa- 
rallelogram AEUD : but the cone generated by the 

jfE 
triangle AEG is equal toQ £Gx — • ; and the cy- 

Jinder generated by the paralltlogram AEHD is equaj 

to QADxAE==ziQAD)i ^ =; 204D-\-QEit 

AE 
X — , therefore, if/ be put for the folid x:oii tent of 

|he fruftum, we Ihall {lavc the foIlQwing equation, 
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A Iff Jp 

fpofc O^Gx » and then we (hall have /* = 

3 

^- . A E 

nQ/lD-^QEH—QEGX—: but by the 364th 

article, and the fixth corollary in the 347th, O^^ 
=:QEF-\-OEG; thertf ore QjEH—Q EG— QEFi 
fubftitute 0£Finftcad of QEH~^QEG in the fore- 

going equation (f=. 2 q AD^oEH — oEG x ) 

and you will havc/= zqAD-^oEFx : this is 

upon a fuppofition that the folid propofed is a fruftum 
of a hemifphcre. Let us now fuppofc the folid/ to 
confift of an infinite number of infinitely thin cyhn- 
dric lamiftie parallel to its bafe, and then that thefe 
lamina^ retaining their circular figure, be all dimi- 
nilhed in fome given proportion, fuppofe in the pro- 
portion of r toj; then it is plain that the folid /will 
degenerate into a fruftum of an hemifpheroid, and 
that it will be diminifhcd in the proportion of r to j; 

but then the quantity sq^D-j-oJE-Fx — will alio 

be diminifhed in the fame proportion ; and therefore 

/will ftill be equal to 2 qJD-^- qEEx — ^ ; whence 

we have the following theorem for finding the folid 
content of the fruftum propofed, whether it be a 
fruftum of a hemifphere or hemifpheroid. 
. ^0 twice the area of the greater bafe add the area of 
the lefs ; muUipfy the fum by a third part of the altitude 
ofthefrujium^ and the produ£t will be its folid content. 
Q. E. I. 
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Problem 6. 

376. ^ofind the convex fttrf ace of any fegment ofajpberc 
wbofi bafe and height are ghen. ( Fig. 00. ) 
Retaining the conftruftion of the laft article, and 
fuppofing what was there proved, if from the hemi- 
fphere generated by thv* fpace JBD be fubtrafled the 
fruftum generated by the fpace JEFD, there will 
remain a fegment of the fpherc generated by the 
fpace BEF; and if to this fegment again be added 
i/he cone generated by the triangle JEF, they will 
both together conllitute a fe(5tor of the fphere-gene- 
ratcdby the fpace ^^F-, and laftly, if the folid con- 
tent of this fpherical fedor be applied to, or divided 
by a third part of the radius JD, the plane or quor 
fient thence arifing will be equal to the convex fur- 
face generated by the arc BFy which is here propofcd 
to be determined. For as every Sphere is equal to a 
cone whofe bafe is its furface and whofe altitude is 
its radius, (fee art. 366) fo (and for the fame reafon) 
muft every fcftor of a fphcre be equal to a cone whofe 
bafe ?s the fpherical part of its-furface, and whofe al- 
titude is the radius. Now the hemifphere generated 
by the fpace JBD being two thirds of a cylinder of 
tlic fame bafe and height^ as was demonftrated in art. 
365, its folid content will be cxprcffed by 2Q ADx 

— -r= zi^ADx h 20 ^Dx i and the folid 

^ 3 - 3 3 

ppntentpf the fruftum generated by the {p2LCtJ£FD. 

' AE AK 

3vas 2 o ADYt — ho -E^X — ; fubti^adt the latter 

' - 3 ' ' J 

from the former,^ and there will remain the fegment 

Generated by the fpace BEF equal to 20 AD% 
'J5 AE ' 

■—^ -^ Q jBfx-^ \ adci to this the cone generated 

AE 
by the triangle AEF, whofe content is qEFx *"— » 

<|nd you will have the fphtfHc^al fcftor generated by the 

fpace 
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EB ' 
fpace ABF equal to 2 o ^D X . Let the diameter 

of a circle be to the circumference as i to r, and 

'zADys will be the circumference of a great circle, 

whofe half ADyjc multiplied into AD the radius^ will 

give AiTys for the area of a great circle; therefore 

EB 
Q)AD=zAD^XCy and iqADx — -, or 'the content of 

EB 
th« feftor, will be 2AD^xcX ■— : but £ 5 is the 

3 
Terfed fine of the arc 5F j and therefore if we put /for 
the chord of that arc, we ffiall have 2ADxEB=zl' by 
the laft article but one ; and the folid content of the 

fc&or will now be Tx^X > divide by ; and 

3 3 

you will have the furface generated by the arc BF 
.equal to l^xc : but as AD^Xc was equal to © JD, fo 
. will l-Xc be equal to I, that is, to a circle whole 
radius is the chord of thearcjBF; therefore /^^y«r- 
face of every fezment ofafpbere is equal to a circle whofe 
radius is the difiance ofthepole^ or vertical point of the 
fegmenty from the circumference of its bafe. 

What has here been determined concerning the 
convex furface of a fegment of a fphere agrees entirely 
with what was determined in art. 367 concerning the 
furface of a whole fphere. For if we fuppofc the arc 
^Ftobe afemicircle, its chord will then be a diame- 
ter, and the furface generated by this arc will be the 
furface of the whole fphjcre; and therefore the furface 
of this l])here will be equal to a circle whofe radius is 
the diameter of the fphere, that is lAD : but a circle 
vfhok radius is lAD^ is quadrupleof a circle whofe 
radius is ADy becaufe all circles are as the fquarfs of 
jheir femidiameters ; therefore the furface of every 
ifphere is equal to four great circles of the fame» sis 
was there demonftrated* 
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Of powers and teir indexes. 

378. ^ ■ !HE indexes of powers have been al- 
■ ready confidered, fo far as they (erve 
B for a fort of Ihort-hand writing in 
Algebra : but the incomparable New^ 
ton has very much enlarged our views with refpedt to 
thcfe indexes or exponents, infomuch that it is by their 
means chiefly, that fo.hnany excellent, ufeful, and 
comprehenfive theorems have been difcoverjcd both 
in Algebra and Geomjetry, and more particularly in 
the doftrine of Fluxions. This fort of notation there- 
fore I fhall now endeavour further to, explain in my 
pbfervations upon the following fmall table : 

Powers without their indexes. 

-L JL ^ 

wCiCnXnm fCXXX* fiCXX» XX » X» I* • • • 

X XX XXX 



XXXX XX XXX 

Powers with their indexes* 
x^. x^. xK xK x^. x^j x—K r— *^. *— '. 

This table confifts of two rows, whereof the upper 
is a feries of powers expreffed without their indexes, 
the common root or fundamental quantity being x; 
the lower expreffcs the fame powers fay the help ot 
their indexes* 

OfiSER" 
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Observatioks. 

379. I ft, By this table it appears that every [ulfe^ 
quent power is the quotienf of the next before it divided 
iy the common root x, and that every fubfequeht index 
is generated by fubtraSing unity from the next before it. 
Thus x^ divided by x gives Xy x divided by x gives i, 

J divided by x gives ^ — , — divided by x gives — ^ 

XX XX 

iffc: thus again, 2-^i=:i, i — 1=0,0 — 1= — i, 
— I — 1= — 2 ffff. Since then each row exhibits a 
regular feries, it follows that the negative indexes 
have the fame right to exprefs the powers they belong 
to as the affirmative ones, and that x — * reprefents 

— upon the fame foundation that x^ reprefents xx. . 

adly, Therefore whatever number is the index of any 

, fower^ it^ negative will be the index of the reciprocal 

of that power ^ or of unity divided by that power. 

Thus if 2 be the index oixx^ — 2 will be the index of 

— ; if I be the index of at, — i will be the index of 

—J andfoaf the reft. 

3dly, In all cafes whatever ^ the addition of indexes 
anfwers to the multiplication of the powers to which they 
hdong 5 that iSf if any two powers of the fame quantity be 
multiplied together^ the index of the multiplicator added to- 
. the index of the multiplicand will give the index of the pro^ 
duil. Thus x^ multiplied into x^ gives x\ as xxy^xxx 

gives xxxxx: thus x'^ X x—^ gives x—\ as xxx 

I . . . T I 



gives — : thus X—' XX— ^ gives ir-S as--;x — givca 
X xx^ xxx 

■^^^^ : thus ar^X«-» give* *°, asx 
ifJX«° gives *', as xxKXi gives xxx. 



■^^^^ : thus ar^X«-» gives *°, asx4;x — gives i 



4thljr, 
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4thTy, In like manner the fubtraElion of indexes 
an/wers to the divijion of powers \ that is^ if any 
power of any quanlity be divided by a power of the 
fame quantity, the index of the divifor fubtraSed from 
ibe inden of the dividend leaves the index of the quotient. 
Tbusar' divided by a?- quotes x', as ;tf;ir^ divided by ;^jp 
quotes X : thus x* divided by jr-' quotes xs^ as^ xx 

divided by — quotes xxxxx: tbus.x--^ divided by 

XXX 

x^ quotes Of— ^ as — divided by xxx quotes ; 

^* xxxxx 

thus X—* divided by x— ' gives x\ as — divided by 
— gives X : thus x^ divided by ^r-* gives ;c*, as i 

XXX 

divided by — givej xx : laftiy, x* divided by x^ 

X X 

gives x^, as xx divided by xx gives i. 

5thly, If the index of any power be multiplied by 
^9 3> 4» &c. tbeproduSl wilt be the index of the fquari^ 
et^e^fquare-fquare, &c. of that power': and therefore 
if the index of any power be divided ^ 2, 3, 4, &c. 
the quotient will be the index of the fquare root, fube 
rooty fquare fquare root, &c. of that power* Thus 
the fquare of x"" is Jt^ its cube x^, its fquarc-fquare 
x^ : thus again, the fquare root of x^^ is x^^ its cube 
yoot;r4 : its fquarc-fquare root »% i£c.: thus the fquare 

1 , i 

root of ar or x"^ is x^^ its cube root x^^ its fquare- 

i ^ T 

fquare root y* 6fr. ; thus the fquare root of — or 

xr^ is AT-^j its cube root a:— 3:, its fquare-fquare root 

y--"^6f^. ; thus^' figni&es the cube, root of ar% x 

the fqOare-lquare root of at'. And univcrfally^ x^^ 
fignifies that root of x"^ whofe index is n 5 asif 
;i''=A^, thea y is faid tq bfc that roOt (^f *^ whofc 

• ipdex 
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inviex IS Hy and mud be exprefled by x » ; and ther^e.- 
fore if in any cafe 9(^z=:y% it will be a good inference 

to fay that jf is equal to AfT, or that x is equal W 
ft 

y m m 

6thly, P^werj ^r^ reducible to more Jimple powers^ 

as often as their fraSiional indexes are reducible to more 

Jimpk fraSions. Thus the fquare-fquare root of jc* 

is .the fame with (he fquare root of a?, becaufe 

7thiy, If the index of any power he an impr^er 
fraSion^ and that fraction be reduced into a wbpk 
number and afraSiion^ the power will hereby be refolved 
into two faSorSy whereof one will have the wboU 
number for its index 3 and the other the fr^ilional poit. 

Thus 4 = 2 -f I, and therefore x^ = ^*x^*;thatis, 
the fquare root of x^ is equal to;r;c multiplied into the 
Iquare root of ^v 

^xhlyy^Surd powers may be reduced to the fame root 
by a reduSlion of their fraBional indexes to the fame 
denomination^ and thaty whether they be pov^ers of the 

It 
fame quantity or not. Thus x and y are the fame 

>sy^ and^^; that is, the fquare root oi x and the 
cube root of j are the fame as the fixth root oix^ 
and the fixth root of ^*, and thus may furds of differ- 
ent roots be compared together without any ex- 
' ijaftion of thofe roots. As for inftance, if any one 
(hould afk me, which of thefe two quantities is the 

freater, the fquare root of 2, or the cube root of 3 f 
Ihould anfwer, the cube root of 3; for the fquare 

wot of 2 or 2 or 2^ is equal to 8^-, but the cube 

root of 3, or 3*, gr 3^, is equal to 9^ 5 and <^ 

is greater than 8^. 



9thly, 
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9thly, Thai the addition and fubtraStion of indexes 
enf'voers to the multiplication and divijson of the powers 
to fvbicb they belongs holds equally true in fractional 
indexes^ as in integral ones. Thus i4~i^=^7> ^'^^ 

oe X x^=ix^y which I thus dcmonftratc. Ijtty^z=zxi 

X 

then by the fifth obfcrvation wc (hall have y = x*, 

yz=:x^jOTx\y*=x^yOrx ,andjf«=x^: huty^yy^ 
is equal to y^ by the third obfervation; therefore 

^ multiplied into or gives y^. After the fame man- 
ner, fince | — }=Tf it may be demonftrated that 

X divided by X will give ;i: ; fory^ divided by y* 

X 

gives^, which is equal to x^i and the demonftrations 
will be the fame in all other cafes. 



PART II. 

Of logarithms^ and their ufes. 
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^e definition of logarithms^ and confeSlaries drawn 
from it. 

Art. 390. Y OGKRlTnMSareafetofarti" 
ficial numbers placed over-againji 
the natural oneSy ufually from i to 
looooOy and fo contrived that their 
addition anfwers ta the multiplication of the natural num^ 
hers to which they belong ; that is^ if any two numbers he 
multiplied together^ andfo produce a thirds their logarithms 
being added together will conJiiMe the logarithm of that 
third. 

Thus o .3010300, the common logarithm of ^^ 
added to 

o .4771213, the logarithm of 3, gives 
o .7781513, the logarithm of 6» becaule 
6 is the produd: ot 2 and 3 multiplied together. 

7 . From 
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From this definition it follows, firft, ^bat in any 
Jyftem' or table of logarithms whatever ^ the logarithm of 
unity or i will be nothing : for as i neither increafcs 
nor diminiflies the nuniber multiplied by it, fo nei- 
ther will its logarithm either increafe or diminiOi the 
logarithm to which it is added ; aqd therefore the lo- 
garithm of I muft be nothing. 

2dly, For a like reafon^ the logarithm of a proper 
fraHion will always be negative : for fuch a fraftion al- 
ways diminiflies the number multiplied by it, and 
therefore its logarithm will always diminilh the loga-*^ 
rithm to which it is added. 

jdly. This property of logarithms^ whereby they are 
defined as above ^ affords us no fmall compendium in muU 
tipUcation : for whenever one number is to be multi- 
plied by another, it is buttakingout their logarithms, 
and adding them together, and their fum will be a 
third logarithm whofe natural number being taken ouc 
of the tables will be the produft required. 

4thly, The fubtraElion of logarithms anfwers to the 
iivifion of the natural numbers to which they belong ; 
that is, whenever one number is to be divided bjr 
another, it is but fubtrafting the logarithm of the 
divifor from the logarithm of the dividend, and the 
remainder will be the logarithm of the quotient : and 
thus by the help of logarithms may the operation of 
divifion be performed by mere fubtraftion as that of 
multiplication was by addition. Hence as every 
fraBion is nothing elfe but the quotient of the numera^ 
tor divided by the denominator^ its logarithm will be 
found by fubtraHing the logarithm of the denominator 
from the logarithm of the numerator. To demonftrate 
chis, to wit, that the logarithm of the divifor fub* 
traded from the logarithm of the dividend will leave 
the logarithm of the quotient, let the number A be 
divided by the number -0, and let the quotient be the 
number C, and let the logarithms of the numbers 
Aj Bj and C, be a, b^ and c refpedlively ; I fay then 
that 4—^ will be equal to c : for fincc by the fuppo- 

, fitioa 
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A 
lition^=iC; wc fhall have -*f=J?C, J=i+r by^hc 

definition ; whence a-^zz^c. 

5tfily, yfi every fourth proportional is found by n^U 
tipfyiug tie fecond and third numbers together^ and ii* 
viding the product by the firfl^ fp the logarithm of every 
fucb fourth proportional will be found by adding the 
kjgarithms of the fecond and third numbers together^ and 
fubtra£ling from thefumthe logarithm of the firfi* This 
renders all operations by the rule of proportion very 
conipendious and eafy ; efpecially after the practitioner 
has pretty well inured himfelf to take out of the table 
](^arithn23 to his numbers, and numbers tohisloga-' 
rithms: but this compendium is chiefly ufeful in 
Trigonometry, both plain and fpherical, where every 
thing he wants is put down ready to his hands. 

6thly, If K he any number wbofe logarithm is a, then 
the logarithm of A* will be aa, that of A}^ 3a, 6fr* 

that of —, — a, that of-jr^ —2a, ^c. Anduni- 

verfalfyj the logarithm of A" will be axm? ^ni 
that^ whether the index m be integral or frailional^ . 
affirmative or negative : on the other hand^ if q be the 

logarithm of any power of Ay as of A", then — will be 

the logarithm of A. The reafon of all this is plain j 
for as A^ is the produft of A multiplied into itfclf, fo 
its logarithm will be the logarithm of A added to 
itfelf or doubled, that is la ; and fo of the higher 

powers. Again, as -j is the quotient of unity divi- 
ded by A, its logarithm will be found by fubtrdCling 
tf, the logarithm of Ay from o, the logarithm of i^ 
which gives — ai and fo of the lower powers. Laftly, 
v^hl A^ when multiplied into itfelf, produces A^ fo 
Its logarithm, when added to itfelf, ought to rnakt: 
fi\ therefore the logarithm pf a/ <^ will be \a\ and 
ip of all the other fradigqal powers. Hftre tbea again 
3 w« 
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we have another inftance of the very great ufefulnefs 
of a^ood tabic of logarithms, to wir, jh raifinga 
number to any given oower, or in extradbing* any 
given root out of it, all which is performed with 
equal facility, only by multiplying its logarithm by 
the index of the given power, or dividing it by th<t 
index of the given root; as doubling it forthefquare, 
tripling it for the cube, &?<:. 5 halving it for the fquare 
root, trifeding it for the cube root i^cr. this, I fay^ 
catnnbt but be very ufcful in a great many cafes, and 
moreefpcctally in Annatocifm, where wie have fome- 
limes occafion tocxtradeven the three hundred fixty- 
fifth root of a number, 2(s at other times to raife it 
to the three hundred fixty-fifth power, fcarce poilibte 
to be performed any other way ; to fay nothing of the 
innutiier^le miftakes that in fo long ancf laborious a ' 
calculation would be almoff unavoidable, all which 
are prevented by the ufe of logarithms. It cannot 
indeed be expeded that entire powers,, and much lefs 
entire roots, flbould be gained this way 5 but it will be 
eafy in mOll cafes to obtain as m^ny terms as can hp 
of any \ife to us. 

7thly, Ifanyfet ofnumhers^ as A, B', C, D he in 
continual geometrical proporiien^ their logarithms y which 
we JbaU call a, b,. c, d, will he in arithmetical prOw 
greffion : for fince by the fuppofition yf is to ^ as ^ is 

S C T^ 
to C as C is to jD, that is, fince "J = g = g*» ^^ fl^*U 

have h — az=:c — h:::td — c by the fourtTi confedary ; 
therefore a, '^, c, d are in arithmetical prbgrcffidn. 

gthly. From thir laji cofffeSfary it ivitthe eafy^ having 
two nufhbers given^ to find as many rhedriptofortioAdls ai 
we pieafe hetween them. Let the given number's be' 
J and i^, and let it be requir^ed to find fout iticari 
proportionals between ({hem; whidi Wc (hzH call 
B, C, 2), £, fo that Ay B, C, D, Z, F, may be iri 
contiriuil gebnrtetricai proportion. Here then it- is 
evident from the lift confeftary, that, ai* thcfc liiirti- 

"* ' . Cc ^rs 
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bcrs are in continual geometrical proportion, their 
logarithnns, which we (hall call a^ b, c^ i, e^ /, will 
be in arithmetical progrefllon, whereof the extremes 
a and / are known, as being the logarithms of the 
known numbers y^and F, and the intermediates tnay 
be found thus. Put x for the common difference of 
this arithmetic progreflion i then will ^-}-^=^» ^-f-2x 
z=iCy tf-l"3^=^> fl-f-4x=:^, tf-j-5x=r/; whence x=: 

' ; whence n-^x or bz=ia+ = - — ^^aA-tx 

S ^ 5 5 ^ 

7aA^zf la'-l-^f 
or €=. ) ^4"3^ ^^ ^= » <i-}-4^ or ^= 

; fo that the logarithms of the four mean pro- 

5 ^ 

• 1 r u. 4^+/ 3^+^/ " ^^+3/ ^+4/ 
portionals fought arc , , — '■ — , -^ — -: 

take, then the natural numbers By C, Z), E of thefe 
logarithms, and they will be the mean proportionals 
required. ^E. I. 

Logarithms the mcafurcs of ratios. 

391. LogarUbms are fo called frcm their being the 
arithmetical or numeral exponents of ratios : for if unity 
be made the common confequent of all ratios, or the . 
common (tandard to which all other numbers are to 
be referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural number to 
unity. As for inftance, the ratio of 81 to i adually 
contains within itfelf thefe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to 9, that of 9 to 3, 
and that of 3 to i (fee art. 293); all which ratios 
are equal to one another, ^nd to the ratio of 3 to i j 
therefore the ratio of 8 x to i 15 faid to be four time^ 
as big as the ratio of 3 to i (fee art. 294) ; and 
hence it is that the logarithm of 81 is four times as 
\)ig as the logarithm of 3. Again, the ratio of 24 
{0 * X contains, and may be refolved injo thefe threq 
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ratios, to wit, the ratio of 24 to 12, that of 12 t6 
4^ and that of 4 to i; the firft of thefe ratios, to 
\^it, the ratio of 24 to 12, is the fame with that of 
i to I; the fecond, to wit, the ratio of 12 to 4, is 
the fame wich that of ^j to i ; and therefore the ratio 
cif 24 to I is equal to the ratios of 2 to i, 3 to t, 
and 4 to I, put together; ahd hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 3 
^nd 4 put together : And univerfally, the magnitude 
cf the raiio of K to i is to the magnitude of the ratio 
cf B to \ as the logarithm of A is to the logarithm of 
B. And heue we have a way of meafuring all ratios 
ivhatever^ let their confequents be what they will: as 
for example, the ratio of A to B is the cxcefs of* the 
ratio of yf to i above the ratio of 5 to i (fee art. 
296)5 therefore the numeral exponent of the ratio of" 
A to B will be thee^cefsof the numeral exponent of 
the ratio of .4 to i above the numeral exponent of 
j the ratio of 5 to i, .that is, the excefs of the Ipgarithm 
of A above the logarithrti of B ; therefore The magni^ 
tude of the ratio of A to B is to the magnitude of the ratio 
of C to H as the excefs of the logarithm of A above the 
logarithm of B^ which is the meafure of the former ratio^ 
is to the excefs of the logarithm of C above the logarithm 
of D, which is the meafure of the latter ratio ': and thus 
'^e fee that logarithms are as true and as proper mea- 
fures of ratios as circular arcs are of angles. 

I might have defined logarithms from the idea here 
given of them, and thence have deduced all the other 
properties above defcribed : but, as it is not every one 
chat hath a juft and diftinft notion of the nacure and 
Compofition of ratios, I thought it more advifeable to 
treat of them in a way more familiar to the learner. 

^ . ' - 

CyBriggg*^ LogaHthms:' *' 

' 392. Froin the definition given in art. 396, // may 

iafily befeen^ that^ if any onefyfiem of, logarithms be ance 

ebtainedy an infinite , number of others maybe derived 

" ' C c 2 from 
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fnm them by increafing or dimini/bit^g the logarithms of 
that fyjiem in fome given proportion. As for inftance^ 
in the fyftcm given let a, ^, r, be the logarithms of 
three numbers, A^ 5, and C, whcreot the third is the 
produA of the other two multiplied together ; then 
will tf-|-^=r, by the definition. Let us now ima- 
gine all the logarithms of this given fyftem to be 
doubled } then will a^ by and c be changed into la^ 
zb and 2c \ but as a'\-b was equal to^ m the former 
fyftem, fo now will la-^ib be equal to 2c in the lat- 
ter; that is* all the numbers of this new fyftem will 
ftill retain the property of logarithms. But though all 
thefe Sfftrent fyjlems be equally perfeS^ if computed to 
the fame degree of accuracy^ yet they uHl not all be 
equally convenient for ufe : for of aUfyftems or tables of 
logarithms y that is certainly beji accommodated for praSiee 
fvbicb is now in ufe^ and is commonly known by the nami 
of Brigg^'s logarithms. The Lord Napeir^ a Scotch 
nobleman, was the firft inventor of logarithms ; but 
our countryman Mr. Briggs^ Profeffor of Geometry 
ip Grefham College, was undoubtedly the firft who 
thougbtof this fyftem; and, propofing it to the nobJc. 
inventor the Lord Napeir^ he aft^rwa^ds publilhed it 
with that Lord's confent and approbation. ^ 

The diflingtfijhing mark of this fyftem is^ that herein 
the logarithm of 10 is 1, and confequently that ^ 100, 2, 
that of I GOO, 3, that of 10000, 4, &c. j that ^1,0, 

that of — or of o.iy^— I. that of — orofo.oi^ — 2, 

Src. In this fyftem the integral parts of the logarithms, 
are alwqys diftinguifhed from the reft^ and cqUed ihe 
inde^xes or, cbaraSeri/tics qf (h^, logarithms ^bercff tlnj. 
are parts : thus the logarithm ot 20 is i .3010300, 
where the charaderiftic is i -, chat of 2 is o .301.030O} 

2 
where the charafteriftic is o ; that of — or o .a is 

10 

'-— i-l-.3«i030o, where — r is the charaAeriftic, Ofe. 

Some 
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r Sc^me advantages otf this fyfiem* 

393. Some of the chief advantages of this fyftertif 
beyond all others* ^ih appear from the following 
confiderarioBS. 

I ft, Whereas we have frequent occafion to multi- 
|>ly iftd dividi by 10, loOj 1000, &?r, this m thi« 
iyftem is very readily pcrf€«rm^, only by adding tb 
or fubtrafting from the charafteriftic the nltmfaers 
li 1, 3, ^.5 and as thefc are whole nambers, they 
icaii ^1y irfftoience ihe index or charafteriftic of a lo'* 
garithm, without affbfting the decimal part. 

£d)y, So long as the digits that compofe any nutn* 
ber are the fime, and in the feme order> whatever be 
their places with reifpefl to the place of units, the 
decimal parts of the logarithm of fuch a number 
*will always be the fame. As for inftance, let 44-/ 
be the logarithm of this number 34567 .89, whcrij 
4 is the cWaifiieriftic, and / reprefents the fum of all 
the decimal parts 5 then will ^-j"' be the loga^ithni 
of 345678 49, 64-/ that of 345^6789, 7+/ that of 
34567890, (^c. On the other hand, 3-}-^ will be 
the logarithm of 3456 .789, 2+^ that of 345 .6789-, 
1+/ that of 34 .56789, o+Zthat of 3 . 456)89, 
— i4'/thatofo.3456789,—2-j-/thatofo. 03456789^- 
fc?c. ; the rcafon ot this is plain ; for if the numbct 
34567 .89 be mul'tiplied by lO, the prdduft will bt 
345678 .9 ; therefore if to 4-|-A the logarithm ofthfc 
former number be added i, the logarithm of 10^ 
the fum 5-4-/ will be the logarithm of the latter. 
Again, if th« number 34567 .89 be divided by 10, 
the qudticrrt win be 3456 .789 ; therefore if from 
4-4-/, the Ibgarithm of the former number be fub* 
ira(?l:ed 1, the logarithm of 10, the remainder g-|^/ 
win be the logarithm of rhe latter. Hc»ethen wc. 
(hr the reafon why in firrg^jV tables the tjccitnal pare 
©f every logarithm is affirmative, whetber the whole 
Ibgarithm taken together be 4b ot- tsxK ; for» is the 
logarithm of all numbers greater than umty, bptJi 
* Ccj ih^ 
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the integral and decimal parts are affirmati\^e; and 
therefore the decinnal parts muft always be fo, fince 
thefe are not changed by changing the natural num- 
ber, lb long as the digits that qompqk it are the fame, 

and in the fame order : thus or — . 3 may be a 

logarithm } but it is never exprefled fo, but rather 
thus,— . I -|- .7, the negation being thrown wholly 
upon the chara^teriftic. 

3dly, By this means in Briggs^s fyftcm the charac- 
terifticof the logarithm of any number is eafily known 
thus : fuppofe 1 was afked, what is the chara^erifticof 
the logarithm of this number 54567 .89 ? Herel con- 
fider that this number lies between loooo and i ooooo; . 
therefore its logarithm muft be fome number between 
4 and 5 ; therefore it muft be 4 with fame decimal parts 
annexed, that is, the cbara£teriftic muft be 4. And 
again, fuppofe it was required toafllgn the charader- 
iftic of the logarithm of this number, o •03456789 : 

here 1 confider that this number lies between — and 

10 

— , that is, between o .i and o .01, and therefore 

its logarithm muft lie between — i and — 2, that is, 
its logarithm muft be —2 with fome affirmative de- 
cimal parts annexed, to Icflen the negation •, therefore 
j{he charafteriftic will be -—2. 

7b find tkc cbaradierijlic gTBriggs^s logarithm (f 
any number. 

394, Hence may be drawr^a (hort and eafy rule 
for determining the index or charafteriftic of theJo- 
garithm of any number given, thus. If the number 
given be a v^hole number^ or a wixt number conjifting 
of integral , and decimal parts^ then fo matrf removes 
ay is the place of units to the right hand of the firft 
figure^ of fo many units will the cbafaBertfiic confifi \ 
^but. if the.numb^ propofed be a pure decimal^ tbenfo 
: . . mawf 
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many removes as is the place of units to the left hand 
of the jirji Jignificant figure^ of fo many negative units 
will the charaSierifiic conjift. Thus the index or cha- 
radleriftic of the logarithm of this number 34567 .89 
is 4, bccaufe 7 in the place of units is four removes 
to the right hand of the firft figure 3 : thus again, 
the chara£teriftic of the logarithm of this number 
o .03456789 is —2, becaufe o in the place of units 
is two removes to the left hand of the firft fignificant 
figure 3. 

Thefe rules are the more to be obferved, becaufe 
in fome tables the integral parts of all logarithms 
are omited, being left to be fupplied by the operator 
himfelf, as occafion requires : by this means, the lo- 
garithms become of much more general ufe than if^ 
, by having their charadteriftics prefixed, they were 
tied down to particular numbers. 

Another idea of Logarithms. 

395. In thefjftem here defcribed^ every natural num^ 
her iSy or may be^ conjidered as fome power of 10^ and 
its logarithm as the index of that power : for let a be 
the logarithm of any natural number as ^; then fince 
Briggs^s logarithm of 10 is i, his logarithm of 10^ will 
be a\ this is evident from art. 390 eonfed. 6; there- 
fore A muft be equal to 10^, fince they have both the 
fame logarithm \ that is, the natural number A is 
fuch a power of 10 as is cxprcffed by its logarithm a. 
This confideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 
fubcradtion, multiplication, and divifion, of thefe loga- 
rithms anfwer to the multiplication, divifion, involu- 
tion and cvplution of their natural numbers. 

Precautions to be ufed in working by Briggs's 
logarithms. 

396. Though thefe logarithms (as I obferved be- 
iorc) are preferable to al} others, on account of their 

; fimplicity 
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fimplicky and facility in prafliCe, yet ift uling thein 
feme precautions are to be obferved, ^hith (to pre^ , 
vent miftakes) I Ihall here jull Jpoiiit but 10 the 
karner; is 

ift, In the addition of U^ari(bms^ vAalever is car- 
fiii vverfrom ibe dfcimal to the integral putts mufi be 
fovfidered as affirmative^ and as fucb mujl be added i$ 
tbofe integral parts^ whether they ie q^rmative br ne* 
gative. Thus —3-}- .7000C00 being added to — 4 
;;^- .8000000, the fum will be — 6-f- -5000000 ; for 
though the fum of the charaftcriftics —3 and — 4 be 
—7, th^ affirmative unit drawn from the decimals 
reduces it to — 8. 

2dly, Whenever a fubtraStion is to be made in hgd- 
rUbmSi it muJl be performed in the decimal parts as 
ufual ; but if the charaSleriJtic of the fubtr abends or of 
the number from whence the fubtraSlioH is to, be made^ 
or of both^ be negative^ they mfft be treated in the fub- 
trahm as the nature of fucb quantities requires. Thus 
—3-f- .8900000 fubtradted from — 1+ .7600000 
leaves t .8700000 : for if -|-i, on account of the 
decimals, be added to — 3, the charafteriftic of the 
fu*btrahend, it will be reduced to — 2, which being 
fabtraAcd from — i as above, leaves -f-i* Nay, the 
learner moftnotbc difcouraged if he fometimes finds 
himrelf obliged to fubtraft a greater logarithm from. 
a lefs, as will always be the crfe where the logarithm 
of a proper fraftion is required : as for example, let 
ic be required to find the logarithm of | : here fub- 
trafting o .3010300, the l6garithm of 2, from 
o .0000000, the logarithm of i, there will remain 
— i-j- .6989700, the logarithm of | ; for in this fub- 
traftion, +1, on account of the decimals being added 
to the chara<5leriftic of the fubtrahend, gives i, which 
fubtrai5bed from o above, leaves — i, 

A Note, The logarithm of a vulgar fraElion may alfo 
i^ obtained by throwing it into a decimal. Thus the 
logarithm ot f may be obtained, either by fubtra^ing 
the logarithm of 3 from that of 1, or clfe by taking 
» 7 out 
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out the logarithm of this decimal fraction .6666667, 
which is the fame as the logarithm of the whote 
number 6666667, except that the charaftcfiftic of th« 
former logarithm is — i, and that of the latter 4r6.' 

jdly, fn the muUiplicathn of logaritjpms the jame 
caremuft (retaken as in addition. Thus if it be requhred 
to multiply this logarithm -^3-}- .7000000 by 9, 
tiie produd will be — 21+ .3000000; for though 
the produd of — 3x9 be — 27, yet the +6 drawn 
from the decimals reduces it to — 21. 

4thly, Whenever a logarithm is to be divided by 2, 
3, 4, &c. in order to obtain thefquare, cube^ bi^adrate^ ^ 
&c. root of its natural number^ if the charaSleriJIic be 
negative^ md will not be divided without afraBtion^ my 
ivay is to refolve it into two parts y to wit, into a ntga^ ' 
iivtpart which will be divided^ and an affirmative fart 
which will incorporate with the decimals annexed. Tbcii 
if I was to take the half of this logarithm — 1-|* 
.70000CO, I cannot join the— i to the decimals an- 
nexed, becaufe they are quantitres of difitrent kinds ; - 
therefore I refolVe the charaSeriftic — i into two 
parts, to wit, — 2+1, and then taking the half o^ 
—2, which is — I, I join the affirmative part -{-1^ 
to the decimals annexed, and lb take the half of ^ 1 7^ 
which is -j-8 &c. ; therefore the half of the aforeiaid 
logarithm is — 1-|- •8500000: had the charafteriftic 
been-T— 3» I fliould have refolved it into — 4-}-i. Had 
4 of the forefaid logarithm been required, I ihould 
have refolved tlie charafteriftic — i into — 3+2, 
and fo fhould have taken, firft, the third part of -^j* 
which is — I and then of -|-27, which is -I-9 : had 
the^ charafteriftijc been — 2, I (hould have refolved it 
into — 3+1 ; had it been — 4, 1 (hould have refolved * 
it into — 6-f-2, and fo on. 

N. B. Of all the tables hitherto in ufe whofe toga^^ 
rithms do not run to above feven decimal places, I 
take thofe publilhed by Doftor Sherwin to be the beft 
upon many accounts, and particularly in'thcdifpafi'- 
tiop of the logarithms : theie therefore \ fhaU trot 

fcruplc 
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fcruple to recommend to my readers, whom I fhall 
alfo refer to the direftions there given for finding the lo- 
garithms of all abfolute numbers from i to looooooo, 
and vice verfa. But I muft own I cannot with equal 
jufticc recommend the method there taken to avoid 
negative indexes by creating new ones, and by ufing 
arithmetical complements. It is not to be denied buc 
that this fort of pradice may be abfolutely necelTiry 
to fuch as know nothing of the nature and ufeof ne-^ 
gative quantities; but thofc who do, 1 believe, will 
find the rules here laid down more natural and con* 
venicnt; and as they carry their own reafons along 
with them, I doubt not but that the learner will find 
them cafier to be remembered^ and lefs liable to be 
mifunderftood. 

397. In the tables above recommended, after the 
logarithms on every page, are two columns, one called 
a column of differences, and figned D ; the ocher 
called a column of proportional parts, and figned, 
Pts above, and Pro below : thefe two columns, as 
well as the reft, have been explained by the author; 
but, left they (hould not be thoroughly underftood by, 
what is there faid of them, I (hall take the liberty, by 
a fingle inftance, to explain more at large the reafon 
and ufe of thefe columns: I fhall take my example 
from tt)e author himfelf. Let it then be required to 
find by the tables the logarithm of this number of 
fcven places, to wit, 5423758 : to do this, I firft put 
down 6, the charafteriftic of the logarithm fought, 
according to the diredions given in art. 394 5 then 
i confider in the next place, that though by the help 
of the tables we can find the logarithm of any num- 
ber under looooooo, yet that the abfolute numbers 
there do not, properly fpeating, run to above five 
places; therefore I lower the abiblute number given, 
to wit, 5423758, to this, 54237 .58, which will not 
affeft the decimal part of the logarithm fought ; then 
fetting afide the charafteriftic, 1 take out of the tables 
the logarithm of the five integral places 54237 

accordfhg 
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according to the diredlions there given, and find it 
to he 7342957 \ this I fubtradt from the logarithm 
of 54238, that is, from 7343037, and find the dif- 
ference to be 80. But the dcfign of the column of, 
differences is on purpofe to avoid this fubtradion : 
for, had I taken out of that column the number oppo- 
fite to 542 ;5 7, the integral part of the abfoiute num- 
ber propofed, or if no fuch oppofite nuniiber was to 
be found, had 1 taken the neareft number above, 
(not below), I fhould have found the number 80 ,1, 
that is, in a whole number, 80, without any fubtrac- 
traftion. Thus then the cafe (lands : as the abfoiute 
number propofed 54237 .5'8 lies between the two 
neareft tabular numbers 54237 and 54238, whofe 
difference is i, fo muft the logarithm fought liebe« 
tween the logarithms of the tabular numbers above* 
ttientioned, whofe difference is 80 ; therefore I fay by 
the golden rule, as i, the difference of the two tabu* 
Jar numbers, between which mine lies, is to 80, the 
difference of the two tabular logarithms between which' 
the logarithm fought lies, fo is .58, the difference be 
twixt my number and the neareft lefs tabularnumbcr, 
to 46, the difference betwixt the logarithm fought 

• and the neareft lefs tabular logarithm ; therefore 
adding this difference 46 to the neareft lefs tabular 
logarithm, to wit, 7342957, 1 have 7343003, which 
])eing joined as decimal parts to the charaderiftic 6, 
gives 6 .7343003 for the logarithm fought. This 
number 46, which was the fourth proportional above 

. found, is called the proportional part, becaufe it is 
(he fame proportional part of 80, the difiercnce of the 
two neareft tabular logarithms, that*58, the decimal 
part pf the number propofed, is of i, the difference 
pf the two neareft tabular numbers. Whoever attends 
to the foregoing operation will eafily perceive, that 
this proportional part 46 vvas gainpd from multiply- 
ing 80, the common difference, by .58, the^icjccimal 
part of the abfoiute number propofed ; and thc{ fame 
i[vpu}d h:^vc bpen obtained if the common diffia^ence 

§9 
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80 had firft been multiplied by .5 and then by .08, 
and the produ&s been taken into one fum : now it is 
to lave thefe two multiplications that the column of 
proportional parts was contrived; for whoever looks 
there for the common difference 80 will find all the 
produ&s of the faid common difference multiplied by 
.1, .2', .3, ^t .5, &c, to .9 inclufively; and look- 
ing for tlie number over againft .5, he will find the 
number 40, which (hews chat the number 40 is^-^ 
of the common difference 80; fo alfo over againft 
& he will find the number 64, which (hews that the 
number 64 is ^ of the common difference; but we 
do not want ^4 of it) but 8 hundredth parts \ there* 
fore he mult not take the number 64, but a tenth 
part 0/ that number, to wit, 6 .4 or 6, which being 
added to 40, the proportional part before found, 
gjives 46, to be added to the neareft lefs tabular lo* 
garithm in order ir obtain the logarithm fought. 

But when all poflible exadtneis is required, and no 
errors are intended to be committed* but fuch as un- 
avoidably arife from, the imperfedioo of the loga- 
rithms themfelves ; I would advife the reader to com^ 
puce the proporti6nal parts himfelf, as above, rather 
than truft to the table for them, though he will rarely 
find any conGder^e difference. My rcafon for this 
advice is, bccaufe in the table of proportional parts, 
no notice is taken of decimals; whereas thofe decimals 
ought not in all cafes to be negkfted, at Jcaft not till 
the operation is over, and the artift fees what it is be 
throws away or takes into his account, to Icffeh the 
error as much as he can. 
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